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Preface 


INTEGRAL CALCULUS, 3D GEOMETRY & VECTOR BOOSTER with Problems & Solutions for JEE Main and Advanced 
is meant for aspirants preparing for the entrance examinations of different technical institutions, especially NIT/IIT/BITSAT/ 
IISc. In writing this book, I have drawn heavily from my long teaching experience at National Level Institutes. After many 
years of teaching I have realised the need of designing a book that will help the readers to build their base, improve their 
level of mathematical concepts and enjoy the subject. 

This book is designed keeping in view the new pattern of questions asked in JEE Main and Advanced Exams. It has 
six chapters. Each chapter has the concept booster followed by a large number of exercises with the exact solutions to the 
problems as given below: 


Level - I : Problems based on Fundamentals 

Level - П : Mixed Problems (Objective Type Questions) 
Level - Ш : Problems for JEE Advanced 

Level - IV : Tougher problems for JEE Advanced 

(0....... 9) : Integer type Questions 

Passages : Comprehensive Link Passages 

Matching : Matrix Match 

Reasoning : Assertion and Reason 


Previous years’ papers : Questions asked in Previous Years’ IIT-JEE Exams 


Remember friends, no problem in mathematics is difficult. Once you understand the concept, they will become easy. 
So please don’t jump to exercise problems before you go through the Concept Booster and the objectives. Once you are 
confident in the theory part, attempt the exercises. The exercise problems are arranged in a manner that they gradually 
require advanced thinking. 

I hope this book will help you to build your base, enjoy the subject and improve your confidence to tackle any type of 
problem easily and skillfully. 

My special thanks goes to Mr. М.Р. Singh (IISc. Bangalore), Mr. Yogesh Sindhwani (Head of School, Lancers 
International School, Gurugram), Mr. Manoj Kumar (IIT, Delhi), Mr. Nazre Hussain (B.Tech.), Dr. Syed Kashan Ali 
(MBBS) and Mr. Shahid Iyqbal, who have helped, inspired and motivated me to accomplish this task. As a matter of fact, 
teaching being the best learning process, I must thank all my students who inspired me most for writing this book. 

I would like to convey my affectionate thanks to my wife, who helped me immensely and my children who bore with 
patience my neglect during the period I remained devoted to this book. 

I also convey my sincere thanks to Mr Biswajit Das of McGraw Hill Education for publishing this book in such a 
beautiful format. 


viii Preface 


I owe a special debt of gratitude to my father and elder brother, who taught me the first lesson of Mathematics and 
to all my learned teachers—Mr. Swapan Halder, Mr. Jadunandan Mishra, Mr. Mahadev Roy and Mr. Dilip Bhattacharya, 
who instilled the value of quality teaching in me. 


I have tried my best to keep this book error-free. I shall be grateful to the readers for their constructive suggestions 
toward the improvement of the book. 


Rejaul Makshud 
M.Sc. (Calcutta University, Kolkata) 
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CONCEPT BOOSTER 


1. DEFINITION 


The inverse process of differentiation is called integration. 
Let g(x) be a differentiable function of x such that ЯН 
x 


(g(x) + c) = Ло. 

Тһеп [ico dx - g(x) * c. 

Thus g(x) is called a primitive or anti-derivative or an 
indefinite integral or simply integral of f(x) with respect to 
x, where f(x) is called the integrand, c is called the constant 
of integration. 


2. GEOMETRICAL INTERPRETATION OF INTEGRATION 


Let f(x) be a given continuous function and g(x) one of its 


anti-derivatives such that y = І f(x) dx = g(x) + c. 


If y= J feo dx = g(x) + c, then y = g(x) + c represents 
a family of parallel curves. 


3. Basic FORMULAE ON INTEGRATION 


Formula 1 
| п+1 
1. “ake = 
х ах ae +c 
2. |0.ах=с 


3. [к.ах =kx+c 
4. | = loglxl + c 


5, | ах = e+e 


__@ 
6. | ах Desa +с 


Formula 2 
1 1 
1. ES = US + с 


2 ЭР 
2. | Xx dx 2 = + 
IE: 3* € 


5. Е = UG ap @ 
Formula 3 
1. J япхах = –совх + с 
23 | совхах = sinx +С 
8: | sec xax = tanx + с 
4. | созес?хах = —cotx + с 
о? | secx-tanxdx = secx + С 
6. | созесх- cotax = —cosecx + с 
Formula 4 
1. J pm sin х + c 
ме 
2, | Е tan x + с 
eee 
3, = secx +c 


І __дх _ 
liv? — 1 
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Type 1: Integrals of the form 


J 


J 
J 
J 


dx 
1 + sinx 


sinx 
d. ? 
s + ui] Т 


ах 


1 + cosx 


cosx 
—СӨз dy 
(1 or је 


зесхах 


secx + tanx’ 


совесх 
cosecx + cotx 
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Rule: Simply rationalize the denominator. 


(x) 
where f(x) and g(x) be two polynomials such that deg of 
f(x) > deg of g(x). 
Rule: Simply divide the numerator by the denominator. 


Type 2: Integrals of the form 15 >] dx, 


Type 3: An integral is related to inverse trigonometric 
functions. 


Rule: Simply write the simplest form of the expression 
under the inverse term. 


4. STANDARD METHODS oF INTEGRATION 


There is no general method to find the integral of a function. 
If the integral is not a derivative of some known functions, 
the corresponding integrals cannot be determined. In general, 
we use the following three types of integration: 


(i) Integration by substitution 
(1) Integration by parts 
(11) Integration by partial fractions. 
Now we shall discuss about the integration by the sub- 


stitution method. 


Type 4: Integrals of the form І f (ax + Бах 


Rule: Simply put ax + b = t. 
Type 5: Integrals of the form 
dx 

Мах +b + Хаха. 


Rule: Simply rationalize the denominator. 


Type 6: Integrals of the form 


fœ 
Јо ах, | с 
Rule: Put (х) = Ё 
Туре 7: Integrals of Һе form [© a 
Rule: Put ТО) = 1 
Formula 5 


1. J tanx dx = loglsecxl + c 
23 сох dx = loglsecxl + c 
3. Јѕесх dx = loglsecx + tanxl + с 
= 10 [ШИ + 3) tc 
ао 
4. | созесх dx = loglcosecx - cotxl + с 
= 105 || 3) зе (6; 
ог ап (5 c 


Proof 


1. m dx = > а 


= —loglcosxl + c 


= loglsecxl + c 


2: | сох ах = [а 
sinx 
= loglsinxl + с 
secx(secx + tanx) 
3. Јѕесх ах = І 


(secx + tanx) 
= loglsecx + tanxl + c 


1+ шы 
= ]00|————— 


cosx 


+ 
о 


= log|cot( 7 - 3) tc 


- log 


E log|tan(7 + Я] + с 


ЕЕ 


созес х(созесх — cotx) 


4. dx = 
| созесх у: | (cosecx - сох) 


= loglcosecx — cotxl + 


| — cosx 
sinx 


25112 (=) 
2sin (5) cos (2 


= ШЕ) tc 


- log 


Type 8: Integrals of the form 
[E Ро) ах 


Rule: Put f@=t 
Type 9: Integrals of the form 


с 


dp 


J sin’ cos"x dx, where m and n аге real numbers. 


Case І: When m is odd and n is even 


Rule: Put cosx = t 


Case П: When т is even and n is odd 
Rule: Put sinx = f. 

Case III: When m and n both are odd 
Rule: 
Case IV: When m and n both are even 


Put either sinx = 1 or cosx = t 


Rule: In this case, we shall use the following formulae: 


1.3 
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1 + cos2x = 2с052х 


or 1 – cos2x = 2sin’x. 
Case V: When т is odd and n is zero 
Rule: Put 
Case УГ: When m is zero and n is odd 
Rule: Put 
Case ҮП: When т is even and n is zero. 


Rule: In this case we shall use the following formulae: 


cosx = t 


sinx = t 


1 + cos2x = 2cos?x 
1 — соѕ2х = 25іп2х. 
Case УШ: When т is zero and n is even 
Rule: In this case, we shall use the following formulae: 
1 + cos2x = 2cos?x 
1 — cos2x = 2sinx. 
Case IX: When m + n = —ve even integer 
= —2k(say), where К e М 
Rules 
k 


1. Divide the numerator and denominator by со8 x 
2. Put tan x = t. 


Formula 6 
1. = = : tan! (2) +с 
01 


Э, |ы = = loglx + Үх? + а? | tc 


4. [—— = позе + VP - | + с. 
x-a 

5. | al = sin (2) +с 
а 


Note: You should keep in mind that, the coefficient of x? 
must be unity every time. If not, first we make the co- 
efficient of х2 be unity. 


Type 10: Integrals of the form | es 
ах + bx + с 


Rules 

1. Make the co-efficient of x unity 

2. Express the denominator as a sum or difference of 

two perfect squares. 
Type 11: Integrals is of the form 
1-а 
ах + bx + с 

Rules 

1. Reduce the denominator in such a way that 


d (Denominator) = Numerator + k 
2. Then separate the Numerator into two terms and 
use 
dx 
а 


Туре 12: Integrals of the form 
dx 


= + bx + Е 


Rules 
1. Make the coefficient of x? unity. 
2. Express the term under the square root as a sum or 
difference of two perfect squares. 


dx ыг | ах 
x t a а? = x 


B Јов [х + \х + а? | + сог sin (2) tc 


Type 13: Integrals of the form 


3. Use І 


Рода 
Хао) + уо} + с 
ах 


Мах“ + bx + с 


i.e. reducible to J 


Rules 
1. Put Ја) =! 
2. Арріу (Туре 12) 
Туре 14: Integrals of the form 


px + 4 


С 
Мах? + bx + с 
Rules 
1. Reduce the term under the square root in such a way 
that 


d (ах? + bx + c) = numerator + k 


2. Separate the numerator into two terms and use 


| ай. = log|x + ү? + al tc 
v + а? 
Туре 15: Integrals of the form 
dx 
аѕіп2х + Бсовх: 
ах ах 
a t bsin’x ^ a + бсовх 


dx 


М 
аѕіп2х + рсоѕ2х + c 


1.4 


Integral Calculus, 3D Geometry & Vector Booster 


dx 


(asinx + bcos xy 


dx 
la + bcosx)(csinx + dcosx)' 


dx 
а + bsin’x 
Rules 


1. Divide the numerator and denominator by the highest 
power of созх. 


2. Put 
Type 16: Integrals of the form 


| sinx J 


sin3xdx’ 


tanx = t. 


cosx 
cos 3xdx 


Rules 
1. First we cancel the common factors from the 
numerator and the denominator. 


2. Divide the numerator and the denominator by 
2 
cosx. 


3. Put tanx = t. 


Type 17: Integrals of the form 


| ах | ах 
acosx + bsinx’ “а + bsinx’ 


І ах | ах 


а + Бсовх “ acosx + bsinx + c 
Rules 
2tn(7) 

1. Replace sinx by 

1- ап (5) 

1 - ап? (> 

cosx by ч (3) 

1+ ап (5) 
2. Replace 1+ ап (2) іп the numerator by sec'(7) 
3. Put ап | | -1 
4. Use | or ae; 


Type 18: Integrals of the form 


J dx 


| ИЕ Ши Пе И. 
acosx + bsinx 


0 < Маг + 2 <2 


уућеге 


Rules 
1. Divide the numerator and the denominator by 
2. Reduce the denominator as 
cos(A + B) 
3. Use 


sin(A + B) or 


| зесхах = log|tan( 7 + 5) tc 


ог | созесхах = ШЫ) tc 


Type 19: Integrals of the form 


[a + bcosx 
x. 
csinx + dcosx 
Rules 
1. Write the numerator = 1 
m (Denominator). 


(Denominator) + 


2. Compare the coefficients of sinx and cosx 
3. Solve for l and т. 


Type 20: Integrals of the form 


јаше + Бсо8х +c 
psinx + qcosx +r 
Rules 
1. Write numerator = / (Denominator) + m(Denomina- 
tor) +n 
2. Compare the coefficient of sinx, cosx and the contant 
term. 
3. Find the values of /, m and n. 


Type 21: Integrals of the form 


(cosx + sinx) 


f(sin2x) 
Rules 


1. Put sinx + cosx = t 
2. Use (sinx + cosx)? = 1  sin2x 


Type 22: Integrals of the form 


| 2+1 d 


х* + Ах^ + 1 
2 

|= dx, J a , 

x tAx +1 x АХ +1 


where AER 


Rules 


1. Divide the numerator and the denominator by a 
2. Reduce the denominator in such way that 


d(x ни 1) = Numerator + k 
dx 


х + а? 


3. Use J 
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Type 23: Integrals of the form 
m dx, J сох dx 


| tans + cotx) dx 


| (tanx - cotx) dx. 


Rules 
1. Put tanx or cotx = Р 
2. Apply the form 24. 


5. INTEGRATION BY PARTS 


If u and v be two functions of x, then 


ІСТІ = и | vax - [Е J v.dx} dx 


Proof: We know that, 
L FOE) = Ло) вО) + 809.769 
= [о.е б) + aco. fdr = ЛО). в) 
> (ОЖ 
= Лод 80) – Јо) одах 


Ри. f(x) = и, and 4.1809] ES 
> fvax = g(x) 
Thus, [ауа = uf var - f [88 [га | ax 


1.е. the integral of the product of two function 


= (First function) x (Integral of the second func- 
tion) - Integral of [(derivative of the first func- 
tion) x (Integral of the second function)] 


6. CHOICE or THE Finsr FUNCTION AND THE SECOND FUNCTION 


1. We can choose the first fnction as the function which 
comes first in the word ILATE, where 


I stands for inverse trigonometric functions 
L stands for logarithmic functions 

A stands for algebraic functions 

T stands for trigonometric functions 

E stands for exponential functions. 

2. If the integrand be logarithmic functions or inverse 
trigonometric functions alone, take the second func- 
tion as unity. 

3. If both the functions are trigonometric, consider the 
second function, whose integral being simpler and 
the other as the first function. 


Type 24: Integrals of the form 

[ео + Ро) а = e feo + с 
Integrals of the form 

Jefe atte е (у +) +с 
Integrals of the form 


| ёс Ufo) + Родрак = е“ fe) + с 


Integrals of the form 


Type 25: 
Type 26: 


Type 27: 


| е sin bx dx, | e^ cos bx ах. 


Rule 1 | e“sinbx dx 
€ — (asinbx — bcosbx) + c 
2 
а + 
Rule 2 e" cos bx dx. 
== 5 (acos bx — bsinbx) + с 
a +b 


Proof: Let и = Ге cos bx dx 


and у = Ге sin bx ах 


Then и + Ту 
= Га cos bx ах + ЭГ: sinbx dx 
= | e^ (cos bx + isinbx) dx 
= | е“. dx 
= J eas 
_ | tax 


e * 0» 
= — + Сс 
a + ib 


(а E уе +x 
(а? + b’) 
Comparing the real and imaginary part, we get the required 
result. 


+c 


Formula 7 
2 


| На = dace 5 Na? =? + © sin“! (Z) +c 
2. | 12 + аах 

= ЗҮРХ + овј + WP 41 + с 
ЖЕТЕГІ 
а -E ој + lec 


2 
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Proof: 


1. Let 


2. Let 


3. Let 


t= | Ма - ax 


MEN о Ш 1х-2х- 
Г = Ха“ -x Jax ДЕ гіш 


2 
-Х 


г= ха — э - | Ча? — 2 ax + а? |-- 
E 


1 = х Маг -х -14а sin (Žž) + С 
21 = х\а? -х +a sin (Z) +c 


2 
a pee E e 
вш )+с 
2 а 


те | N2 edax 
Мет ја - || 


1х 2x Б 


2 2 
х-а 


2 
2a + аб [Ng +a? dx + | 


Vx? + а? 
= хм + а —1+alogly + (2 ка2 + с 


21 = xv + a+ a!log|x + №? + 2 | + с 


2 
БЭР 
т=® +a + 


a: 
2 2 


loglx + Vx + а! + с 


= пе [а || INE je 


—————.x 
242 – а? 


(аласа: 
= хү? – а? | 2-2 E 


= xv? a IE а? dx І - ах 
x – а? 


= хх? – а? - I - аЛов|х + W- a| +c 
> 21= х\2 – а? - @loglx + (2-4 tc 
2 
> 1-342-а - © Пор |х + 2 а + с 


Туре 28: Integrals of the form 


| ах? + bx + c dx 


Rules 
1. First we make the coefficient of x? unity 


2. Express the term under the square root as a sum or 
difference of two perfect squares. 


3. Use J Vx? + а? dx ог J Va^ «x^ ах 
Type 29: Integrals of the form 


[рх+ Vax? + bx + сах 


Rules 
1. Reduce (px + q) as a derivative of (ах? + bx + c) 
2. Use 


IE = aJ Vx + а? ах. 


7. PARTIAL FRACTIONS 


A special type of Aational (proper) function is known as the 
partial fraction, where the degree of the numerator < degree 
of denominator. 


Let h(x) = =. 


Type I: When the denominator is expressible as the product 
of non-repeating linear factors. 


Let g(x) = (x – a)(x - a) (x - a3) ... (x – а) 


Then 12) 
g(x) 
Ai 4, 4, 4, 
- + + +... LÁ 
(-а) («-а) (х-аҙ (x — а) 
where А |, A», ..., А, are constant and can be determined by 


equating the numerator on RHS to the numerator on LHS 
and then substituting x = а), 0, аҙ, ..., а, 

Type II: When the denominator is expressible as the product 
of linear factors such that some of them are repeating. 


Let g(x) = (- a) 


а>)(х — d3)...(x — а) 
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Ai 


(x – a, 


fo A А. 
80) б-а) (x-ay 
В, В, В, 
+ + +... + ——— 
(х= а) (x-a) (х-а,) 


Тһеп 


Type Ш: When the denominator is expressible as the 
product of linear and quadratic factors but non-repeating. 


Let gx) = (x – a, )(x - а) – a4) ... (ах – bx + c) 
fe» А, А, А; 
Th = 
30 G-a) (а-а) (а-а) 


Вх + C 


hy ag ae 
ах + bx + с 


Type IV: Integrals of the form 


ай 
(12 + а) + Б) 
Rules 
1, Putx? =t 
2. Donot find its derivative 


3. Use the concept of partial fractions. 


Type V: Integrals of the form 


(х2 + ао? + Б) 
J ЕЛЕКТЕР ах 
(x^ + сјос + d) 
Rules 
1 Put x =t 
2. Do not find its derivative 


3. Reduce it into a partial fraction (degree of the numer- 
ator < Degree of denominator) 


4. Use the concept of partial fractions. 


Advanced Level 
Type 1: Integrals of the form 


| tan"x . sec"x dx 


Rules 
1. If т is even or odd integer and п is even positive 
integer, put tanx = t 
2. If m is odd positive integer and п € even positive 
integer, put secx = 1. 
3. If = 0 andn = 27 + 1, У гє N, write 


| sect ах = вес” lx зес?х dx 


and then integrate it by parts, where 
Type 2: Integrals of the form 


| cot"x . cosec"x dx 


Rules 
1. If m is even or odd integer and n is even positive 
integer, put cotx = f. 
2. If m is odd positive integer and п € even positive 
integer, put cosecx - f. 
3. Ит = 0 аал = 27 +" 1, У ке N, write 


2r-1 


| совсс”" х ах- | cosec х.соѕес2х dx 


and then integrate it by parts, where consider созес?х 


as the first function. consider sec^x as the second 
function. 


Type 3: Integrals of the form 


| ах ах 


л 3, (п- 1)’ 
х(х + 1) x(x" + 1) n 
І ах 


х (1 + Хх)!” 


where n € М 


Rules 
1. Take common x" from the denominator. 


2. Put 
Type 4: Integrals of the form 


n 


1-x =; 


|=; where m, ne N 
(ax + БУ 
Rule Put ах + Бђ =1. 


Туре 5: Integrals of the form 


where т, ne М 


І ах 
x"(ax + b)" 


ГЕН 


Rule Put = 


Type 6: Integrals of the form 


_— ажин where т, пе М 
(x — a)"(x — by 


1. (1-5) = when < и 
Б 
2 (22), when т> n 


Туре 7: Integrals of Һе form 


J dx 


------, where пе № 

x(a + bx") 
Rule: Put х= = 
Туре 8: Integrals of the form 


| ym 
————— ах 
(ax? + by" 
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Rule Put (aX) + b) 2t 


Type 9: Integrals of the form 


(asinx + b) 
— dx 
(a + bsinxy 
Rules 
1. Divide the numerator and the denominator by сов х 
2. Put asecx + btanx = t. 
Туре 10: Integrals of (һе form 
(acosx + b) 
(a + bcos xX)? 
Rules 
1. Divide the numerator and the denominator by ѕіп2х 
2. Put асозесх + bcotx = 1. 
Туре 11: Integrals of the form 


dx 
(a + bsinxY? 


asinx +b _ 


Rule Put - =t 
a + bsinx 


Type 12: Integrals of the form 


І ах 


(а+ bcos? 


- [tem + 2) 


Rule Put 
а + bcosx 


Туре 13: Integrals of the form 
2 + es 
pe + qe 
Rules 
1. Express the Numerator - / (Denominator) 
+ т x derivative of (Denominator) 
2. Compare the coefficients of е” and е“ 
3. Find / and m. 


8. INTEGRATION OF IRRATIONAL FUNCTIONS 


Type 1: Integrals of the form 


Л- (825a. 


where а, Б, с, а, о, n €R 
Вше Ри (z = 2) zs 
сх +d 


Type 2: Integrals of the form 


Jf (ах + БУУ, (ах + БВ") dx, 


where т, п аге positive integers. 


Rule Put (ах + b) = 1", where p is the LCM of т and n. 


Туре 3: Integrals of the form 
dx 


J L(x) 19263) 


Rule Put L(x) = t? 


Type 4: Integrals of the form 


| ах 
QGON L (x) 
Rule Put Lax) 2f 


Type 5: Integrals of the form 


І ах 
L(x)y Q(x) 
Rule Put Es 1 


Туре 6: Integrals of the form 


a 

ӨДЕЗ ГДЕ?) 
Rule Put Se ae шо Q(x) 
: Q(x) 


Type 7: Integrals of the form 


ШЕР Vx" + а2) | ах 
(x + 02 + 42) =: 


Туре 8: Integrals of the form 


Rule Put 


dx 
———., where т + р = № 
КУ + рх} же 
апа т+р>1 
Rule Put а + ђх = 1х. 


Туре 9: Integrals of the form 


[=== where m, ne R 
1400) (509) 
Rules 
L(x 
1. If n >m, Put ЦЭГ. 
L,(x) 
L 
Р т да 
L (x) 
dx 
Туре 10: Integrals of the form | ————— 
Їл 


Rule Put ах" + ђ = Ё? 
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Type 11: Integrals of the form 


| ах 


(a + bey? where a, be R- (0) 


Rule Put х= = 


1 
Туре 12: Integrals of the form 
dx 


(x – ky Vax? + bx + E 


where reNandkeR - (0) 
Rule Put x-k-l 


Type 13: Integrals of the form 
(ax + b) 


dx 
| ois xs r 


Rules 
1. Put (ax + b) = А(сх + d) + B 
2. Find the values of A and B 
3. Reduce the given integral into two separate 
integrals. 
Type 14: Integrals of the form 


(ax? + bx + С) 


(dx + еуүрх? tqxtr 


dx 


Rules 
1. Put (ax? + bx + c) 
= L(dx + e)Opx + а) + М(ах +e) + N 
2. Compare the co-efficents of the like terms of both 
the sides and find L, M and N. 
3. Integrate the given integral. 


Type 15: Integrals of the form 
j£ (а + bx")? dx 


Rules 
1. If œe I*, expand the integral by the concept of bino- 
mial expansion. 
2. Га € I, we put x = f^, where p is the LCM of ће 
denominator of В and 7. 


В +1 


3. If е I and о is a fraction, put (а + bx”) = t, 


where р is the denominator of сс. 


+1 
ак? 


+ œ € I, put (а + Бх?) = 1х), where p is 
the denominator of 0. 


9. EuLER's SUBSTITUTION 


Type 16: Integrals of the form 


| к(х, Vax? + bx + с) ах 


Rules 


1. Put Vax? + bx + с =1 + хма, Ға>0 


2. Put Vax? + bx + c = tx € NC, if c > 0, 
3. Put Мах“ + bx + с = (x – ot, or (x – B)t, where о 


and f are the real roots of ax? + bx + c. 


10. 


A reduction formula is defined as a formula or a connection 
by means of which the power of the integrand is reduced, 
therefore, making the integration easier. The basic technique 
of obtaining a reduction formula is the integration by parts. 
In some cases the method of differentiation or other special 
devices is adopted. 


INTEGRATION BY REDUCTION FORMULA 


Type I: Reduction formula for J sin dx 
бот. Let 1, = Е ах 


= | sio sinxdx 
— san] : 5-2 2 
= sin" x | sinxdx – | (n — 1)sin" ^x(-cos^x) dx 


sin" !x(-cosx) + (и — 1) | sin" ?x(1 — за dx 


= sin’ !x(-cosx) + (n – 1) 1,2-1, 


Thus, (1 + n – 131, = —cosx-sin"^!x + (n – 11, 


;Qn-l 
> nl, = —cosx-sin"” x + (n — ОГ» 
L- cosx-sin" lx | (n-1 I 
n n * n n-2 


which is the required reduction formula. 


Type 2: Reduction formula for | сов'хах 
бот. Let I, = | соз^хах 
= | cost te. совхах 
= cos’ ly | совхах + (п + 1) | cos" ^x sin"xdx 


п-1 


cos" x-sinx + (n + D f cosx- (1 - соз?х) dx 


п-1 


= cos" x-sinx + (n + DI, 2-1, 


Thus, (1 + п + DI, = cos" !x-sinx + (n + 1,2 + С 
os” sinx Ё + 1 

(п + 2) п+ 2 
which is the required reduction formula. 


=> 1, = 5 ШЕ +С 
Туре 3: Reduction formula for | tan" dx 


бот. Let 1, = ах ах 
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= | tan" ?x-tan?x dx 


= J tan" (вес2х - рах 


-2 


= Jan"? sec?xdx — І (ап! “хах 
el 
tan" x 
= (S) haC 


which is the required reduction formula. 
Type 4: Reduction formula for | сохах 
бот. Let 1, = | соёхах 


- СЕ 
= = | cor? 
n-2 


= = | eor? x-cosec? xdx — | cot 


2х. cot x dx 
х. (созес? х- 1)dx 


хах 


cot” х 
ipe ewe -І,2%С 


which is the required reduction formula. 


Type 5: Reduction formula for | всс"хах 


бот. Let 1, = | sec" ax 
= | sec" 2х-8ёс x dx 


sec"? | sec? хах – [о - 2)зес" 2х (ап x dx 


= sec” хайх – (n — 2] sec" 2х: (зес?х — Пах 
= sec” *xtanx — (n – 2] (sec"x — вес! дах 


с” апх-(п-2)1,ы(п-201,, 


= (n – 2)1, = sec” *xtanx – (n – 2)I,_5 


ия sec" ?xtanx 3 (2-2 
5 п-1 п-1 


Јо + С 


which is the required reduction formula. 


Type 6: Reduction formula for (Еш ІМ dx 
sinx 
Soln. Let 1, = (Еш ах 
sinx 
sin(n — 2)x 
= | (2cos(n - Dx + dx 
sinx 


Гг sinnx — sin(n — 2)x = 2cos(n — 1)xsinx 


sin(n — 2)x 


1х + - | 


Sin x 


sinnx 
sinx 


= 2cos(n 


(n — 1) 5 
which is the required reduction formula. 
Type 7: Reduction formula for ee 
(x^ + k) 
dx 


Soln. Let J, = [= 
(х + И 


Then 1, ә-іІ- 


ale 


(х2 = 
Х 
(х2 ыг штэ 
1 2117 же =. тезі 


- о? + к! 
2 
= x 2(n - 1 22 а 

(х2 + ky! de (5 % "1 | 


2. 
2(п ШЕ =) IL 


-(п- 
P = 


"22 n-l 
(x^ + К) 


(х2 +k)” 
mo Ом) || == E dde 
(c + ЮС! QC RECO +o" 
Ep DUET qs pc edt 
(х2 +k"! (х2 + Ky 
X 
- xm iW — kL) 
(х2 + үг! 
= x а DI,- 2n = 1)К1, 
e+e 
= 2(п- К, 
X 
- ват c£ 
(2 + "71 Ас 
Х 
Е + (2n – 3)1,_ 
(2 + кю"! ! 
= x ф Е? -3 |! 
An- 102 + ку! КУ 2/77 
which is the required reduction formula. 
Type 8: Reduction formula for Jx™dogx)” dx 
бот. LetL,,- | х"Повху ах 
Е i 5 Е 1 y" | 
= (logx) En dx ae БІР — |4 


= (logx)", ере 20 - Ji (x"(ogx)" 
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т+1 
X n 


- I 
теі mel е! 


= (Іов х)", 


хээ! n 


- І 
m+1 тете! 


=> Inn = Повх)", 


which is the required reduction formula. 


Type 9: Reduction formula for 
[x"a - ху" 


бот. Let Inn = J x" "ах 


т+1 


= n m = n-1. X 
-(1-х |х а + [ла ES ја 


+ 1 
= (1 pe п ртт. р xy Ya 
теі т-1 
т+1 
= 1 nx n mel 1 n-ld 
( 9 теі m+ iJ ( 2 " 
т+1 
=(1-х"*^ n ре "1 Дақ 
теі т-1 
т+1 
— (1 nx n 
( 2) теі т+1 


[ia – 27 10 – ax 


т+1 
х)" X Ч, п 


= (1 т-1 m+ j Un. n-1 – Га, nl 
т+1 
=] n X n I n 
a) md d sac т+1 "" 

x qup y 

| т+1/"" 
Е хз n 
mS шэнжэ mj e 
zi Ї _ ха = х)" Я А 

ma (m+n+1) т+п+1 ™™! 


which is the required reduction formula. 
Type 10: Reduction formula for 


| cos”xsinnxdx 


бот. Let I, І cos”x sinnx dx 


m,n 


cos" x І sinnx dx 


COS x Ч ) 
- Ге : m: cos" | — sinx) dx 


COs nx 
cos" (- 5977) 


m 2 | 
== | —с0$" 1х (cos nxsinx) dx 


cos" x. cos nx 
n 


E | -cos ™-l\(sinnxcosx — sin(n — 1)x)dx 


cos"x.cosnx т ib cs 
= 7 J 208 x sinnx dx 


n 
m = 5 
+ cos" !xsin(n – 1)хах 
m 
_ cos"x cos т, ту 
т? n n imn їл n m-lLn-l 
> (1 + тј ал 
т 
ш gos"xcosmx т, 
= n + п т-1,п-1 
cos"x cosnx т 
=> T. P PEN 
m,n (т " n) (m + п) m-1,n-1 


which is the required reduction formula. 


Note: Similarly, we can easily formulate the reduction 
formula for 


m cos"x этих m 
cos хсовлхах = ИТІ КЕТ 
m+n (m + n) "1. 
Type 11: Reduction formula for 
І sin"x sinnx dx 
бот. Let Га, = J sin" xsin neds 
= sin"x І sinnx dx 
ОЛИ cosnx 
- | (msin" 1х. cosx-— јах 
_ Sin"x-cosnx 
= n 
m (|. m- 
+ J sin" ‘ycosxcosnxdx 
22 Sin"x:cosnx 
T n 
m 5 m-1 . r 
+z J sin x(cos(n — 1)x – sinnx sinx)dx 
_ Sin"x-cosnx 
E n 
mf. m- 
Ж J sin” 15 (соз(п = 1) хах 
mf. А 
E | sin"xsinnxdx 
т 
"EA sin"x- cos nx 
> + WARE Т 
т 
+ n Ida 
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sin"x- cos nx m 


5: 1, п = (m + n) (m + n) 


m,n 


т-1,п-1 


| Note: Similarly, we сап easily formulate the reduction | 
formula for | 

sinnx m 

(m+n) (m+n 


- m SES HI 
sin xcosnxdx = sin"x yIn-ia 


Type 12: Reduction formula for 


І sin"xcos"x dx 


бот. Let P = біп" !xcos"*!x 
dp 
eu (m — 1) sin"?xcos"*?x 
x 


—(n + l)sin"xcos"x 
= (m — D)sin"?xcos"x: cos?x 
( 


—(n + l)sin"xcos"x 


= (m — l)sin""?xcos"x-(1 — sin?x) 
—(n + l)sin"xcos"x 
= (m — l)sin"-?xcos"x-(1 — sin?x) 


—(n + l)sin"xcos"x 


= (m — 1) ѕіп”-2хсоѕ"х 


—(m — l)sin"xcos"x — (n + l)sin"xcos"x 


-(m-1 sin" 2 xcos"x 
( 
—-(m —1- n + 1)sin XCOS"x 
( 
-(т-і1 sin” ?x cos"x 
( 


— (т + n)sin"xcos"x 


On integration, we get 
P = (m — 1) | sin" ?xcos^x d 
—(m — n) J sin" хсов!хах 
— (m — n) J sin" vcos^x ax 


= -Р + (т – 1) Бап” 2 соѕ"хах 


> | sin"x cos"x dx 


Ж Г віп” 1508" 1х 


m+n 


т-1 
1,-2 
m+n m+n 


which is the required reduction formula. 


11. INEXPRESSIBLE INTEGRALS 


If an integral | f(x) dx as expressible in terms of elementary 
functions, the integral is known as computable. But if an 


integral [годах is not expressible in terms of elementary 
functions, the integral is known as inexpressible or ‘cannot 
be found’. 


Some inexpressible integrals are 
(i) Је ах 

@ Је ax 

(ін) | Vsinx dx 

(iv) | vesz dx 

(v) J xtanx dx 


sinx 
— dx 
x 


1225 
x 


(vi) 


(vii) dx 


dx 
logx 


(ix) | 1-2 

о) [V1 e à ах 
Gi). | sinc!) dx 
(xii) 


(viii) 


І cos (х2) ах 


12 
| Wr 


Үг – six ах 


IE: cos Nx dx. 


(xiii) 


(xiv) 


(xv) 


Levet / 
(Problems Based on Fundamentals) 


ABC of Integration 


1. Evaluate: | tog xax 


2. Evaluate: [| з!ов2 77042) 


А т х т т 
3. Evaluate: [у +m + т" + "ас 
4. Evaluate: Гре 
5. Evaluate: СЕТ 


6. Evaluate: | соёхах 


ах 


2 2 


7. Evaluate: [ee 
sin^xcos^x 
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3л Л Б + и 
: о, БНН 29. Evaluate: | [— —— 
8. Evaluate: [+ tan(x + 8 1 (1 + tan 8 x) Jax 9. Evaluate J 025035 
9. Evaluate: | (tanx + соёх)?4 ES 
Г 4 EE 30. Evaluate: Їнэ 
— cosx 
10. Evaluate: | dx 5 
I + сов х 31. Evaluate: | dx 
(tanx + cotx + secx + cosx) 
11. Evaluate: I - 29988) dy 
Туре 2 
12. Evaluate: J(u па [+ - х (1+ па [+ + x) Jax 32. Evaluate: ЈЕВ ах 
1+х 1+х 
13. Evaluate: | борыр ах 33: Evaluate: р (1 + х) 
228 х(1+х z 
14. Evaluate: | (2 P* + x" + иг) ах De 2, 
ЇГ Ж ) 34. Evaluate: ре 2 ах 
ишин 0а x + 1 
еј. * $ 35. Evaluate: [——L— dx 
x^ +x + 1) 


(25 + 35) 
16. Evaluate: ү 
2.3 4х 36. Evaluate: J 


are 
+ 
N 
eee 
& 


and f(1) = —, find f(x). 
= 37. Evaluate: | 


5 
+ 
ә р 


17. РО) = + 


ы 
| 


18. If f(x) = acosx + b sinx and 
FO = 4, FO = 3, f(F) = 5, find уо). 


| 
| 
| 
| 
| 
| 


38. Evaluate: J 


d хєх + 1 
19. Evaluate: ЈА ыы 7 
- sinx x 
40. Evaluate: J 5 | 
20. Evaluate: [ees W PCOS ET as EU 
sin?xcos?x 4 2 
4]. Evaluate: І қы, 
21. Evaluate: Jp eas X + COS I х+х+1 
sin?xcos?x 644 
2 42. Evaluate: І A + Jax 
22. Evaluate: sey цан cosa) q x +l 
cosx — cosa 
Type 3 
23. Evaluat cos*x — sinx 
ая e 43. Evaluate: sin’ (яах) dx 
1 + cos4x 
24. Evaluate: юэ + fan > ја 44. Evaluate: J sin cos. dx 
1 4 cotx 
= 1 – cos2x 
25. Evaluate: ео - w^ о. [ап | 1+ cos2x | 
1 — cosx 
АГА . [1 sin2x Jax 
26. Evaluate: | их" +2 ах Se Evaluate! J tan: 1 + cos2x 
. 1- cos2x 
P аи зы x + 3sin “іа 47. Evaluate: Га | ГҮ EL dx 
cos^xsin?x 
sinx 
28: Evaluate: [pz - зах 0 + sin2x)dx 48. Evaluate: Га [= = nx ax 
cosx + sinx 
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49. 


50. 


51. 


52. 


Evaluate: 


Evaluate: 


Evaluate: 


Evaluate: 


. Evaluate: 


. Evaluate: 


. Evaluate: 


Type 4 


56. 


57. 


58. 


59. 


60. 


61. 


62. 


63. 


64. 


Evaluate: 


Evaluate: 


Evaluate: 


Evaluate: 


Evaluate: 


Evaluate: 


Evaluate 


Evaluate 


Evaluate: 


Type 5 


65. 


66. 


67. 


68. 


69. 


70. 


Evaluate: 


Evaluate: 


Evaluate: 


Evaluate: 


Evaluate: 


Evaluate: 


J tan! (тте = sinx Jax 
1 + sinx 


Іше sinx 


1+ De 


COS X 
І tan ее т 
— sinx 


| tam iL sms — sinx 
COS X 


ја 
ја: 


јез (9 + sinx) + ЈА — sinx) 
МА + siny) — МА + sinx) 


Га! (secx + tanx) dx 


je: 


І гаг! |. sin2x 


1+ cos2x 


| Gx + 2)ах 


dx 
2x - 3 


dx 
5-7х 


(ет ах 


І 345 dx 


| cos (5x + 3)dx 


: І sin 2x dx 


: Мах +2 dx 


dx 
V3x + 4 


= Ух + 1 


(2x + 5 со 3) 


шилж 


ire 


NX та + 


+b 


[п 
| 
Гая a 
| 
jot 
| 


E 


71. Evaluate: 


Type 6 


72. Evaluate: 


73. Evaluate: 


74. Evaluate: 


75. Evaluate: 


76. Evaluate: 


77. Evaluate: 


Type 7 


78. Evaluate: 
79. Evaluate: 


80. Evaluate: 


81. Evaluate: І 
82. Evaluate: J 


83. Evaluate: 


84. Evaluate: 


85. Evaluate: J 


86. Evaluate: 


87. Evaluate: 
88. Evaluate: 
89. Evaluate: 


90. Evaluate: 


| ах 


V2x + 2014 + N2x + 3013 


| с — sinx 
sinx + cosx 


3cosx 
2sinx +5 


| cosx — sinx 
2 + sin2x 
хе“ + е 
сов (хе“) 
ах 
2 
x(1 + Inx) 


cosx — sinx + 1-х 
= ах 
€ +sinx +x 
dx 
1-6 
ах 
x( + 1) 


j—2— 


x(x* + 1) 
І ах 
хо? – 1) 


| sin 2x 
sin5 x sin 3x 


ГЕ dx 


sin(x — a)sin(x — Б) 


e* e* 
aa — dx 
e+e 
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91. 


92. 


93. 


94. 


95. 


96. 


97. 


98. 


99. 


100. 


101. 


102. 


103. 


104. 


105. 


106. 


107. 


108. 


Type 


109. 


110. 


1 


- 


1. 


Evaluate: хав. 
1 +e” 
Evaluate: dx 
1+e* 
Evaluate: — к dx 
asin^x + Бсо8 х 
sin(x — a) 
Evaluate: ЈЕВ СЕ аи 
sinx 
sinx 
Evaluate: | === 
a m - а) 
in(x + 
Evaluate: jee! 
sin(x + b) 
dx 
Evaluate: | — 
valuate Е P 
Evaluate: І l +tanx 
x + logsecx 
Evaluate: [22 
sin 5х. sin 3x 
Evaluate: [80 
1 sin2x 
Evaluate: без 
sinx.cos^x 
Evaluate: | = 
sin2x.cos^x 
Evaluate: І 
sin (x — 2 sin (x — b) 
Evaluate: І 
cos (x — ^ cos (x — b) 
Evaluate: | 
sin (x — ^ sin (x — b) 
1-1 
Evaluate: (a dx 
x +1 
Evaluate: [е аван duy dx 
€ + зшх+х 
Evaluate: 
sin?x 
(cos^x + Зсоѕ2х + Гуап“ (весх + cosx) 
8 
Evaluate: J 3x sin (х3) ах 


Evaluate: 


1 + Тих) 
E хан dx 


dx 
Evaluate: | === 
] x xy" 


dx 


112. Evaluate: [—2—— 
Nx (4 + 3-/) 
113. Evaluate: ЇЕЖ 3° dx 
114. Evaluate: J tan? x. зес?хах 


115. Evaluate: J sin? x-cosxdx 


1 3 
116. Evaluate: Г i dx 


sinx 


N3 + 2cosx 

(Se + logx 4 

— dx 
x 


117. Evaluate: J dx 
118. Evaluate: 


dx 
+ ух 


119. Evaluate: ІҢ 


120. Evaluate: Ја ах 
121. Evaluate: | 5° .57 .5^ dx 


122. Evaluate: | ах 


e + sinx 
123. Evaluate: =. 
х(1 + x?) 
Type 9 
Case I: 


124. Evaluate: J sin?x-cos*x dx 
125. Evaluate: J япх-сохбх dx 
126. Evaluate: J si coss dx 
Case П: 

127. Evaluate: J sinx-cos*x dx 
128. Evaluate: J sins соѕ?х dx 
129. Evaluate: sint coss dx 
Case III: 

130. Evaluate: J sin соѕ?х dx 
131. Evaluate: J sin coss dx 


132. Evaluate: БЕСІ ах 
Саве ІУ: 


133. Evaluate: J sin?x- cos?x dx 


134. Evaluate: J sin coss dx 
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135. Evaluate: J sinx- coss dx 156. Evaluate: І - dx ; 
Case V: 8112 Х · cos2x 
ах 


136. Evaluate: J sin dx 157. Evaluate: J 


Vsin?x- сов х 


> 15 
137. Evaluate: J sin x dx ABC of Formula 6 


К KoT 
138. Evaluate: Бах ax 158. Evaluate: Í Е 


Саѕе УІ: Grae 
dx 
; 5 159. Evaluate: 
139. Evaluate: | cos x dx | +1 


140. Evaluate: | coss ах 


160. Evaluate: | 
же 


4 
-1 
5 161. Evaluate: | 2 
Сазе УП: І 322844 


141. Evaluate: | coss ах 


142. Evaluate: J sins dx 162. Evaluate: dx 


үх* + 4 


143. Evaluate: J sin dx 


dx 
163. Evaluate: |= 22 
144. Evaluate: | sinfx dx Var + 1 
Case ҮШ: 164. Evaluate: 1 ах 
X + 4x 


145. Evaluate: | совех ах 


4 
> 165. Evaluate: 15 = I 
146. Evaluate: | cos x dx х + 


ах 


: 4 166. Evaluate: 2 300 
147. Evaluate: | cos x dx о Ш х} ud 


C IX: 
азе 167. Evaluate: | х+9 ах 
148. Evaluate: Joss х + 9x 
sin ^xcos ^x fug 
168. Evaluate: І 5 ax 
149. Evaluate: ji. 1+х 
цайг нары 169. Evaluate: | -- * dx 
150. Evaluate: | 2° ду d 
SIR, SOR 170. Evaluate: І a 
sinx x +1 
151. Evaluate: | 2 ах. 4 
cos x 171. Evaluate: J Й 
X -X 
152. Evaluate: эвсэж 
sin^xcos?x Type 10 
in? dx 
153. Evaluate: | лах 172. Evaluate: == 
cos°x x +4x4+4 
154. Evaluate: ЇЕ. 173. Evaluate: === 
sinxcos?x х + 6x + 10 
dx dx 


155. Evaluate: | 5 Я 174. Evaluate: | 


sin“x cos x 2Х + 5x + 6 


Indefinite Integrals 


1.17 


175. Evaluate: J 


176. Evaluate 


177. Evaluate: 


178. Evaluate: 


179. Evaluate 


180. Evaluate 


181. Evaluate: 


182. Evaluate 


183. Evaluate 


184. Evaluate: 


185. Evaluate: J 


186. Evaluate: 
187. Evaluate: 


188. Evaluate: | 
189. Evaluate: 


190. Evaluate: 


191. Evaluate 


192. Evaluate: 


193. Evaluate: 


Type 11 


194. Evaluate: | 


ах 
2 
х+х+1 


| ах 


1 + х + х2 


| ах 


x + 4х + 3 


| ах 


Ax) + 7х + 10 
б І ах 
xX — 2ах 


| ах 


xX 2ах 


[a 


а? + 2ах 
5 | ах 
2ax — ж? 


| ах 


о? + 1)(х2 + 4) 


ES 


хе + Idx 


cosxdx 


sin?x + 3sinx + 2 


x*(1 + log x) 
e 
+1 
| ах 
4 
x(x" + 1) 
xdx 
х + 2 + 1 
| € dx 
e* + бе“ + 5 


| ac dx 
| ах 
| ] x(x* + 1) 


| ах 


хоз + 1) 


а 
ls 1) 


2x + 3 


OPERE 
х + 4х + 5 


195. 


195. 


196. 


197. 


198. 


199. 


200. 


201. 


202. 


Туре 


203. 


204. 


205. 


206. 


207. 


208. 


209. 


210. 


Туре 


211. 


212. 


213. 


Evaluate: J ње ах 


x – 3х +4 


Evaluate: 1--5-- ах 
х+х+1 


Evaluate: J a dx 
X + 3х + 2 


Evaluate: | 


(3sinx — 2)cosxdx 
Evaluate: J 


(5 - cos^x — Asin x) 


3 
Evaluate: jae dx. 
X + с 


cosx — sinx 
cosx + sinx 


Evaluate: Ц | x (2 + 2sin2x)dx 


sinx + cosx 


Evaluate: І 5 + 3sin2x 


Evaluate: ]Smp eos dx 
3 + 5sin2x 


12 
dx 
МЕ txt] 
dx 
Vx" — 2ax 
dx 
\4х – x? 
ах 


Ү6-х-х 


Evaluate: J 
Evaluate: | 


Evaluate: | 
Evaluate: J 


Evaluate: J 


Vlt х + x 


Evaluate: J 


11 + х – х2 


Evaluate: J 


Vx? + 2ax 


Evaluate: І 


\2ах — х? 
13 


Evaluate: | ___х4Х __ 


ut — хе + 1 
Evaluate: | Nsecx – ldx 


ах 


Evaluate: === 
3/4 „| 172 
x МХ 12-1 


1.18 Integral Calculus, 3D Geometry & Vector Booster 


214. Evaluate 


215. Evaluate: 


216. Evaluate: 


217. Evaluate 


218. Evaluate 


219. Evaluate: 


220. Evaluate 


221. Evaluate 


222. Evaluate 


223. Evaluate: 


224. Evaluate: 


Type 14 


225. Evaluate: І 
226. Evaluate: | 


227. Evaluate: | 


228. Evaluate 


229. Evaluate 


230. Evaluate 


231. Evaluate 


Type 15 


232. Evaluate: | 


. | sin(x — о) d 
“4 Vsin(x + o) * 
І е ах 


V4 е” 


І вёс х 


-ш------ dx 
N16 + tanx 
: | Узесх + 1 ах 


: | усовесх — 1 ах 


І ах 
VI = e” 
| Г ын (x – о) dx 
sin(x + о) 
t І ах 
EU NP 


: hi dx 


ee + sin@ |4 
V5 + sin20 


[sue — cos@ 40 
V2 — sin20 


х-1 
Vx? - 3x + 2 
3x + 4 
Vx + 5x + 2 
х+2 
Vx? + 5x + 6 

:| 6x – 5 
4322 — 5x + 1 


а-х 
: X 
а-а 


ах 


ах 


ах 


ах 


2a -x 
: Vo уе 
а +x 


: mra 
Мүса 


ах 
3 + 45іп2х 


233. Evaluate: І 


234. Evaluate: J 


235. Evaluate: J 


236. Evaluate: J 


237. Evaluate: J 


238. Evaluate: | 


239. Evaluate: J 


240. Evaluate: J 


Type 16 


241. Evaluate: | - 
$ 


242. Evaluate: | 
243. Evaluate: J 


Type 17 


244. Evaluate: | 


245. Evaluate: | 


246. Evaluate: J 


247. Evaluate: J 
248. Evaluate: J 
249. Evaluate: J 
250. Evaluate: J 


251. Evaluate: J 


Type 18 


252. Evaluate: J 


dx 
3sin?x + 4с052х 
dx 


(2sinx + 3 cosx)? 
sinxcosx 
sin^x + cos^x 


dx 


(sinx + 2 совх)? 


ах 


ах 
(sinx + 2вес x)? 
sin2x dx 
sin^x + cos^x 


dx 


(2sinx + 3cosx)? 


dx 


2 + cos?x 


sinx 


x 
in3x 


cosec 3x d 
созесх 


sec 3x 
зесх 


ах 


ах 
1 + 2sinx 


dx 
3cosx + 4 


dx 
1+ sinx + cosx 


1 + sinx r 
sinx(1 + cosx) 

dx 
1+ 2sinx 

dx 
3sinx + 4cosx + 5 
dx 

cosx + cosa 


dx 
tanx + 4cotx + 4 


dx 


sinx + cosx 


Indefinite Integrals 


1.19 


253. Evaluate: 
254. Evaluate: 
255. Evaluate: 
256. Evaluate: 


la ae 
J 
J 
J 


Type 19 


257. Evaluate: 
258. Evaluate: J 


259. Evaluate: 


260. Evaluate: | 


261. Evaluate: | 


262. Evaluate: J 


263. Evaluate: | 


264. Evaluate: J 


Type 20 


265. Evaluate: 
266. Evaluate: | 


267. Evaluate: 
Type 21 

268. Evaluate: J 

269. Evaluate: | 


270. Evaluate: J 


271. Evaluate: J 


272. Evaluate: J 


273. Evaluate: | 


274. Evaluate: | 


= + cosx 
sinx + me 
a + cosx 


aa. =. cosx 


2sinx + cosx 
3sinx + 2cosx 


dx 


sinx 
sinx + cosx 


2sinx + 3cosx 


3sinx + 4cosx 
sinx | 
sinx + cosx 


cosx 
sinx + cosx 


ЕВЕ k 
1+ tanx 


1 — tanx 


-——— 
1+ tanx 


3sinx + 2cosx +4 
3cosx + 4sinx + 5 


3cosx +2 » 
sinx + 2cosx + 3 


2cosx + 3sinx 
- ах 
2sinx + 3cosx + 5 


[у= + ЗӨН 
9 + 16sin2x 


(cosx - зшх) (2 + 3sin2x)dx 


sinx + cosx 


9 + 16sin2x 
ах 


cosx + созесх 


(sinx + cosx)(2 + 3sin2x) dx 


(sinx — cosx) (3 – 4sin2x) dx 


Е - m] 
3 + 2sin2x 


275. Evaluate: Їнэ 


5 — 7sin2x 


276. Evaluate: [|2 з= = эш») 


9 + 16sin2x 
Туре 22 
2 
277. Evaluate: (= E dx 
X +1 
2-1 
278. Evaluate: J 1 dx 
х +1 
ХЭЭЛ 
279. Evaluate: J $ dx 
х+1 
4 
280. Evaluate: | ах 
x +x +l 
1—х^ ах 
281. Evaluate: J 
1+2 Vl + ха x 
-1 dx 
282. Evaluate: ЇЕ | x 
х +1 V + Х2 4x 
2 
-1 dx 
283. Evaluate: |^ x 
| + 
x-1 


284. Evaluate: [=== 


ху 252 ay 


285. Evaluate: ЈЕ 2-1 ent 
xx +7 +1 
ах 


xx + ҮІ + х?) 


2 
287. Evaluate: j= dx 
x +x +l 


286. Evaluate: І 


288. Evaluate: је = 
sin x + cos x 


dx 
х* +1 


289. Evaluate: [4 


290. Evaluate: І хак 
х* +1 
2ах 


+ 


291. Evaluate: ІН 


292. Evaluate: Де 


ах 
293. Evaluate: | ——————— 
| 32 (1+ EZ 


\х* -x-1 


4 
204. Evaluate: І сс тен ах 
х 
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295. Evaluate: J 


2 
296. Evaluate: = | dx 


ХМ + x 
ах 
хМх + 3x7 + 1 
2 
1 ах 
298. Evaluate: || E Е 
1-х (х + 1 
2 
1 ах 
299. Evaluate: ГЕ $ Е 
Ж \х* + 3x7 + 1 
Хо + 1)(nx + 1) 
dx 


(x** + 1) 


297. Evaluate: J 


300. Evaluate: J 


2 
301. Evaluate: [з се. ах 


оу — 2x7 + 1 


2009 | 
X 


302. Evaluate: Js dx 


(2x + 1)4х 


303. Evaluate: | ————————_. 
] (х2 + Ах + 1)?? 


Туре 23 


304. Evaluate: | [sume ја: 


1 + 3sin2x 


305. Evaluate: | даах ах 
306. Evaluate: | слапх - Ncotx) dx 


307. Evaluate: | усогхах 


308. Evaluate: f [veois - ја 
cotx 

1 
309. Evaluate: Ncotx + ја 
1 " Vcotx М 

1 
310. Evaluate: t + ја 
valuate ЈЕ апх Vinx x 


311. Evaluate: | блапх + cot x) dx 


312. Evaluate: [== аг ах 
(Vsinx + Vcosx)* 


Integration by Parts 
ABC of Integration by Parts 


313. Evaluate: J xe dx 


314. Evaluate: | xsinx dx 


315. 


316. 


317. 


318. 


319. 


320. 


321. 


322. 


323. 


324. 


325. 


326. 


334. 


337. 


338. 


Evaluate: 


Evaluate 


Evaluate 


Evaluate 


Evaluate 


Evaluate: 


Evaluate 


Evaluate 


Evaluate 


Evaluate: 


Evaluate: 


Evaluate: 


. Evaluate: 


. Evaluate 


. Evaluate 


. Evaluate: 


. Evaluate: 


. Evaluate 


. Evaluate 


Evaluate: 


. Evaluate: 


. Evaluate: 


Evaluate 


Evaluate: 


І x sinxdx 
: | logxdx 


: [дов хах 


: ово? + Бах 


: | tan !xdx 


: Је? ax 


І соя”! Бе =x 


1+ JL 


: (=a 


1+ cosx 


Ее 


sin - cos ! vx 


sin | Vx + сов ! Vx 


х2 


(xsinx + cos x)? 


: Поға + x)dx 


X — sinx 
| ээх, 


1 – cosx 


| sin Nx dx 


ІСТЕРІ: 


X — sinx 
| эгэх, 


1- cosx 


223 
| xsin хах 


Паова + dx 


sec2x + 1 


І xsin (29) 


1-х 


X 


dx 


[sac (E) 


БЕ - гіш 


ах 
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12255 + зесх) 


359. Evaluate: | “Овес?х - 1)tanxdx 
(1 + 2secx)? 


339. Evaluate: 


1 360. Evaluate: | “ов (зесх + tanx) + secx)dx 
-x 


x. | з 
e y 361. Evaluate: jas 55 х чалу 


соѕ2х 


340. Evaluate: 


Type 24 


Type 25 
341. Evaluate: | &sinx + cosx) dx 


362. Evaluate: ШЕ + =) 
x 


хе“ 
i +1)? 


343. Evaluate: | 36 
cos 2x 


342. Evaluate: dx 


363. Evaluate: J log (log x) + = dx 
(logx) 


4 
364. Evaluate: І 4 ТЕРІ ах 


2,5/2 
344. Evaluate: Ге l+x4x (1 + x) 
а +2)? ‚ 
+1 365. Evaluate: ЈЕ шанг а 
345. Evaluate: | 2 | —— — | ах eod. 
(x + 1)? 
3 
“-x+2 
346. Evaluate: eu =. 2 366. Evaluate: ШЫ 
x (x^ — 1) 
347. Evaluate: | е | 2 ЈЕ Туре 26 
(x + 1) 
44d. pae a Ч ! — sinx | 367. Evaluate: J e*Gsinx + cosx) ах 
— cosx 
; 368. Evaluate: | secx + 2tanx)dx 
349. Evaluate: | e" ааа іш 
cos 2x | - 
369. Evaluate: je (28281) 
2+1 1- cos4x 
350. Evaluate: |е 
(2 + ТУ 370. Evaluate: | e" (-sinx + 2cosx) dx 


1+ cos2x 
] - sinx 
1 + cosx 


| х-1 е 373. Evaluate: Jee x log(secx + tanx) + secx)dx 


352. Evaluate: dx 


e (log * 1) dx 372. Evaluate: lew 


353. Evaluate: 


Type 27 


354. Evaluate: 


ж 374. Evaluate: | e'sin3xdx 


a TE 
375. Evaluate: 


1 2 : Ге e^ cos3x dx 
355. Evaluate: 2 | ах 
376. Evaluate: Je e^ sin3xdx 


356. Evaluate: e^cosxdx 


p Jax 377. Evaluate: 


378. Evaluate: | e”cos (3x + 4)dx 


J 
J 
J 
J 
J 
J 
551. Evaluate: | 8 в 371. Evaluate: | (Le sits a 
| 
| 
| 
| 
| 
| 


357. Evaluate: 


358. Evaluate: fe 


380. Evaluate: |4. sin(log x) dx. 
Е: 


2 x + L E 
@ 41) 379. Evaluate: | e'cos2xdx 


E 
(x + 12У х2 
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Type 28 

381. Evaluate: Һа-х ах 

382. Evaluate: [Vi = 9? ах 
383. Evaluate: 2 +1 ах 
384. Evaluate: [Үз +1 ах 
385. Evaluate: 52-9 ах 

386. Evaluate: 2-1 ах 
387. Evaluate: 2 +25 +3 ах 
388. Evaluate: Гз-ж-ж ах 
389. Evaluate: [ах - 22 dx 
390. Evaluate: [ах + х2 ах 
391. Evaluate: [x - 42 ах 


Type 29 


392. Evaluate: | Ох + 1152 + 3x + 4 dx 
393. Evaluate: | œ- 5) + x dx 

394. Evaluate: | (Зх – 2 + х + 1 dx 

395. Evaluate: | (4x + 1b? - x -2 dx 

396. Evaluate: [x «x- 2 dx. 


Partial Fractions 
Type 1 


(2х + 1)dx 


7. Evaluate: | ------ 
39 valuate GA De ED 


. Evaluat 
398. Evaluate: LE 


399. Evaluate: 


rn. + De + 3) 


dx 


=; ж: 
ЈЕ 
IF (х + DG + 2)(x + 3)(х + 4) 
оту 
| 
[ж a 


400. Evaluate: 
х-1 
(x + 1)(х— 5^ 


2x – 1 
(x + 1) (х + 2)(х + z” 


401. Evaluate: 


402. Evaluate: 


403. Evaluat 
03. Evaluate: р ар, 


404. Evaluate: 


405. Evaluate: 


406. Evaluate: 


407. Evaluate: 


Type 2 


408. Evaluate: 


409. Evaluate: 


410. Evaluate: 


412. Evaluate: 


413. Evaluate: 


414. Evaluate: 
Type 3 


415. Evaluate: 


416. Evaluate: 


J 
J 


J 
J 


J 
J 


J 


| 


411. Evaluate: 


| 
js 


| 
| 


417. Evaluate: І 


418. Evaluate: J 


419. Evaluate: 


420. Evaluate: 


Type 4 


J 
J 


421. Evaluate: | 


422. Evaluate: 


J 


2x а 
(х2 + Do? + 2) 


cos@ 
(2 + соѕ0)(3 + cos@) 2 


(1- cosx) 
cosx(1 + cosx) " 


dx 


sinx — sin2x 


dx 
(x + DG + 1): 
2х + 1 
(x + 2)(х – 3)? 


Зх + 1 
(x – 2)4х + 2) 
Low s. dx 
(x – 1 (x + 3) 


2 
X 


— dx 
(х-1) (хн 1) 
@-), 

x 2(х + nas 

2x- 1) 

x(x – 2) 


(2x + 3)dx 
(x + DG + 4) 
(3x – 2)dx 
(x — Do? + 9) 
2х – 1 B 
(x + 102 + 2) 
га-г 97 
(x + DG +4) 

8 
SSS 
(x + 2)(х2 + 9) 
E ээн 
(x + DÆ + 1) 


xi 


——— ы 
о2- ро? + 1) 5 


x 


Id 
(х2 – 3) 9? + 4) 2 


Indefinite Integrals 


1.23 


423. 


424. 


425. 


Туре 5 


426. 


427. 


428. 


Evaluate: 


Evaluate: 


Evaluate: 


Evaluate 


Evaluate: 


Evaluate 


Lever MA 


Type 1 
1. 
2. 
3. 
4. 
5. 


6. 


Evaluate 


Evaluate 


Evaluate: 


Evaluate 


Evaluate 


Evaluate 


. Evaluate: 


. Evaluate: 


. Evaluate: 
. Evaluate: 
. Evaluate 
. Evaluate: 
. Evaluate 
. Evaluate: 


. Evaluate: 


. Evaluate: 


| 024) 
a ee А: 
(2 + 5)02 + 7) 


jo 


— > d 
-D-2 j 


| : 


d 
(х2 – Dno? - 2)02 - 3) * 


(E + 3)@2 + 2 
рн Түр 
(02 – Do? + 2) 


[€ + DG + 2) 
: | — ——— — dx 
(х2 + 3)(х2 + 4) 


j€ - 102 + 3) 
prm 
(2  2)0 + 1) 


(For JEE-Advanced Examination) 


: J tan‘. бес хах 
: | secas 
І sec^x dx 
ч [ апох. sec^x dx 
Н ІС бесбхах 
: m secxdx 


І secx dx 


І sec? хах 


| cosec? х cot? x dx 
3 3 
cot’ x-cosec” x dx 
: 3 
: | соѕес хах 
J cot? х.совес хх 
: J tan Sx-sec®xdx 
3 -8 
cot x-cosec “x dx 
5 
cosec x dx 


| совес! хах 


Туре 3 


17. Evaluate: 


18. Evaluate: 


19. Evaluate: 


20. Evaluate: 


21. Evaluate: 


22. Evaluate: 


Type 4 


23. Evaluate: 


24. Evaluate: 


25. Evaluate: 


26. Evaluate: 


27. Evaluate 


28. Evaluate: 


Type 5 


J 
J 
J 
J 
J 
J 


J 
J 
J 
J 


| 


| 


29. Evaluate: | 


30. Evaluate: J 


31. Evaluate: J 


32. Evaluate: | 


33. Evaluate: J 


34. Evaluate: 


J 


35. Evaluate: J 


dx 
x(x’ + 1) 
dx 
“(о + Їр" 
ах 
х( + 1) 
ах 
xa + 1) 
ах 
x " p 
dx 
ха a) 


х2 


ах 
(х + 3) 


хах 
(2х + 3)? 


х2 


(x + 2)? 


> 


— ~ ах 
(ах + by 


dx 
x xy 


x4 


— d 
(Зх – 2)? 


ах 

x(x + 2)? 
ах 

x (b + ах)” 
ах 

x(x + 2) 
dx 

x (а + bx) 
dx 

“(1 + х2)? 
ах 

х (а - bx) 
dx 

х'(2х + 1» 
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Type 6 


36. Evaluate: 


37. Evaluate: 


38. Evaluate: 


39. Evaluate: 


40. Evaluate: 


41. Evaluate: 


42. Evaluate: 


Type 7 


43. Evaluate: 


44. Evaluate: J 
45. Evaluate: J 


46. Evaluate: J 


48. Evaluate: 


49. Evaluate: J 


Type 8 


50. Evaluate: 
51. Evaluate: J 
52. Evaluate: 
53. Evaluate: 


54. Evaluate: 


= y 2)* 


ши (х + 2)? 


21 Ср 2y 
— GE 
dx 


беу (x + 3)° 
сти (x + 3)’ 


[= == 
=== 
jo тер, 
== =... 
| 
ЈЕ 
ЈЕ 


ах 
x(2 + 3x°) 
dx 
x(3 + 5x) 
dx 
x(2 + 3x’) 
dx 
x(3 + 4x°) 


| ах 


47. Evaluate: 


x(2 – 5x°) 
І ах 

x(1 - 4х) 
dx 

х(3х + 1) 


ши c 
(2х2 + 3)? 


J 


«^+ DÍ 


55. Evaluate: 


56. Evaluate: 


Type 9 


57. Evaluate: І 


58. Evaluate: 


59. Evaluate: 


Type 10 


60. Evaluate: J 


61. Evaluate: 


62. Evaluate: 


Type 11 


63. Evaluate: | 
64. Evaluate: J 


65. Evaluate: J 


Type 12 


66. Evaluate: J 


67. Evaluate: | 


68. Evaluate: J 


Type 13 


69. Evaluate: 


70. Evaluate: 


71. Evaluate: 


———— d 
(3х2 – 2}? 


(3х2 + Т. 


2sinx + 3 


dx 
(Зѕіпх + 2)? 


| (2sinx + 5) 


(2 + 5sinx) 


І (3sinx - 2) 
(2 – 3sinx) 


| Асовх + 3 | 
(3cosx + 4)? 


Г (созх + 2) dx 


(1 + 2cosx)” 


258 4 
------4х 
(3 + 4cosx)” 


dx 
(3 + Ах)“ 


ах 
(5 + Asinxy 


dx 
(1 - 2sinx)* 


dx 
(2 + 3cosx)? 


dx 
(12 + 13соѕх)? 
dx 
(3 - 4cosx)* 


ІС + ME 
pur cd 2 
де“ — де“ 

Зе“ – 2e* 

22" + 5е* 


Де“ + Зе“ 
3e + те“ 
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Integration of Irrational Functions 90. Evaluate: | e 
1 
Type 1 (x^ + 1) х 
7 хах 
72. Evaluate: | ах 91. Evaluate: Із п 
(x + 2) (x + 1) 
1/2 92. Evaluate: o 
73. Evaluate: 22) = (2-1) 
ах 
93. Evaluate: 2 
74. Evaluate: aa dx E —2x + 2Nx- 1 
(x + 2)(x  3y? 
Type 5 
. 2 3/2 — x 
75. Evaluate: Iz Ж Бэ ae x 94. Evaluate: =. = 
(x + 1)\x + 1 
Type 2 
dx 
95. Evaluate: J 
76. Evaluate: | 8 — — (x DY «2x «2 
Vxt14+Vx4+1 
96. Evaluate: 
77. Evaluate: | ах = +4 
da Se 1) 
1/3 97. Evaluate: 
78. Evaluate: ees eu Је = "e +4 
1 +х 
. dx 98. Evaluate: [6—2 
79. Evaluate: Ја Те (2х Р га 
NX 
80. Evaluate: dx 99. Evaluate: [== 
421 (Зх + 2)Vx" - 4 
Type 6 
81. Evaluate: x dx ЭР 
цаас 100. Evaluate: | е 
Туре 3 Ve — 1 
dx 
82. Evaluate: | == 101. Evaluate: 
IE IX EZ -:DW +2 
dx 
83. Evaluate: | — 
ЈЕ яй Зум +2 102. Evaluate: = яр - Е 
NX 
84. Evaluate: d 14% 103. Evaluate: AST EX 
dx 
85 .Evaluate: 
xx – 2 104. Evaluate: а= 
| d QÍ- D Vat + 3 
86. Evaluate: [а= 
105. Evaluate: 
87. Evaluate: Їз- ыг, (х2 – 1)\х? + Ах 5 
(x + 3)\2х + 1 
Type 7 
Type 4 
dx 106. Evaluate: | (x + V? + 1)!dx 
88. Evaluate: J“. 
Мх – 1 
цас 107. Evaluate: | (x — Vx? + 44 
89. Evaluate: е2 
(2 - 4) + 1 108. Evaluate: | (x + VI + уа 


1.26 Integral Calculus, 3D Geometry & Vector Booster 


dx . dx 
109. Evaluate: _— ЗЕЕ 127. Evaluate: | = 
(х + 2 4 y^ xN3x – 2 
dx : ах 
110. Evaluate: —{— 128. Evaluate: | ————— 
(x — Nd + ду х\З? = 2 
ах ах 
111. Evaluate: [== 129. Evaluate: [== 
x(x – Vx" + 9) xN2x? - 3 
Type 8 Type 11 
. dx 
112. Evaluate: цолын 130. Evaluate: Is ГЕЛІ 
113. Evaluate: E = БЕ Ч pe 131. Evaluate: j- с 
114. Evaluate: == 132. Evaluate: J dx 
x Жа - 1) : у (3 + 522 
| ах 
115. Evaluate: |a m n 7 D% 133. Evaluate: І5 "ЕСЕР 
. xdx 
116. Evaluate: Dra 134. Evaluate: 1- БЕТЕР 
2 
ах 
135. Evaluate: | —~“— 
117. Evaluate: [ес mm po ЈЕ - 4х6) 
Туре 9 Туре 12 
ETC CM 136. Evaluate: 21 
118. Evaluate: ` ; 2412 
ша (х – 2) Мх -4х-7 
ах 
137. Evaluate: | 
119. Evaluate: у ==— s (x + 1) “452 -2х-4 
(х- - rem 2) 
dx 
120. Evaluate: === 138. Evaluate: J | = 
шэг (x — 2) VAx^ — 16x + 20 
121. Evaluate: J, 139. Evaluate: J dx 
AG – о + 2) (x? – бх + 9)NAx? – 24x + 20 
122. Evaluate: ТЕ 22 140. Evaluate: J dx 
2 4/12 
x(x + 5) (4х + Ax + 1) \4х + 4х + 7 
ах а. 
123. Evaluate: 141. Evaluate: X 
| (x - 1#(х + 9? me 142224 
Туре 10 Туре 13 
ах Ох + 3) 
124. Evaluate: | —— 142. Evaluate: 
[сс ЕДУ тте 
ах 
125. Evaluate: [= : (2х + 3) 
к\з + 3 143. Evaluate: TP ETE ДЫ 
dx 
126. Evaluate: [=== (4х + 7) 
| 6 144. Evaluate: dx 
х\2 – 5х (x + 29 + Ax + 7 
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Туре 14 


145. Evaluate: | 
146. Evaluate: | 


147. Evaluate: J 


Type 15 


148. Evaluate 


149. Evaluate 


150. Evaluate: 


151. Evaluate: J 


152. Evaluate: | 


153. Evaluate 


154. Evaluate: 


155. Evaluate: 


156. Evaluate: | 


157. Evaluate: 


158. Evaluate: 


Type 16 


159. Evaluate | 
160. Evaluate: 
161. Evaluate: J 
162. Evaluate: 


163. Evaluate: | 


2+4х+2 


(x + DN + 2x + 3 


2 
X + 5х+6 di 


(х + 2)ХХ + 5x + 4 


ах 


x + 10х + 6 


© к + 2902 + 4x49 


ах 


i Ї ха + vx) ах 
: [д (аз + х?®у?ах 
ПЕ + эр, 
ах 
xh + х? 
ах 
vx (Ax + 1)!° 


; [о + 3x18)? ах 
IE: x Va + 14) ах 


Геза + 2323 ах 
ах 
lex 
І ах 
x а + ай 


5 d 
J| Ja 
ЧЕН 


. dx 
йг. Gere} 


dx 
== 


ах 
х\х? – 3x + 2 


ах 


х + №2 -1 
хах 


х + 02-1 


164. Evaluate: J 


165. Evaluate: J 
166. Evaluate: J 


Reduction Formulae 
Type 1 


167. Evaluate: f sin’ xdx 

168. Evaluate: J яабхах 
Type 2 

169. Evaluate: соғ ха 

170. Evaluate: | совћх а 
Туре 3 

171. Evaluate: J tandxax 

172. Evaluate: | апбхах 
Туре 4 

173. Evaluate: | сой хак 


174. Evaluate: | собхах 


Туре 5 
175. Evaluate: | secxax 
176. Evaluate: | secxax 
177. Evaluate: | secxax 
178. Evaluate: J sec?xdx 
Type 6 
179. Evaluate: [ae 
sinx 
180. Evaluate: | 
sinx 
181. Evaluate: [ane 
sinx 
182. Evaluate: [26 
sinx 
Type 7 
dx 


183. Evaluate: [22288 
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184. Evaluate: | —@— з. [30x ду = 
(х2 + 3) sin3 x 
1 1 V3 + tanx 
185. Evaluate: | ___- dx (а) — lo +c 
lu x в. 
Туре 8 (b) lr V3 + tanx 
186. Evaluate: J 2ювхах 243 V3 – tanx 
187. Evaluate: J dog? ах (c) log ҮЗ + tanx 
МЗ – tanx 
188. Evaluate: | (logxo? dx 
5 à (d) 1 lo V3 + tanx 
189. Evaluate: |2(1- ху ах E [ртс айран 
Mixed Problems а. | dx = 
sin(x — О)сов(х — В) 
190. Evaluate: Ба ах | 
191. Evaluate: | cos" xax (а) cos (a — В) ана seres qnse 


(b) (log|sin(x — 00| + log|sec(x — В)|) + с 
(с) (loglsin(x — œl + c) 
(d) (loglsec (x — B)l + с) 


192. Evaluate: J гаа хах 
193. Evaluate: | соёхах 


194. Evaluate: | cot? хах 3 
9: m 2x-sec2xdx = 


195. Evaluate: °ха 
Mix J sec 158 (а) дэвсэх - E tc 


196. Evaluate: Гееах 1 3 1 
(b) “(оос 2х- 25ес2х +c 


: ах 
197. Evaluate: zm (c) єзес92х - 1 зес2х +c 


(d) 15002 + E +c 


[еуе MB 


(Mixed Problems) 6. If |а) sinx- созхах = — Іов (Раду + k, then 
(b^ — a’) 
1. | Pcosxdx = f(x) is 
2. : 
(а) х чпх + 2xcosx – 2sinx + c (а) — 1 —— te 
(b) х25іпх + 2xcosx + 2sinx + с asin’ x + b^cos'x 
2. г 
(с) 57 + 2xcosx + sinx + С (b) — 1 —— + с 
(d) x^sinx + 2cosx + sinx + c. а sin’ x — b^cos^x 
1 
2. | e'cos?xdx = (с) + с 
] a^cos?x + Б2ѕіп2х 
@) e + -Le (cos2x + 2sin2x) + с : 
10 (а) + с 


а2соѕ2х — b’ sin? х 
№ 


(b) је о + с 


7. 1t J (5589-1 = kcos4x + c, then 
cotx — tanx 


СЕТ + (соз2х + 2sin2x) + с | : 
2 (a) k = -> (b) k = -> 
2 8 

(d) 56 + 164 (сов2х + 2sin2x) + с (des 2 (d) k= i 
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13. | 


8.1-2-- 


xo + x 


1 1 zi 
(а) -— + x + cosec хас 
3х 


(созбх + 6cos?x + 4) 


2 
(a) 2 а COS үс 
COS х 


1 1 zj 
(b) -—~ + = + сос x *c 
3x2 X 
1 1 x 
(с) -—~+—+tan x + с 
3x3 X 
(à) — – 1 + sinx + с 
2sinx + 5 2 
(2 + 5ѕіпх)? 
cosx —cosx 
~ Cosy Бус 997. 
DERE ONS Suns 
1 sinx 
Se Б а oe ЕЯ 
жуз» 952550 
(logx – 1) 
+ (logx) 
(a) + с (b) -- 
1+х 1 + 083) 
logx 
О (а) + с 
1 + (logx) l+x 
| совес х — 2005 dies 
Я AX = 
052005 x 
cotx tan x 
(a) +с (b) +с 
сов2005 ү 2005 
—tanx —cotx 
(c) +c (d) +c 
cos” x со$2005 
sin2x + 2{апх ЕТТЕ 


f 1 1 + cos?x 
(b) tan | | x4 + с 
V2 cos’x 


1 6 4 
(d) е + + 
12 cos'x  cos°x 


(1 + x)sinx 


|+ 


ах = 


(х2 + 2x)cos?x — (1 + х)зїп2х 


14. 


15. 


16. 


17. 


1 sinx — (x + 1)cosx- 1 


og|— 
2 sinx — (x + l)cosx + 1 


(b) 5 tan"! {sinx - (x + 1)совх) + с 


(c) 5 sin! {sinx - (x + 1)cosx} + с 


(4) 5 sin | (sinx + cosx) + С 


ar + xy 


1 
МТ + х2 


+c 


| 
Pu үй = 
iore 


x. 1 X 
(d) e +c 
f - va = 


| xcosx +1 
2 


dx = 
2х3 ел 4 x 


zd ee [287 +1- | 
NO xe +1 +1 
хө"! — 1 + | И 


(b) log | - 
ү2хе + 1 + 1 


N2xeP + 1 + 1 
Ч2 хил — 1 +1 
V2xem +1 + мыны), 
V2xe5* — | — 


Let f(x) be a function such that f(0) = 7(0) = 0, Р(х) 


(c) 2 


(4) 2 


= sec^x + 4, the function is 


(а) log (sinx) + цайх + сх 


(b) Flog (sec) + tans + 222 


2 
(с) log(cosx) + сох + = 


(а) попе. 


The value of the integral J = | славх + Ncotx) dx, 
where 


22 
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20. 


21. 


22. 


(a) 42 sin”! (cosx — sinx) + c 
(b) 42 sin"! (sinx — cosx) “с 
(c) ҮЗ з (sinx + cosx) + С 


(d) —V2 sin! (sinx + cosx) + С 


. The value of the integral J = | Слапх + Vcotx) dx, 


2) 
where x € | 7, 5. 


(a) V2 вш! (cosx — sinx) + c 
(b) 42 sin! (sinx — cosx) “с 
(c) ҮЗ sin”! (sinx + cosx) + С 


(d) -42 8ш (sinx + cosx) + С 


. The value of the integral J = J (Ntanx + Vcotx)dx, 


Л 3л 
һ 2 27 
where x € (o. 2) o (s. z) 
(а) Zan (ушы = ЕЗ Же 
2. 
_j{Vtanx + Ncotx 
(b) V2 tan ied жб 
V2 
© Убит [Мая - шин ds 
V2 
(а) Убит [Чая + хан ТІ 
42 
J even (Fees а + S55 as 
xX cos x 


(xsinx+cosx) И 1 ) 
(a) e а а G 


(b) e sinx- cos x) 


(c) е біпх--совх) 


(d) е біпх--совх) 


XCOSX 
dt : 
Let f(x) = | and g be the inverse of f. Then 
4 
2N] «f 
the value of g'(0) 
(а) 1 (b) 17 
(с) 417 (d) None. 
If f(x) = &9 and g(x) = | 2... then РО) is 
21+ 
(а) 2/17 (b) 0 
(с) 1 (4) cannot be determined. 


24. 


25. 


26. 


27]. 


28. 


29. 


| Inlxl e 
x X Nl + Inkl 


(a) 2.1 nis x (Inked – 2) + с 
(b) E МЕНЕЕ. 
© $ NT inis х (а – 2) + с 
(д) i JES inki x (а + 2) +c 


f(x) 
г | Ра! = xcos (zx), the value of f’(9) is 
0 


(a) -1/9 (b) -1/3 

(c) 1/3 (d) Non existent. 

The number of values of x satisfying the equation 
28 27 + 1 


2 
ШЕ £s 4а 2010 
18 
(4) 0 
(с) 2 


(b) 1 
(d) 3. 


Га + 2cotx(cotx + совесх)) dx = 
(а) 2In(cos(7)) + с 
(b) 2In(sin(2)) +c 


(c) ШЕШЕ) tc 
(d) None. 


A differentiable function satisfies 3f^(x) Р(х) = 2x. 
Given f(2) - 1, the value of f(3) is 


(a) N24 (b) V6 
(c) 6 (d) 2. 
ЕТІ 


(азда татқа 


1 
5 (5) 510-6 +c 


(©) 5 шэх dione 


Гьхош ах = 
рта” +) 

а) OER +c 
208 4 1) 
(х2 ДЕ 1)210+) 


(b) —— A + с 
2( + 1) 
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30. 


31. 


32. 


33:1| 


34. 


[€ + ho | 
Ol wa j 


(d) None. 


| 


2х + 1 
(2 + Ах + 1)” 


3 
(а) pij 
DET 
©су == 
Ve +тх+1 


+ с 


FCE 


| 
© Тәтті 
| 


(а) 
CT Trxc-l 


Је | а 1 


COSX 


4 ©052(2810х + 1) 


1 + sinx 


(а) e'tanx + c (b) e'cotx + c 


(c) e'cosec?x + c (d) e'sec?x + c. 


tan lx 
І е 


(1 + 22) 


2 


1+х 


(а) еме ұлан х + с 


Ри 1 


(5) 


rom 1%? 


(с) ey. И (4r x Vi + 2) ) +c 


2 
(d) е! х. = 1122 Үз +? )) + с 


(a w= 
V8 — sin2x 
(a) sin’! (sinx + cosx) + С 


(b) яаг (L(sinx + cos.) +с 


[бе \1 + 2) + сок | Lar 


је 


35. If 


36. 


(с) cos! ((sinx + cosx)) + с 


(d) cos" (5 (sina + cosi) tc 


[= dx = Ах + Bloglsin(x — 001 + c, then 
(а) А =зшо (Б) В = сова 
(c) А = cosa (d) В = sinc 


| овог + ах = fGologG? + 1) + g(x) + c, then 
(а) f(x) = 


(b во) = += 


2 
© gws- 
@ fe) = ===), 
37. If Je ми + я] dx = Ле“. f(x) + с, then 
(a) А = 1/2 (b) А = 13 
(c) f(x) = tanx (d) f(x) = tan2x. 
зв. If | a 


39. 


cos (x — а) cos(x — b) 
= 1 (ово?!  loglg COL + с, then 
(a) A 2 sin(a — D) 
(b) f(x) = cos(x – a) 


(с) g(x) = cos(x – Б) 
(d) A = sin(b — a). 


if | tan^xdx = ktan?x + Ltanx + f(x), then 
(a) k = 1/3 (b L=-1 
(с) Ја) = х + с (4) k = 2/3. 


(More than one options аге correct) 


40. If J (зға Sina Jax = f(x)tan(g(x)) + c, then 
(a) f(x) =x (b) f(x) =x 
2 
()80)-2 (d $0075 
41. If fe e| Dal је = — then 
(x + 1) (g 09) 
(а) О) =x (b а(х) = х + 1 
(с) т= 1 (d) т = 2. 
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42. 


43. 


dx 1\8 
f гс —А|1+—| +c, then 
] Lai + уђу | - 
(a) А--1 (b) B= 1/4 
(с) А = 1/2 (d) B = 1/2. 


Ta 


log e + с + log. 2, 
if | 


L Е + Blog,(1 + log,x) 
+ Clog(2 + log,x) + К, then 


(a) A+B=2 (b) А-С-0 
()А-8-0 (ФА+В+С=3 
tanx E 1/т 
44. м Јах = A(f(x))! + c, then 
(a) A=2 (b) m 22 
(с) а) = tanx (ФА +т=5 


45. 


46. 


47. 


48. 


49. 


А(- 4709) + с, Шеп 


(5) f(x) = cotx 
(4) А-4. 


1t | (lax - 


sinxcosx 
(a) A22 
(c) f(x) 2 tanx 


if | је = (ови Vie x] + e, 


хэ? 
Ч1--х! 


then 
(a) L+M = 13 
(D L-M=9 


(c) L+M+N+P=26 
(d)L+M+N=15. 


dx L P 
if | | = L w+? + с, then 
EN +x! M x 


(а) 1-1 
(D М-2 
(o) L+M+N+P=5 
(d)L+M+N-P=3. 


21 
ШЫП - 


х 
ат +! ick 
A B x Cx | 

then 

(a) A23 (b) B=6 

(c) C=6 (d A+B+C=15. 


2(cosx + secx) sinx 
If 


соз°х + 6cos?x + 4 


= (ое! + M + М. ШЕ 
1. COS Х COS X 


then 


(а) L+ = 18 (D L-M=6 
(o) L+M+N=22 (d L- M- N = 14. 
І сов х 
50. If ах 
€ + сов х}? 


= -+8 + собх)т + с, then 


(ај А +В =3 (b m*n27 
(c)m+n=8 (d) А%В-4. 
Lever MM 


(Problems for JEE Advanced) 


cos2x — cosx 


]. Evaluate: І 1 
— cosx 


. [с055х + cos4x 
2. Evaluate: І Г.2с083х 
sin®x + cos?x 
3. Evaluate: DER ORENSE A 
sin^x-cos^x 
4. Evaluate: [ue =. cos2x 
cos?x: sin? D. 
sin2x 
5. Evaluat 
қара т sin 5 х: 5103 х а 
6. Evaluate: | acce sinx 
sinx + coe 
7. Evaluate: ег ше Secx + cosecx 
8. Evaluate: J tan3.x-tan2x- tanxdx 
9. Evaluate: J Р -dx 
а + се 
10. Evaluate: а. 
1+е 
11. Evaluate: J ate dx 
x + 9х 


үр — cosx 


12. Evaluate: = - 
e + sinx 


dx 


ЕН 


ах 
e + чпх + Хх 


13. Evaluate: 


sin(x + а) 
sinx + Бу 
ах 
sin(x — а) ѕіп(х — b) 
| ах 
sin (x — a)cos(x — b) 


мап x 


sinx: cosxdx 


14. Evaluate: І 


15. Evaluate: J 


16. Evaluate: 


17. Evaluate: 
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29. 


30. 


31. 


32. 


33. 


34. 


35: 


36. 


37. 


38. 


39. 


. Evaluate: 


. Evaluate: 


. Evaluate: 


. Evaluate: 


. Evaluate: 


. Evaluate: Іше 


. Evaluate: | dx 


(2 + 1): 


І sin (x - о) - о) 
. Evaluate: a ВОО 7 a 


. Evaluate: === ах 


4x41 


вёс хах 


cosec? x dx 


ppc 


| 
| 
тэн 


x + 18x? + 81 


. Evaluate: | 2-3 ах 


1+ cosx 


. Evaluate: J ѕіп4хе' x qx 


NAx? + 8х + 13 


х2 


2х + 2 je 


Evaluate: dx 


(xsinx + cos x)” 


> (х ѕес2х + tanx 
Evaluate: x 


(xtanx + 1)? 


2+ 
Evaluate: a 


(1 + 2secx)* 


Evaluate: | cos (2 0) x log (sexes пе | 


cos Ө — sin 0 
4 

2 

Evaluate: |e | -= 
| ї H Sd 


3 . 
i COS х — sin 
Evaluate: І e peel dx 


cos?x 


dx 
Evaluate: le 
cosx + созесх 


Evaluate: Са (l+x+ x) dx 


Evaluate: Гата + х + x) dx 


sinx 
8114 хах 


For any natural number т, evaluate 


Evaluate: | 


Jo ЯВ хэт TS x") Qx” + Зх" + 6)!" dx. 


40. 


41. 


42. 


43. 


44. 
45. 
46. 
47. 
48. 
49. 


50. 


51. 


52. 


53. 


54. 


55: 


lever (0) 


3. 


Evaluate: | Atanx dx 

dx 

-1° 

І ап! х 
4 


X 


Evaluate: І 
(е 


Evaluate: dx 


dx 
(-/Со8х + Vsinx )* 


+ x ?5 


Evaluate: І 


Evaluate: J : 


ах 


Evaluate: ЗЭХ, авир 
2sinx + secx 


х* + 1 
6 


Evaluate: | 
x +1 


dx 


dx 


Evaluate: J 2 
(е – 1) 


ах 


Evaluate: | — 
| = үх + 2 


Evaluate: 222 
ХХХ + 1 
4 
– 1 
Evaluate: | = сы — ах 
хэмх +1 
xe 


2324 — 2x7 + | 
| авах 
— —— dX 
sinx 


Evaluate: L- 


Evaluate: 


cos 0 + sin 


15 + sin0(20) 


ѕес2х 


Evaluate: J 


Evaluate: Е-е a 
(secx + tanx) 


Evaluate: J заа o _ ад 


sinf Ө + соѕ Ө 


Q. Evaluate the following integrals. 


2+6 
а 
(хзшх + 3cosx) 


log(1 + sin?x 
g( ) dx 


cos?x 


E (1 + sa) s 


(Tougher Problems for JEE Advanced) 


1.34 


Integral Calculus, 3D Geometry & Vector Booster 


~ 


л 


D 


~ 


20. 


J 


J 


(х-1)У + 28 3 + 2х +1 
al dx 


= 
м 


asl 


pp 


7. | 


| 


J 


5л 
ld 
| Ü (22 - 


«о-в с. 


J tance - Q)-tan(x + Q)-tan2xdx 


cos( 2cot | ээ Je 
1+х 


x(x + 1) 


tan [4 - 4) 


dx 


сова х Меапз x + (ап? х + tanx 


-1 
an x 


dx 


= - xsinx) 
x p 


| + xcosx) 


— р. ах 
х(1 EN x gh) 


dx 
2sinx + secx 


dx 


cosxNsin (2x + о) + sin 


N3cos2x – 1 dx 


cosx 


2 
X —X 


‚ J (3x2tan(4) - xsec*(+) ax 


(x + DG! + x x) 


cos*x 


3/2 dx 


sin?x (sin? х t cos? х) 


3/5 


sin?xdx 


(cos*x + 3cos?x + 1)tan! (зесх + cosx) 


Ncotx — Ntanx 


4 4 3sin?x 


x (x ѕес2х + tanx 


(xtanx + 1)? 


Vsinx — sin^x 
1 — sin?x 


-ео-д | 


а 


ах 


24. | 


26. 


age 


28. 


30. 
31. 


32. | 
33. | 


34. 


Еј] 


„Еј 


: Let | 


dx 
\ їп (х + œ) cos? (x — В) 


x(x + 2\2 
„Је а 


| VI x? 
Lm dx 
X 


dx 
sin?x + cos?x 
реу + М1 + ar 
V1 + x7 
(x + 1) 


x(1 хе? 


sinx 
[ш a 
2sinx + 3cosx 


| cos4x + 1 
cotx — tanx 


3 
COS X + сов х 


sin?x + sin*x 
dx 
6 


sin&x + cos?x 


dx 


І Јо) | 
Evaluate cm dx, where f(x) is a polynomial of 
X — 
degree 2 in x such that f(0) = f(1) = -3 = 3f(2). 
Integer Type Questions 


COS X + cos2x 


. If of | 953 + 20527 ду = Asinx + Вх + с, find the 


2cosx- 1 

value of A + B + 3. 
dx 

sin?x + cos?x 


42 
= Ў t: ose, 22: 
og ian an( M ие | 


+ d tan | (sinx - cosx) + c, 


then find the value of L + M - N - P. 
dx 

sin°x + cos°x 

= tan! (Ltanx + Mcotx) + c, 


find the value of + М + М + 4. 


=, 


ХоФх 
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= tan !x + Flog Ес; 


х +1 


Find the value of | 


5. Let Ды 
= Ах + Bloglsinx + cosxl + c 
Find the value of A+ В + 1 


L+M+ "| 
3 

sinx | 

sinx + cosx 


6. Let J| ——— |а 
(2х + 3)? 
(3 + 2х) 1 9 
= — log|3 + 2x] -————— + C. 
lp Ua tA adr. 
Find the value of L+ М + 4 


32 + 2x 
6 5 4 3 2 ах 
X +2х tX + 20 +2х +5 
Ч La | HJ ek 
L Q 
find the value of + M + N + P + О. 


1 a 


cos*x 


sin? x (sinx + саса) 


M 
= -1! + ==; "e 
L гаг? х | 


8. "Л 


find the value of L + М + М. 
9. те [22a + хх 


8M 


= = (1 + 572 _ : (1 + 22252 


+ A paye 
15 
find the value of L + M + М. 
10. If | cos'xdx = Lx + Msin2x + Nsin4x + c, 
find the value of 8L + AM + 32 М. 


Comprehensive Link Passages 


Passage I 


In some of the cases we can split the integrand into the sum 
of the two functions such that the integration for which one 
of them integrate by parts and other one be fixed. 


Гео + foo} dx 

= | гтбдах + [Eld 

efo -f efod + | “ода + с 
еро) + с 


Consider 


1 1 2 
у Js | el | 
(а) In(Inx) + c 


(с) +c 
шх 


Г хє ах = 
(1 + х)? 


(а) хе + c 


(с) е" – 1 


3. ШЕ - әш 
(а) e (log - 1) + с 
(b) e'|logx + lee 


| 
(с) e (oes + a +c 
| 


(Фе ов + o +c 


Passage II 


For integrals 


ЇЛх- EIE " 6) 
Inm х! 5 5] 
Me- Sje ije 


ее 


(b) х(шх) + с 


(d) х+ Шх+с 


е 


(5) 


(l+x) + с 


T 


The following integrands can be brought into above forms 


by suitable transformations. 


| = + x7 md 


ЕЛЕР НЕКЕ 
ЕЕ 


X 


@ үр 
бр +1 же 


Opts +c 


(d) (а 


ped 
E 


(х – Бах 


2] 


(х + Dive + хе + х 


1.36 Integral Calculus, 3D Geometry & Vector Booster 


(a) @ (x + L4 1) +c 


(b) шг!ү(х+{ +1) + с 
(c) ви (у ++ + 1) +с 


(а) tax - = + 1) жс 


| 


(а) PC +х+1+с 


5x* + A) | 
5 2|4 
(x +х+ 1) 


o|- | +• 
X +х+1 


4 
e [— | + 
x +Х-1 


Passage III 


Let us consider the integrals of the form 


| а В У 
R\x, xP, ха, xr] dx 


In this case, we shall put x = t”, where m is the LCM 


of (р, 4, 7). 
NX = 
Wai 
а) 2? - nlf + 1) «c 
фу (V? - m? + 1)) «c 
© 2 (Ма - (Уд + 1) «c 
(а) 5 (Ve -m(N8 + 1)) + С 
2 | 6-4 | р 


4 2 
@ P. S +c 


THEE 


2 9 
b) —ARx - 
(b) 77 

13 9 

= АЕх - 
(с) 57 


12 
ak +c 


2 9 
d) sare = 
(d) 7 


2 
ZW +c 


[Ee a 


(a) 2^ + 6tan (бх) + С 


(b) 5 3.23 _ 6 tan (6) + C 
(с) E - 6tan (х) + С 


(d) 308 + 6tan (46) + С 


Matrix Match 
(For JEE-Advanced Examination only) 


Q1. Match the following columns: 


Column I Column II 
1 iif at 
(А) | БЕСІ _ (Ру! — tan !(—— | жс 
] (х + 2WE v2 (5 | 
(|[ dx __ (О) | лап [4X | + с 
| (NX + 2)x (5) 
(C) І ах (В) |2log(2 + NX) +c 
x(x + 2) 
(D)| { dx ДЕ 
(х2 27 2) 2 ү + 2 


Q.2 Match the following columns: 


Column I Column II 
s | іп“ coss (P) Цэх + SHE 2sin2:) 
+ с, 
(В) Јах (О) - м (tanx) 83 + tan)" 
2 (апл) 2% + 
(С) | sin хсов хах (В) |sin^x _ sin’x 
5 7 
(b) | cosec 3. (S) [sinx 8ш х um 
8 10 
cR 


Q.3 Match the following columns: (Write the suitable 


substitutions) 


Column I 


Column II 


(А) | sinxcosx di 


sin?x + cos?x 


(P) |Put sinx = t 
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(B) 


sinx:cosx ах (Q)|Put sinx = г 


sin?x + 2cos?x + cosx 


(C) 


(R)|Put cosx = t 


| ах 
3 + sinxcosx 


(D) 


соз^х — sin? (S) 


Put sinxcos 
XS 


х 
ея ах 
1- sin хсов х 


0.4 Match the following columns: 


Column I Column II 


(A 


— 


X + sinx 


iuo || + cosx 
f(0) = 0, then /(5) 


|в апа (Р) 5 


(В) 


(С) 


Let 
f(x) = ЕР |! E 


(Q) 


la 


2 ү” 


апа /(0) = 1, ШЕ Е 
then К is 
dx 
Let end 
I Ie + 1)02 + 9) ii 
Жо) = 0, if СВ) = 2% en k 
is 


R) 


Ala 


(D 


Уу 


Vtanx 


sinxcosx 


2k : 
E then k is 


~ 


S) л. 


Let f(x) = Ц ја апа 


fO) = 0, it (7) = 


Q.5 Match the following columns: 


Column I Column II 


(A) 


(B) 


1 
ЭЛЕ 
15755 


| ах 
(x — Пух + 4 


(Q 


ми 


——log 


2 9 1 
+40 21+ = 
3 3 
1 
fu 
x+2 


| ах 
(к^ — 1)ух — 1 


(С) 


— 


lo 


dx (В)|1 єз э] 
(x42) -1 3 Nx + 4 + 3 


(D) 


($) 1 
КЕЗ 


ах 21 | Wa + + 
(ап ав (6 


(2+ 2+4 xN3 


Q.6 Match the following columns: 


Column I Column II 
dx e | 
21 x log — ipae 
X +x 
(B)| [ах log | — | + с 
Monum. (Q) х-1 
(С) ах R 2 + Цас -log| [+ 
ае a +1 
үр жире қалаға! 
= ($) pat xt log] les 
Q.7 Match the following columns: 
Column I Column II 
(А) fa 1 : 
P) |=lo ap (6 
Је ЇЕ 
(в)|[__& _ see 223 
-10 tc 
Ел (0) 5 JERE 
Lac t WE mem + 
| ТЕ) | Ут єє 
2 
(D) | dete? + 1)| (gy Log | |+ е 
2 а 
0.8 Match the following columns: 
Column I Column II 
3 2 
-3 
2) — dx (Р) |x – loglx + el + c 
etx 
g»[x-l : x 
= (О) loglsinx + е1-х+с 
(С) | | cosx — sinx : ы 
| те (В) x – logltanx + el + с 
2 
(р) | f tanx – sec x 5 Е 3 
о С 
0.9 Match the following columns: 
Column I Column II 
fi - tan( 2 - х)) 
4 
(А) ЭХ 192: 5452 
(1 + tan (32 - «Іш 
2 
Е + аас - х) 
(В) " Оа 
(1 + ЕТЕ + Б 
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2) [| Es tan (22 = х)) рс 
(1 + tanx) dx 
IE + кап (ЛЕ = х)) 
R (1 + tan (52 + ха 2% 


Questions asked in Previous Years’ 
JEE-Advanced Examinations 


or [IIT-JEE, 1978] 
2: авж, ШТ-ЈЕЕ, 19791 
1+х 
2 
3 -- [IIT-JEE, 1979] 
(a + bx) 
а, [| + п (2 4 [IIT-JEE, 1980] 
[= 
s [e [IIT-JEE, 1980] 
— X 
6. Ј 029" + sinx) cosxdx ШТ-ЈЕЕ, 1981] 
7. | e| : = J^ ШТ-ЈЕЕ, 1983] 
X + 
dx 
8. | = [IIT-JEE, 1984] 


- 
к5 


- 
о 


— 
сл 


1 — vx 
d. 
? | 1+" 


ЈЕ 


: | cos 26106 


ШТ-ЈЕЕ, 1985] 


sin - cos x 
J dx 


т 1 [IIT-JEE, 1986] 
sin Vx + cos vx 


| 350928 


sinxdx 


ШТ-ЈЕЕ, 1987] 


| слапх  Ncotx)dx [IIT-JEE, 1988] 


Дех + бе“ 
де – 4e~* 
then А = ..., В = ... 


ја = Ax + Вю (927 — 4) + С 


апа С =.. 
[IIT-JEE, 1990] 


1 log(1 4 ый 
+ ах 
+х vx + xl? 

[IIT-JEE, 1992] 
cos@ + sin@ | 
=== |40 
cos@ — sin@ 

[IIT-JEE, 1994] 


16. 


17. | 


18. | 


19. If 


20. 


21. 


М] 


The value of the integral 


| + co ay d 

sın x + sin X 

(a) sinx — 6tan ! (sinx) +c 

(b) sinx — 2(sinx) + c 

(c) sinx – 2(sinx)! - біап | (sinx) + c 

(d) sinx – 2(sin xy! — 5tan!(sinx) + с 
[IIT-JEE, 1995] 

х+1 


шинэ [IIT-JEE, 1996] 
х(1 + xey 


dx 


V(x — p? ( – 4) 


(a) - " (2) +с 
2- 4) (8-4) n 
1 


iac ced. ee 
ере 


(4) попе. 


is equal to 


(5) - 


[IIT-JEE, 1996] 


І ах 
(sinx + 4)(sinx - 1) 


E E Е | 7 + Btan (00) + С, 
tan|—|- 
then а 
ee И. _ 4tanx + 1 
(Ева 50157709 5 
1 2 Atan(x/2) + 1 
b A = ---2, В аас у = —— 
(6) 5 SS fœ) ЛЭ 
2 2 4tanx + 1 
А = -, В = -----, = ----:--- 
(с) 5 EXT То) 5 
2 2 4tan(x/2) + 1 
d A = -, В = -----, = ---------- 
(а) Е ENTE То) NT 


[IIT-JEE, 1997] 
І [ss — sinx 


: | (2 + 2sin2x) is equal to 
cosx + sinx 


(a) sin2x +c (b) cos2x + c 
(d) None 


ШТ-ЈЕЕ, 1997] 


(c) tan2x + с 


[= ш 
1-4: X 
ах 


(2х – NVX – 7х + 12 


ШТ-ЈЕЕ, 1997] 


is equal to 
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Ё 1 
(а) 2вес (2х-7) + с (а) 1 (1 + пх") + с 
(b) вес"(2х – 7) + с тел) 
1 ШТ, 2007] 
(с) 1/2sec Ох-7)-с 2 
(4) None of these. 28. Let I= J EON ad dx, 
[IIT-JEE, 1997] Хам: 
2 e* 
АВ [IIT-JEE, 1999] Тт 
Q? + (xD € ee + 
[ | 2x + 2 For an arbitrary constant С, the value of J — 118 
24. | иг | di ШТ-ЈЕЕ, 2001] 
pcm 
АХ + 8x + 12 1 e" — 27 + 1 
(а) log +c 
3m 2m m 2m m ут 2 gu +е +1 
25. (x +x +х')(2х +3х +6) dx where m > 0 
2x 
[IIT-JEE, 2002] (b) І log +е +1 | We 
22 X - X 1 
e PRESS лаа NU PS 
xr c» + 1 1 р үл 
(с) 5108 7 + с 
бие-1 
2d 202 + 1 > 
(а) Se 
Ax 2x 
x 9 (5 +е Hee 
y 2 e* _ „2х +1 
2x – 2х +1 
(b) а. tc [II T, 2008] 
2 
2x — 2x? + 1 29. Тһе integral Е-е a equals 
(c) Dd (secx + tanx) 
үсті леса + шей + K 
(d) == = ыы. ШТ, 2006] (a) БЕРЕКЕТТІ о. 
X 
х 
27. Let F(x) = ТІРЕДІ for и > 2 and g(x) = (fofo (b) 1 xl 1 See - +K 
(secx + tanx) 11 
2 ој) О), then x"? g (x) dx is 
1 1 (c) 1 22 + Lees + tanx)? | + К 
(а) 12194 + пу + С (весх + tanx) 
n(n – 
1 л ji 1 1 1 2 
b) —— (1 x (d) | + =(secx + tanx) | + К 
(b) TENET жих) хас оза тот 
1 
(с) атта + пл")! т + с ШТ, 2012] 
n(n – 
LEVEL IIB 26. (5)  27.()  28.(d 29.(а) 30. (b) 
1. (a) 2. (b) 3. (c) 4. (d) 5. (a) 31. (a) 32. (6) 33. (©) 34. (d) 35. (а) 
6. (b) 7. (а) 8. (b) 9. (с) 10. (4) 36. (5) 37. (а) 38. (b) 39. (с) 40. (6,4) 
16. (4) 17 (а) 18. (b) 19. (а) 20. (b) 45. (a,b) 46. (a,b,c)47. (a,b,c, д) 48. (a,b) 
21. (с) 22. (d) 23. (а) 24. (b) 25. (а) 49. (a,b,c,d) 50. (а,с) 
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LEVEL IV 


' xsinx + 3cosx 


. Stan! (x 


23 


= log|tan(5 + 
77212 2 


tanxcos а + sina 


78 


—хзесх 
+ tanx + с 


. (апх1ог (1 + sin’x)—2 V2 tan! (tV2) + с, where t = tanx 


Зу +с 


: -jloglos (2х)1  logleos (x — 00) 


+ loglcos(x + œl + c 


: -1 1081со8(2х)| + loglcos(x — 0) 


+ logleos(x + ой + c 


. — Мт - +c 
1 У 1 @(+1)-у2 
. —loglt^ + 2t — 3l о 
235 2/2 rad AD 

1 in (31) 

+ ———sin + с 
43 2 
1 

where 1 = (x + 1) 
-21an | ipta 1) +е 


where t = x + — 
x 


0 Чэн 


+ logisin 1) +с 
3tan'g 3 20 


2 яп 


where tan@ = x 


1; [ee = 1 
-10 ay ана 
(хе? 
І А (х QT 
А 05 = 
2 (хезіпху2 21 


5) : + с 
8 (sinx + cosx) 


+С 


V2 cos a 


А x tan(+) кс 


2 
. Хб sin! (УЗ ѕіпх) + 2V2 tan! | кее. + с 


Л 


" "JL J В 
x l+ 5g 


Ды 


1- 


хкі 


and then you do it. 


a — +- + tan (у + 1 + 1) +c 
1 X 
+ + 1 


25 ү 


18. -ia + cot 5х) 
19. logltan™ l (cosx + secx)l + с 
1 (tanx + cotx) V2 – 1 
20. og 
242 (tanx + сойх) V2 + 1 
2 
Die аар 2loglxsinx + cosxl + c 
(xtanx + 1) 
22. біш Gin y) +c 
23. [e шы | кс 
1-х 
24. 2sec(a+B)\cos(a+ B)tan(x — В) + sin(a + В) +с 
25. e — 
5. e lc + 5) tc 
8372 
26252125 s 
121 2 
27. NL БЕ + &) -3 (ап | (sinx — cosx) + с 
(x + V1 +22) 
28. ————————— + с 
3 
29. lo EH + c, where t = хе“ 
el pel ppm A E 
1 
(: + I| - V2 
30. -— 2 | L) + 1 log : +c 
342 ” 62 (: + 1) + V2 
t 
where 1 = V2 + 3cotx 
1 
31. = cosy) +c 
32. sinx — 2cosecx — 6tan ! (sinx) +c 
33. tan | (tanx —cotx) + с 
ос +х+ | 2 us 
34. lo tan tc 
"кке 48 ҮЗ 


INTEGER TYPE QUESTIONS 


1.5 
6. 4 


2УЛ 
7.9 


3.5 
8.9 


4.2 


9.7 10. 5 


COMPREHENSIVE LINK PASSAGES 


Passage I: 1. (b) 2. (d) 3. (a) 
Passage II: 1. (b) 2. (c) 3. (b) 
Passage III: 1. (b) 2. (b) 3. (a) 
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(A), (В)-ХО), (ОК), (D)-X(S) 
. (А)Э(Ҝ), (ВР), (©), (0)-(0) 


МАТНІХ МАТСН 4 
5 
6. (A)>(Q), (В)-<Р). (С)-<5), (D)>R) 
7 
8 
9 


І. (А)-3(О), (ВВ), O>), (0)-3Р) 
2. (A)>(R), (ВР), (С)-<5), (D)3(Q) 
3. (А)-Р, О, В), (B)>(Q), 

(С)-хҚ), (D)3(R, S) 


. (А)-<5), (В)-(0О), (ОХР), (D)2(R) 
. (A)2(S), (ВХР), (С)-(О0), DR) 
(A>), (ВХР), (ОХР), (0)-4Р) 


HINTS AND SOLUTIONS 


Lever 1 --------------- = ра [if A+ В = т 
1. We have, then (1 + tanA)(1 + tanB) = 2] = 2x + c. 
Јов хах = [1 "ах = х + с 9. We have, 
2. We have, ІСІ + солу 4х = бал» + сох + 2) ах 
Jee - 2°83) dy = Joes — 21083) 4х = бес % + cosec^x) dx 
= [0-4 =с = tanx — cotx + c 
10. We have, 
3. We have, 
І ax = 2 = | | зес?хах 
1 + cos2x 2cos^x 2 


Г” Tom +m" + =) dx 
yr x 


m m 
= +— + m"x + mloglxl + с 
т + 1 logm 


= Lux +с 
2 


11. The given integral is 


4. We have, | (2%. 20853) dy = | (2% _ 3198) dy 


[зах = | 0-3уах = [6'ах 


= |0)-4х-с 
= m +c 12. The given integral is 
5. We have, Ш + а(х) + tan(¥ + х))) 
Гаа = бес - рах m | о-ах 
лалы =tanx-x+c ones 
жин 13. The given integral is 
| соёхах = | совес х - рах 
git + 71353 23%3х + 22+2х 
= –согх – х + С (RF le.) т! 
2 2 
7. We have, " ; Ё | gite iot 
dx ~ кекс с. = + 2)ах 
sin?xcos?x sin?xcos?x _ 8 | тах P Ба 
= Ц 15221 ја 8-2 
cosx  sin"x = 1082 + 4х + с 
= 2 2 
= бес х + соѕес x)dx 14. The given integral is 
= tanx — сох + c J(E e хэлж) х 
8. Ї! + tan(x + SITE + tan (= - x) Jax a ae ЕТ E A yr Р т 
2т 1 т+1 logm 
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15. The given integral is 
(а“ + УУ 
| ——-— A ахь 
= EY + | + 2) ax 


(alb)* (bla) 


- T +2х+с 


log(a/b)  log(b/a) 


16. The Given integral is 
2. 2 х х 
Qx + Зх) y = | (6 + (5) + 2) ax 


25.37 3 2 
Су (327 
= + + 2х+с 
10$ (2/3) 1о06(3/2) 
17. It is given that 
1 


го =т+ = 
—Xx 


On integration, we get 
f(x) = loglx + sin!x + с 


When х= 1 and fd) = = Л then c=0 


Hence, the function is 
f(x) = loglx + біп іх 
18. It is given that 
ГО = acosx + bsinx 
On integration, we get 
f(x) = asinx – bcosx + с 
When x = 0 and f'(0) = 4, then a = 4 


When x = 0, f(0) = 3 and 15) - 
then, we get 

b =-2 andc= 1 
Hence, the function is 


f(x) 4cosx + 2sinx + 1 


19. We have, 
al (1 + sinx) 
а — sinx)(1 + sinx) ^ 


1 – sinx 


н - Ја + sind) y 


- [1+5 + sinx 
— sin ne 


cos? X 


= Dan + secx-tanx)dx 
= tanx + secx +c 


20. We have, 
sin^x + cos^x 


sin?xcos^x 


dx 


2x 2x XLX 
- || +b + ab") a 


dx 


((sin? X + cos e 2sin?x cos ый 


біп к cos?x 


(1 – 25іп2хсоѕ2х) 


ѕіп2хс052х 


(sin? X + соз — 2sin?xcos 2) 4 
x 


sin?x соѕ2х 


| (sechs + созес?х — 2) dx 
= tanx – сох – 2x + c 


21. We have, 


sin&x + cosx 
ЕЕ m e dx 
sin^x- cos^x 


sin^x- cos?x 


| (sino? + ca) 
= | ах 


|| (sin^x + cos^x — meses 
x 


sin?xcos?x 


23022000 
Е Д“ - 3sin x. cos 22 


ѕіп2хсоѕ2х 


ѕіп2хсоѕ2х 


(ѕіп2х + cosx — Зѕіп2хсо82х) 
= | ах 
= бес?» + созес?х — 3)dx 


= tanx — cotx - 3x + с 


22. We have, 


соѕ 2х — сова 
| а 
cosx — с08@ 


| зэгс – 1 - 2cos?a + 1 
= dx 
cosx — cosa 


cos^x — соға: 
= (2 | эш Ja: 
cosx — COSÓ 


- [2 совх + cosa) dx 


= 2(sinx + xcoso) + c 
23. We have, 
Је X — sin ч x 
V1 + cos4x 
- х — sin 2x) (cos? x + sin 2.) 


V1 + cos4x 
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(cos?x - ган 


] | V2 cos 2x 
cos 2x 
= dx 
Е | 
=% об 
V2 
24. We have, 
2 2 
| tuns Nac =| 1 + tan^x Ён 
1 + сох 1 + 1 
ќап2х 
ќап2х (1 + ќап2х) 
-| ем ах 
(1 + гапх) 


= | (tana) dx 
= | (весјх – 1) х 
= tanx-x+c 


25. We have, 
ПЕ - ad 
OS AE EO ah) Ж 


1 – cosx 


2 | ЕЕ - 2соѕ2х + Na 
bs 
1 – cosx 


2 
= 1 ја 


1 — cosx 


(cosx — 1)(2cosx + 1) 
1 1 – cosx Ja 


= ПЕ - cosx)(2cosx + 1) ја 


1 — cosx 
= | ((2cosx + 1))dx 


=2sinx+x+ с. 


26. We have, 


x 
= "На 

х 
= (25 + ах 
= logld -— + c 


27. We have, 
Аке + зілі jas 
cos^xsin?x 
5с08-Х 3sin?x 
x 2.2 23-14 
сов хапх | cos/xsin^x 


= 5 [созесхсогхах + 3 secxtanxdx 


= —5cosecx + Ззесх + c 


28. We have, 


cosx — sinx : 

Ї| sms Ja + sin2x)dx 
cosx + sinx 

2 ПЕ - sinx 


- | cos + sinx) 4х 
cosx + sinx 


= | (совх — sinx)(cosx + sinx)dx 
= | соёх - sin?x) dx 


- | совдхах 

- sin2x DE 
2 

29. The given integral is 


|| 055: + шэн А 
1 – 2cos 3x 


z І sin3x(cos5x + cos4x) 
E sin3x — sin 6x 


_ j 2 (2 соқ (22 aeos (22 | cos(ž) " 
2 (=) : (=) 
COS sin 
2 2 
[aeos (32) cos(5) х 
9, 2 
– | (сов2х + cosx)dx 


on шы 
2 


+ sinx] tc 
30. The given integral is 
ПЕ - ene 
dx 


1- cosx 


| 2cosx — cosx - 1 ü 
lx 
1- cosx 


(cosx — 1) (2cosx + 1) 
= | ах 
1 – cosx 


ГОсовх + Idx 


= (Qsinx + x) + С 
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31. The given integral is 


І ах 


(tanx + cotx + зесх + совесх) 


E 22-28 sinxcosxdx 
1 + sinx + cosx 


aj sinxdx 
secx + tanx + 1 


21 sinx(1 + tanx — secx)dx 


d+ tan? — зес?х 


" І sinx(1 + tanx — secx)dx 


2tanx 


- SJ eosx(1 + tanx — secx)dx 


E 5 J(cosx + зшх — 1)dx 


= 5 (sin + cosx-x)+C 


32. We have, 
x (x+ 1—1) 
Jas] Gud 
1 
-111---- ја 
Ц me 
=х- 105 + 1| + C 
33. We have, 
(as pp 5%, 
о" х(1 + 22) 
06x) + 2х 
x( + х2) 
_ [ах ах 
ІҢ» +2 |=. 
= logld + ап х + c 
34. ХҮе һауе, 


35. ХҮе һауе, 


[ = E Pom [ (dy 221 


(Хохь) 


-| цав +х! +1) 


ах 
2З + х! +1) 
— [о _ ра 
=-5 738 —х+с 


36. We have, 


а (St +-2— ја 


2+1 х-1 


2+1 


3 
=% _y4+3tan'x +c 
37. We have, 
4 4 
x -1-2 x -1 2 
sce) e 
+ 1 + 1 x +1 
ог + DG - 1 2 
= | 3 5 ах 
х +1 x +1 
-Де-»- ја 
1 
x zj 
НИ х+с 
38. We have, 
6 6 
х+1-2 х+1 2 
“==? Jac J | |- 5 ах 
x +1 x +1 x +1 
=e] 2 
= dx 
xX +1 х +1 
-Де-ғ»- 2 je 
x +1 
5 3 
2-2 +х- 2х te 
39. We have, 
8 4 
[Eee 
X + х +1 


-ДЕ – 2 + 0: + х Ha 


Qf + х2 + 1) 


= [оо +2 + Dax 
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x х 
= +5-— +Хх%+6 
5 3 


40. The given integral is 


j E іш Аи 


x +1 ХОЛ 


41. The given integral is 


4 2 
(ы IL 
х +х+1 


Es -x+ ро ыг а am 


(х2 +х+ 1) 
= [e -x+ Dax 
ох 
к (5-5 ша c 
42. Тһе given integral is 
а A ea + 10 – 22 +), 


xd (х2 + 1) 


= [06 - + Dax 


43. We have, 
| наг (sin)dx = [xac = + с 
44. We have, 
| sin (cos. dx = IF ШЕ - x) | 


- ЦЕ = xJdx 
45. We have, 
= | |1— 233 
fian | 1+ cos2x dx 
ІС ЇНЭН 281 х |ж 
2 соз?х 


S tan ‘(tan x) dx = [хах 


о | 


46 We have, 
Ё іп 2x 
tan”! (Ja 
fian 1 + cos2x d 
Ш = ша -1 Бени 
2cos*x 


= fran” (tan x) dx 


= [хах 


47. Тһе given integral is 


-1{ {1 — cos 2x Е 21 (mx) 
Jan | ТЕР ER - ІС cog 4% 


= [ ап“ tan) ах 


= [хах 


Еа. 
2 


48. The given integral is 


Га | sinx | dx 


1 – cosx 


4 | 2sin (x/2) cos m 
= [ап ах 
2sin?(x/2) 


= аа"! | ап (5 ІШ 
«fie 


49. The given integral is 


Jan (ШЕБІ ш іш 
1 + sinx 
Е fe | cos (x/2) - sin E 
- 8n \ Cos (x/2) + sin (2) 


_, {1 — tan(x/2) 
= 1 
= [ап E n eme 


= Гап" ШЕ = 5) |“ 


50. The given integral is 
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1+ cosx 


J tan | sinx Jax 


| E | 2sin(x/2) cos ян 
= |tan ах 
2с082(х/2) 


= ftan™ [tan 2)] ax 


Т 


51. The given integral is 


fran” | ыг | dx 


1 — sinx 


52. The given integral is 


fran | = sinx) gy 


OSX 


Л x 

4 2-2)8 
Ax x 

= —^- = + с 
4 4 


р 


53. The given integral is 


fe d K + sinx) + а — ш) 
ап 
МА + sinx) — МА + sinx) 


p (nlm, 
СЕНЕ Е 


|| 
— 
cá 
£5 
S | 
РА 
о 
o 
Nn 
— 
| = 
M 
onera ee 
>. 
~ 


| 


| 
— 
cá 
£5 
3 
ША 
-- 
о 
о 
= 


кра NI NIS 
— 
8 


| 

SE 

— 
8 


54. Тһе given integral is 


Га (ѕесх + tanx)dx 


" fran (= + sina) dy 


cosx 


42 


ШЕРЕГДЕ jJ 


| 
| ЗЕРЕ 
| 


55. Тһе given integral is 


E in2x 
қ | sin Ja 
J ын 1+ cos2x С 


Eo | c. dx 


2соѕ2х 
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56. 


57. 


58. 


59. 


60. 


61. 


62. 


63. 


64. 


65. 


= | tan! (tan х) dx 


- [хах 
2 
е ИРА 
2 
We have, 
(Зх + 2)° 
[ах + Dax = te 
(= 429 : 
= | —— + с 
6 
We have, 
[2 = ох – 31 + с 
We have, 
en = : 10815 – 2х1 + с 
We have, 
еее 
Гезға =z te 
We have, 
| 405 34х+5 
3 ах- 4log3 +с 
We have, 
in(5x + 3 
Joos (5x + 3)dx = — + з +e 
We have, 
[sinzxax = - 99925 + 
We have, 
3x + 2)?? 
Nata e 89 e 
RUNG 
2 
= 5 (Зх +2)? + с 
We have, 
1 
21 3x + 4)2 
[ах + 4) ах = = + 
e r3 
2 
1 
- 5 (Зх + 42 + с 
We have, 
І ах 
Vx + 2 — үх +1 


21 (Nx + 2 + vx + 1)dx 
А (x42 –— Мк + О + 2 + М + 1) 


EX ша Ч 
74 (x-2)-(x4 1) 


= [ex x2 + МЕ ld 
=F + +2 лус 


66. We have, 


І ах 


(М2х + 5 — N2x + 3) 


| (М2х + 5 + N2x + ЗУ 
(Nx + 5 — М2х + 3) 2x + 5 + 2х + 3) 


ү 5 + Ү2х + 3)dx 
74 (2x + 5) – (2x + 3) 


= 5 |0045 + х + 3) dx 


IE 1 
2 


Exi Ох + 5+ 2 ху Ox + 308) +c 


= 5 (Ох + 59? + (2х + 392) + с 


67. The given integral is 


J dx 


М3х + 4 – Мах + 1 


X 


zi А 1551 
Б (3x + 4 — 3x- 1) 


cd 
- Језа + УЗх + 1)ах 


N = guy И (Зх + 1y? 


73 9/2 9/2 


68. The given integral is 


| ах 


М2х + 3 + 2х - 3 


“шэг 
"9 (Ox + 3 — 2x + 3) 


-210х%3-4х-Эж 


E [es +3)?” ure 2 Қ 
760273 3 - 
69. Тһе given integral is 


dx z 5 
Істі цай we 


- 5 (a + 1? — (258) + с 
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70. The given integral is 


dx 
Ме фа + х + р 


Were) 
Е х+а-х- Б 


Sem Mp JOR Fa -v + b)dx 


3/2 3/2 


-—2 (x + a)? (х + DY) + с 


3(a — b) 
71. The given integral is 


І ах 


N2x + 2014 + N2x + 3013 


V2x + 2014 – N2x + 2013 
(2х + 2014 – 2х - 2013) 


ах 


= Си: + 2014 — М2х + 2013) dx 


= = (0х + 2014)" — (2x + 2013/7| + c 


72. We have, 
2 
x (t^ + 1) 
dx = x 2tdt. 
lea 
Letx-12f 
> dx = 21а 
=2 [(2 + Dat 
3 
= ЕСЕ 
p 
"e 2 И +e 
73. We have, 
NX t 
dx = -2t Let x = Ê 
2414 Ie dt, et x 
= dx = 2tdt 
2 
t 
=2 dt 
loc 
2 
t-1-1 
Е ЈЕ 14 
+1 


-2(t-tan t) + с 


= 2(NX – tan ҚУ) + с 


74. We have, 
[-2—a 
V3x + 1 
(= 
=| xad азж 
= dx = 22 
21/2 
==](t – а 
sfe- 
3 
TER 
3 p»? 
тас med 
75. We have, 
(ЕЕЕ 2 
ү2х + 1 
Let 2x-1=7 
> 2dx = ла 
= dx= tdt 
Sear 
1 
= |(г Эа 
= Је ыг 
- (5, | + 
213 
=? 
касы ОИ «e 
76. We have, 
х-1 
ах 
Їл 5 
Те х + 4 =1 
= dx = 2tdt 
= J ($=) xrar 
= [e - 5a 
3 
- (2-я) +e 
_ 1%? 
-2D s-e 
77. We have, 
X 
dx 
[ку 


Let +1 = 7 
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= 2xdx = dt 
> xdx = 3 dt 
114 
21 
= j logit + с 


= logh? + И + с 
78. We have, 


(eee — sinx 
sinx + cosx 


Let sinx + cosx = t 
= (cosx — sinx)dx = dt 
NE: 
ОЈ: 
= 10511 + c 


= loglsinx + cosxl + c 


79. We have, 
3cosx 
2sinx + 5 
Let 2s8nx + 5- t 
=> 2cosxdx = dt 
=> cosxdx = 5 а 
_зга 
== | 
= 5 logl#l + c 
= 5 logDsinx + 51+ c 
80. We have, 


| — sinx 
2 + sin2x 


cosx — sinx 
ди = | озса, 
1+ (1 + sin2x) 
cosx — sinx 


= І 5 dx 
1 + (sinx + cosx) 


Let sinx + cosx = t 

= (cosx — sinx)dx = dt 
f dt 
Ё 1+2 


= tan (f) tc 


tan (f) tc 
81. We have, 


[EC a да а 


сов (хе“) cos? (x e*) 


Let хе 2t 


=> (хе’ + е)ах = dt 


=> (+ le‘dx = dt 


= {4 


cos?t 


= tant + 


[sect dt 


с 


= tan(xe’) + c 


82. We have, 
dx 
х@ + n? 
_dt 
Ё 
=——+с 
=——+с 
1 
=- +c 
1+ Inx 
83. We have, 


Е 
е + ѕіпх + х 


Let 1 + ах 2 f 


1 
=> xd* - dt 


dx 


(e* + cosx + 1) – (œ + sinx + x) 4 
ш x 


e + чпх + Хх 


5 je + cosx + 1) 


е + зшх+х 


(е^ + sinx + x) | 


(е^ + cosx + 1) 


ІР + cosx + 1) 


(е + sinx + x) 


Б Д + созх + 1) 


(ех + sinx + x) 


= logle' + sinx + xl — x 


84. We have, 
dx -| е” " 
1+е е“+1 
= [2d 
t+1 


= -logit + И+с 


(e + sinx + x) 
(e + sinx + x) 


12 


+c 


Let e*+1=t 


> -e dx = dt 


= -logle* + И+с 
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85. We have, 
(Е + 1) fue + 1) 
=4 dt 3 
it + 1) RUE 
Нина 
кə Ји: +c 
3 X + 
86. We have, 
a + 1) - а + 1) 
1 dt 4 
B Let x" =t 
ЕВ 07 
= дах = 
1 1 1 
=— | |>- —— ја! 
| t+ i] 
cg eA +c 
4 t+1 
== 1р x tc 
4 х + 
87. Ме һауе, 
| ах - [4 х ах 
х02-1) PIC = 1) 
-11-4 E 
- 20-1) Let x =t 
dx _ dt 
x 5 
1 1 1 
--|Е----іш 
44 гђа 
zdijo [=] + c 
50291224 
-ljo xX -1 Ж 
-% g р C 
88. We have, 
| sin 2x х= | sin (5х — 209 d 
Боан Е т 


Ж І sin5xcos3x - cos 5хвіп 3x 
sin 5x sin 3x 

Е І | sin 5хсоѕ 3x 

sin 5x sin 3x 


dx 


cos 5x sin a) 
sin 5xsin 3x 


t 


= | (cot3x - cot5x)dx 


= i loglsin3xl - i loglsinSxl + c 


89. We have, 


i= dx 


sin(x — a) sin(x — b) 


- 1 І sin(b — a)dx 
7 sin(b — а)“ sin(x — a) sin(x — b) 


Е 1 І sin((x — a) – (x — b))dx 


~ sin(b — a) sin(x — a) sin(x — b) 
"OE ERN 
sin(b — a) 


dx 


ТЕ: X — а) cos(x – b) – cos(x - a)sin(x — b) 
sin (x — a) sin (x — b) 


| 1 їнэн: яваа Жақ 

= | соц — b) – cot (œ – ay dx 
"E: тэг UN co 
з Же [logIsin (x — Б)! – loglsin(x — а] + c 
_ 1 sin(x — Ё) 

= Л = EE 


90. The given integral is 


= (e -e?)dx- dt 
-|4 
ши 
= 10511 + c 
= logle* + еї + с 


91. Тће отуеп Pus 18 


= dx = logle"+ Il + c 
TET 


92. The given up 18 


j£ 


= -logle * 


> 


+ + с 


x 


= log 


|+ 
е +1 


93. The given integral is 


sin 2x 
a o dx 
asin x + Бсо8 х 


Let аѕіп2х + bcos*x = t 
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(a — b)sin2xdx = dt 


sin2xdx = — 
(a — b) 
|“ dt 
ы СЕ - b) 
ээг gel ae 
(а-ы 
= G 1 5 logla cos^x + bsin?xl + c 
94. The given integral is 
Би: = a) =| sinxcosa — cosxsina 
—————— dx = dx 
sinx sinx 


= | (cosa — sinacotx) dx 


= xcosa = sinaloglsinxl + c 
95. The given integral is 
i sin(t + a 
J | sinx jez | ( ) at 
sin(x — а) sint 
Let t=x-a 
> dt = dx 
= tcosa + sinaloglsinfl + c 
= (x — a)cosa + sinaloglsin(x — a)l + c 
96. The given integral is 


sin(x + а) 
J 


sin(x + b) 


7 (ЕШ + (a — b)] 


| а, Let t = (x +b) 
sint 


=> dt= 


"ш cos (а — b) + costsin(a — 237 
Е sint 


| (соз (а — b) + sin(a — b) сора 


tcos(a — b) + sin(a — Б) loglsintl + c 
= (x + b) cos(a — b) + sin (a — Б) loglsin(x + b) + c 
97. The given integral is 
| ах 
Nx (Nx + 1) 
Let (Wx + 1) = 


dx 
= ——=dt 
24Х 
ах 
=> Ta 2dt 
= dt 
-2[& 
= 2logl#l + c 


= 2105 МХ + ll +c 


98. The given integral is 
1 + tanx 
x + logsecx 
Let x + logsecx = t 


= (1 + tanx)dx = dt 
_ [4 
144 
= logii + c 
= loglx + log(secx)l + с 
99. Тһе given integral is 


І sin2x pc ue 8 sin(5x — 3х) g 
sin 3x sin 207 74 sin 3xsin xt 


Е [= 5хсоѕ Зх — cos 5xsin3x 


| 5 ах 
sin 3x sin 5х 


= | со! 3x – cot5x) dx 
1 : 1 : 
=з log Isin 3х1 - 5 105151 5х1 + с 


100. The given integral is 


| So —sinx у _ Г (cosx — sinx) 


dx 


1 + sin2x 1 + (sinx + cosx) 
Put (sinx + cosx) = t 
— (cosx — sinx)dx = dt 
dt 
1+2 
= tan! (f) + с 


tan (sinx + cosx) + с 


101. The given integral is 


dx (sin?x + соѕ2х) dx 
sin xcos?x 


sinxcos^x 


ES Гбесхалх + cosecx)dx 
х 
= secx + log ап [5 | +c 


102. The given integral is 


5.2 2 
ах (sin^x + сов х) 
біп сов sin^x- cos?x 


= бес + совес х) dx 


= tanx — cotx + c. 
103. Тһе given integral is 


m dx 


sinx(x — a) sin (x — b) 
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Е 1 Г sin(a — b) 
~ sin(a — 5) " sinx а) sinx — b) ^ 


1 І sin [(x — b) – (x — ал dx 


~ sin(a — D) ^ sin(x — a) sin(x — Б) 
21 
~ sin(a - b) 


І sin(x - b) cos(x — a) — cos (x – b)sin(x — a) 
sin(x — a) sin(x — b)dx 


— 1 Б дашь. = 

и | соц – а) – cot (x – Бах 
тэн м 
ев Поз |511 (x — a)l – loglsin(x — b)I] + c 
B 1 sin(x — a) 

= xz AE 


104. The given integral is 


І ах 


cos (x — a)cos (x — D) 


E 1 І sin(a - b) 
~ sin(a — b) соз(х — a) cos(x — b) ~ 


1 І sin [(x — b) – (x — ал 


~ sin(a — b) " cos(x — a) cos(x — b) 

| 1 p^ шы а 

“пин | ап — b) – tan(x – ал 

= € [-loglcos (x — РБ)! + loglcos(x — a)l] + с 
sin (a — b) 

- 1 5 cos(x — a) Қ 

= sin(a — Бу\ >) cos(x — Б) 


105. The given integral is 


І ах 


sin (x – a)cos(x — b) 


_ 1 [| cos (a — b) 
= cos(a — b) ^ sin(x — a)cos(x — b) ~ 


1 І cos [(x — b) – (x — a)] 


~ cos(a — Б)! sin(x — a)cos(x — Б) 
-— 1 ығ pem 
дессе сыр [ап (x — b) tan (x — Бух 


cos (x — a) 


Je 


Let t = х“ 


= Leder. | 05 
cos (а — b) cos (x — b) 


106. The given integral is 


| ха + Inx) dt 
х = |, 
х+1 t 


= logitl + c 
= logk’ + И+с 
107. Тһе given integral is 


(eae 


= > dx 
е + зшх+х 


(cosx + 1) - (sinx + x) 
= dx 


(e* + sinx + x) 


ера cosx + 1) – (е + sinx + x) 


(е“ + sinx + x) 


л | (е + cosx + 1) 


5 ах 
(е + sinx + x) – 1 


= Іов |е" + sinx + x1-x +c 
108. The given integral is 


sin?x 


dx 
(cos*x + 3cos?x + 1) {ап !(secx + cosx) 


Let tan !(secx + cosx) = t 


secxtanx — sinx 
> dx = dt 


1 + (зесх + cosx)? 


2-3 
sin'x 
= 7 dx = dt 
cos^x(1 + (secx + cosx)^) 
: 3 
sin'x 
5 5 2 dx = dt 
сов х(5ес"х + совх + 3) 
sin?x 
> dx = dt 


(cos*x + Зсоѕ2х + 1) 
ME 
721 


= 10511 + с 
= Іов Пап” (вёсх + cosx)l + c 


109. УҮе һауе, 
Јл (к) ах = [sin()dr where х = t 
= —cos(f) + c 
= —cos (х3) + с 
110. УҮе һауе, 
1 + Тих) 
8 2 = [Ва Let + m3 2: 


dx 
> x oW 
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111. We have, 


J 


112. We have, 


J 


113. We have, 


dx = | dx 
ха Exp НЕ : on 
P 
| ах 
EE 3/4 
х|— +1 
[21 
= S de Let [4+1 4 
54 
230 Ва 
X 
-4Jat 
–41 + с 
1 14 
Ap | + с 
X 
dx 
МЕ (4 + 3x)? 
Let 4 + 3 =t 
= 2 dx = dt 
2NX 
dx 2 
=> NS = 34 
2fdt 
ips 
"onm 
шоо 
2 1 
3 (4 + 34x) 
Ес 
Let 35-1 
Эр 1 
= а 
> Зах lod t 
= 35-34 
1083 al 
-—L. 37-34, таз = 
(1053) 
=> logs 3dt = dv 
3" 
= +С 
(1023) 
33” 
= +С 
(1023) 


114. The given integral is 
Jan’? x:sec^xdx 
Let tanx =! 


=> sec xdx = dt 
- [^а 


—— 
4 


115. The given integral is 


2:8 
[sin x-cosxdx 


= (Ра, Let t= sinx 
=> (= cos хах 


116. The given integral is 


3 
[S59 2 


- ёа, Let t = logx 
=> dt= 2 
Ns 
"ut 
_ (logs) xh 
4 
117. Тһе given integral is 
| sinx 
3 + 2cosx 
Let 3 + 2cosx = Ê 
= -2sinxdx = па 
=  sinxdx = -tdt 
-fid 
i= t 
= -far 
=-t+c 


= —N3 + 2cosx + c 
118. The given integral is 


|2 + logx 4 
12020097 dx 
x 


Let 2 + logx = р 


ах _ 
ОЙ S 2t dt 
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- fez dt 122. The given integral is 
= 2[Ра 6 = COSX у 
: e + sinx 
-2 a) tc 
3 _ [© + sinx) - (e + cosx), d 
ХЭ i (е“ + sinx) 
210 + logxy"*] + с 
Е (е + cosx) + cosx) 
119. Тһе сіуеп ee is E (е + sinx) Ч 
ах Е : 
i+. = (x – logle" + sinxl + с) 
Let х= 123. The given integral is 
> dx = 2tdt | d_ | хах 
=| х(1 + x) до? + 1) 
1 + e 
- 1 dt Let t= x 
52113 i L Ja 341041) 
ІЗЕТ > dt = Зх? 
= 2(1- 10211 + й) + с 
1 1 1 
= 2(Nx – 1051 + vxl) + с “3 (5-1) 
120. Тһе given integral is 1 А 
3 4 => log |.— | + С 
Јах ах 3 1-1 
3 
Let x =t = у log z +С 
7+1 
Зах = dt ин 
пал 124. We have, 
— xdx- a 
4 | біп хсов хах 
lf. 
=> даі 
4 ЕШ ) = Ja - cos^x)cos^xsinx dx 
- -i cos(f) + С = sha = га Let cos x = t 
Ё E ший - => sin xdx = dt 
= [e - 5a 
121. The given integral is 
t t 
I -|---і|ш 
[57 -57-54х E 3 
Put 5' = | - | бух цонх үс 
4 7 5 
> 5х = [er 
Ё : (55 127. We have, 
ogs | яа хсов ха = База - ѕіп2х) соѕ хах 
1 
a ;[5 4 225 = [fa - Dd, Let sinx = г 
=> cos xdx = dt 
=— 2 Ју а: 2002 
0085) = [e -5a 
9% 8 еј 
= + с = |— — — | + 
(1005) (5 зоос 
- 57 Е БЕ intr) 
3 = = + с 
(1055) 3 5 
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130. We have, 
Jsin’xcos?x dx 
23. 229 
= [sin x(1 — sin^-)cosxdx 
= [ea - ba Let sinx-f 
=> cos xdx = dt 
= [e -Hdt 
Ш БЕ Е sin) х 
3 5 
134. We have, 


| ийхсовдхах = i Je ѕіп2х) (2 соз?х)ах 
à i [а – соз2 а – cos2x)dx 
5 i [а – совдхуйх 
= d [ахах 
- i [2 ѕіп22х dx 


2 i Ја – cosa dx 


1 (x Е м) X 
4 
135. We have, 


Ба “хак = [sins sinxdx 
= [а - сов х)-віпхах 


= - [а – Руф, Let cosx = t 
=> -sinxdx = dt 


= [€ - Dat 
-15-4| + 

3 

Ез | 
-|----- СО5Х| + С 


139. We have, 
[созбхах = Joost: cos dx 
= [а - ѕіп2х)2: cos dx 


= а - дра, Let sinx =t 
=> cos хах = dt 


= fu - 28 + Dat 


5 
t 2 з | 
= РИ 
Ё 3 й 
: 5 
[sss 2.3 А | 
- =sin’x + sinx] +c 
5 3 


142. We have, 
Јева = i | сашдхуах 
= i Ја – сов2х/0х 
E i Га-2сов2х% cos?2x) dx 
= + [а -2сов2хуйх + i | Qcos2: dx 


І | 
-110-2сов294% 5 [а + cos4x)dx 


- 1 f(x = x L(x 2 шэн е 
4 2 8 4 


= з - Linde + L sin4x + c 
8 4 32 
145. We have, 


| совбках = + Je соз?х ах 
2 : Ја + сов2хУах 
= i ja + 3cos2x + 3с0522х + сов 2х) ах 
Е : Ја + Зсов2дас + 5 | (2c0s?2x) dx 
+5 | 4cos*2x) dx 
1 3 
- 5 [а + 3cos2x)dx + D [а + cos4x)dx 


1 
532 | (сов бх + 3со$ 2х) ах 


= 1 (x + sin2x] + 3 (x + хүс 


8 2 16 4 
зол Бах + 3 sin2x] +с 
32 6 2 
= 2y + 15 sin2x + ES sin4x + Hi. sin6x + c 
16 64 64 192 
148. We have, 
dx 
ап у cos??x 


Divide the numerator and the denominator by со8 х, 
we get 
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2 
sec x 2tdt 2 
ах- ‚ Let tanx=f 
| — 2 1 : 
= sec’ хах = dt 
-2|а 
=2t+c 
= 2мМапх + с 
149. Ме һауе, 
ах 


біп 2хсов”2х 


Divide the numerator апа the denominator by со8 х, 


we get 
| вес Ху, (1 + ќап2х) ѕес ы 
up tan х 
(1 + Пјаф 5 
„| Let tanx = f 


= вес? хах = dt 


Е І (С?? ddt 
= 2 + ien +c 


= 2Vtanx + $ (ап) +c 


150. The given integral is 
= Ntanx 


sinxcos ры 


ду mes 


sın X cos x 


cem sec 2% tans. 
~ tanx 


- -| secx A 


Ntanx 


= [22 Let tanx = Р 


? 


= sec? хах = 0214 
= [24 
= 2 +с 
= 2V tanx + С 


151. Тһе given integral is 


sinx 
J s dx = | sectxtanxdx 
COS X 


= | (1+ ќап2х) tanxsec^xdx 


= [а + ®tdt Let tanx =1 
= sec? xdx = dt 


-(азда 


152. The given integral is 


8 
dx sec x 
3 5 z x 
sin xcos x tan"x 


d+ (ап ху) sec? 
= | -----------(х 


гап х 


(1+2) 
= | - 


dt, Lett = tanx 
— dt = sec?xdx 


(+3? +3 +) 
= | dt 


Р 


- 1 —— dt 


A 
suba сагсыг 
27 2 4 


уућеге t = tanx 


153. The given integral is 
| ѕіп2х dx 


COS X 


= | тал хвес хах 
= | tan^x( 1+ ќап2х) ѕес2х dx 


= [ra + Ра Let tan x = 1 
= sec’xdx = dt 


= [e + а 


pog 
=— +— + с 
5 3 
{ап?х {ап? 
= += +c 
5 3 
154. The given integral is 
4 
sec 
dx -- | X dx 
sinxcosx^x tanx 


І (1+ (ап? х)8ёс х 
z tanx 4 


(1+2) 
=| — 


dt Let tanx = t 


= | (ia 


2 
го + 105 + С 


Ж tan?x 


+ logltanx! + c 
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155. The given integral is 2 
5 й : E ДЕ шан ювлалл | +С 
ах sec x 2 
eee? ae ; dx 
sin^xcos x tan^x 


158. We have, 
эр + tan 2)? sec^x 


зал 1 еа зеш (2)%< 


1-1 
= Oen, Let tanx = t 159. We have, 
1 
= sec^xdx = dt | dx _1 as Sl ж зан (бе 
И, ти ng 
г 160. We have, 
2 1 
= | [Г +—+2]4 ах dx 
1 i | I3 Е 14 
кл келе з 
3 22 °®°|х+2 
3 
tan х 
= —— + 2tanx — cotx +c -1 х-2 
=" g ROO +c 
156. The given integral is л 
M ша 161. We have | 1 ах 
J = J dx x +4 
. i 2 Мап х 
sin2xcos2x 22: — 16) + 15 y 
(1 + ќап2х)ѕес2х 2+4 ^ 
хэй (02 + до? - 4) + 15 
x 44e + 
(РЕ =| a 
= |— а Let tanx = t x + 4 
= вес?хах = dt = [г -4+ 5 ја 
2 2 
= Ја + а | dus 
3 = = – Ах + an! (2) +c 
- of: + ғ +с : 2 
3 162. We have, 
3 
ы a(tanx , fan x) Tm Ах - ах 


№2 + 4 Y x +22 
= 105 (х + Vx? + 4) + с 


157. Тһе given integral is 


dx sec^x 


= | ах 


І "E 5 3/2 
Үзіп xcos x tan x 163. We have, 


(1 + tan?x) sec? xa | dx — 1 dx 
— — — dx Е 
(ап 2х 4 +1? x + (5) 


2 
-|4 E 29 


t, Let tanx = t° 2 5 log 


2 = 
= sec xdx = 2tdt 164: We have, 


[= ја = || NE ја 


X + 4х X + 4х x 44x 


2 
«5| 538 


-2| 64) | | 
= 25 + ви] + e ЕД + Jax 


2+4 xX +4) 


1.58 


Integral Calculus, 3D Geometry & Vector Booster 


-1- ах 


х + 4 
1 


zi tan! (5) +2 


C. 


dx 
L + 4) 


dt 
ЈЕ ду = У 


> dt = 2х?ах 


1 


ГА 


+ о: 


2 заг 


t = log tc 


2+4 


166. The given integral is 


3 
5 -x+ T кс 


ах - ах 
Мо – 22 + 1 ^"N«x-2Y «1 
а 
= Let t= (x — 2) 
Р+1 => аі = ах 


= Іор + VP + ll+c 


= logl(x – 
167. Тһе given integral is 


x+9 
IL 


х + (9 + х2) – х2 
шээг 


2) +yœ&-2+1l+c 


-|-559- 
- x 
х@? + 9) 


ах 


х(2 + 9) 


-1-1 ах 


(х2 + 9) 


m 
3 
168. The given integral is 


= — tan! (3) + 109 |Х] – 


+ Ја І — 


(x^ + 9) 


2 Logix +91+ с 


| 


1 + 22 


жеј = + | = ах 


1+2 


tan!) + 5 logll + x!l + с 


169. Тһе given integral is 


[= 


xx 


[ые ш 
х (02 + 1) 
а 


ах 
xQ t1) 


|| 


x1 


12. |“ 


= logi + tan™'x — i logi? + llc 


170. The given integral is 


dx 
E та = т +1) 


1 | 1 1 | 
= ах 
21223 2-1 


| шаг! | +c 


add E lo Е -1 
212.75 4 
171. Тһе given integral is 


ІН ах =| dx 


хожх x(x + 1) 


== Let = 
2xdx = 2tdt 


172. We have, 


dx dx 
х + 4х + 4 


173. We have, 


= = | ах 


x + бх + 10 A 


Е тте 


c +1 


= (ап (х + 3) + с 
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174. We have, 178. The given integral is 
| ах zd dx dx ~ | ах 
w+5xt6 272,5,,4 42 +7х+10 4 (242643) 
4 2 
1 
= 2 | 5 22 25 ТА 1 ах 
[+3] +(3 5) Е | a pur 
8 8 
_ 1 | ах 
512 (937 zy n tan! (8x + E 
Б | EJ 4 ү Vill 
3) о шил 
i - tan | 8x + — |+ 
шоо Б 4) | пе ПІ 111 
2 N32 N23 179. The given integral is 
4 
dx dx 
et tan! шаа) +с [5 - 2ах zi: ay. a? 
423 423 жы 
175. The given integral is zd log (x-a)-a 
2a (х- а) +а 
ах = | ах 
x-x-l xu eps _ 1 | 7758 
X 2 2 2a og X tc 
| 1 180. Тһе given integral is 
хэт 
2 21 >) а а 
= tan +с x = x 
43 КЕ x + 2ах (х + ay. = 2 
2 
= жы = 2219125] + 
Үз Үз 
ІЛЕ а sven Gates ae 181. The given integral is 
J ах = | ах Ex 52 — logla® + ах! + с 
L3 x -x-1 а + дах > 
[ Л 182. Тһе given integral is 
12 (5) Г de | ах 
Х--)| – | 2 2 
| 2) 2 2ax — х х — 2ах 
а 
ү. 5 л -Í 3 2 
_ Їл: Х-2 шэг ч (x-a -a 
45 (x-4)+8 exc ed de | = 
2 =- zga Рая“ ~ 
177. The given integral is -1 log| т 
2а x — 2a 
| Ах 21 ах 
D deg 2 x 420-1 183. The given integral is 
_1 @+2)-1], | ах _ 1 | 1 1 ја 
оу 0241)02-4) 32° 052 41 2+4 
_1. |@+D -1 -yle ME 
25 er» * © z (tan x-z tan || с 
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184. We have, 
2 2 
[Z2 ird Эх ах 
X +X 33541 
=i dt , Let t=x 
34s] 3 
=> аі = Зх dx 
хааг") + с 
Ж ОБЕ Ж. 
-—tan (х) +с 
3 
185. УҮе һауе, 


cosxdx 


sin?x + 3sinx + 2 


= -|--5-- Let t = sinx 


P+ 3r+2 = dt = cos хах 


= | dt 
(rx 1)(t + 2) 


2 1 т. 1 
-J(-4 ne 


lo t+l +c 
£142 
sinx + 1 
= log ————_| + с 
sinx + 2 
186. We have, 
ха + logx) dt 
J dx = 
ха +1 Pup 
же жен 
(+ +] 
1--141-- 
2 
(3) 
= — (ап +c 
з | 
2 
sequ [ee 
V3 V3 
187. We have, 
=. + 1) - Ја KEJ + 1) 
-1 [- Ax dx 
х + 1) 
1 а 4 
=> Let t = 
Pee а ышы 
= dt = 4хах 


_1({1__1_ 
Е E 
-1 
= [+ 
1 4 
= - log +c 
4 xta 1 
194. We have, 
(сез дыг с 
x + 4х + 5 x + Ах + 5 
(2х + 4) ах 
2 dx 2 
х + 4х + 5 х + 4х + 5 
2. 4 
(2х + 4) di | Ф 
xb + Ах + 5 (x2) +1 
= 105? + 4x + 51 - (ап (х + 2) + с 
195. Ме һауе, 
I Зх + 2 57 
Х2-3х-4 
3 0х-3)4(2 +2) 
xj? dx 
x – Зх + 4 
2х — 
-31: (2x — 3) dx 5j- 
– 3х + 4 – 3х + 4 
ЈЕ (2x — 3) | ах 


— 3х + 4 2 | 
Х- 


3 2 13 21 
= = loglx^ — 3x + 41 + — tan 
228 47 


_3 13 2х-3 
loglx? — 3x + 41 + — tan! +c 
Tace V7 | | 


195. Тһе given integral is 


x Jal (2х41)-1 

xc-x-l Q +х+1) 

1 (2x + 1) 1 dx 
= dx 

bl Jas 

2 

1 2 1 MES 
= = logi“ + x + 1l - — tan + С 
Жа з B 
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196. The given integral is 


Уулын 
1541 a 22] ——2— 4 
ха + 3х + 2 (12 + 3x + 2) 


E (2x + 3) - (5/2) P. 
(х2 + 3x + 2) 


(2x + 3) ах 
-2) х-5| 
(12 + 3x + 2) (х + 1)(х+ 2) 
= Dlogh? + 3x + 21 58| 21 + с 
х+ 2 


197. Тһе given integral is 


І ах = | dx 
De +Зе* +1 (2е + 1(е + 1) 


-Д 2 1 Jax 
(26-41) (екі) 


- 152 = us dx 
(ке) (e* +1) 
= logle * + 1 - 2 logle* + 21 + с 


198. The given integral is 


(3sinx — 2) cosxdx 


(5 - соѕ2х — Asin x) 


Г (3sinx — 2) cosx 
— dx 
sin?x — 4sinx + 4 


к 57 Let t= sinx 
PERRA = аі = cos хах 
= 
-2y 
31-644 
queen, 
(t - 2y 
dt dt 
=3 + 
(t 2) F 2) 
4 
= 3101 – 21 – 
05 в 
= 3logisinx – 21 CITUR +с 


199. The given integral is 


3 3 
ax + bx x xdx 
a Хас-а| я зах + b| 22 2 

X -c X -c X -c 


- 1 logh“ + с + 2 tan! (=) +c 


200. The given integral is. 


j(= — sinx 


- | x (2 + 2sin2x)dx 
cosx + sinx 


= || 2052 — sinx 


ја + (sinx + cosx)*)dx 
cosx + sinx 


2 
ja: Let cosx + sinx = t 


И j +t 
= [С + НТ 


2 
а + logl# + с 


= (-sinx + cosx)dx = dt 


(sinx + cos xy 


TUE + loglsinx + cosxl + c 


201. The given integral is 


(sinx + cosx) dx 
5 +3(1 – 1+ sin2x) 


гээн 


б. | + cosx)dx 
~ 48 3(1 — sin2x) 


(sinx + cosx)dx 


8 — 3(sinx — cos xX)? 


= us >> Let t = (sinx — cosx) 
8-3 


dt = (cosx + sinx)dx 


и dt 
s 


mE 
БҮ 483) 


уућеге t = sinx + cosx 


202. The given integral is 


sinx — cosx 
5(1 + sin2x) – 


а 


sinx — cosx 
- І = 3 dx 
5(sinx + cosx) — 2 


cosx — зах 
= | ах 


2 – 5(sinx + cosx)? 


= | e , Let t = (sinx + cosx) 
2-5 


=» dt = (cosx — sinx)dx 
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= dt 
2—5 
--1 І 20040 
ЭРЭР Cy 
1 З t — (N2/5) Л 
= с 
VIO |r + 605) 
1 (sinx + cosx) — (\2/5) 
= og +c 
410 (sinx + cosx) + (N2/5) 
203. We have, 
І ах -| ах 
V +х +1 (ЕГЕТЕ 
2 2 
= log (+2) +++ i] +e 
204. We have, 
| ах = ах 
ШЕ - 2ах xx? – 2ах + а? – а? 
2| 404 ___ 
М(х – а)? – а? 
= Јов (x – а) + (32 — 2ax| tc 
205. We have, 
І ах - | ах 
\4х — x? 144-444х-х 


ах 
422 — (2 – Ах + 4) 


ах 
422 — (x – 2)? 
= sin (52 - 2) + с 
2 


205. Тһе given integral is 


dx =f dx 
2 dx 
EG = 2)" = 4} 
dx 


V4 — (x – 2): 


206. The given integral is 


| ах ах 


T mE dE 41-02 +x- 6) 


= sin tc 
5 
2 
3 ШЕ. + |) 
= sin tc 
5 
207. The given integral is 
| ах 5. ах 
М + х + 2 | Т 8) 
х+=| +|— 
2 2 


= log 


БЕРЕН 


208. The given integral is 
dx dx 


dbz В 


= sin +с 
45 
2 

= sin! = a + с 
45 


209. Тһе given integral is 
| dx _ Ах 
2 V(x + ay -а? 
= log| (x +а) + Үх + 2ах | tc 
210. The given integral is 


dx e dx 


== -x 1 E M 2ах) 


X^ + 2ax 


1.63 
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211. We have, 


хах 


-4 
2 


а 


12:41 


ах 
ү (6 - а)? – а?) 
ах 


Із -(х- ay. 


б ШЕ = 
sin 
a 


a 
)+с 


212. We have, 


| Мзесх - ldx 


х + 


ZEE ис 


ни хє 


2 


1 — cosx 


(1 + cosx) 


- | 
-Л 


cosx 


x 
(1 + cosx) 


1 — соѕ2х 
cosx(1 + cosx) 


| sin x 
= | — —— dx 
үсоѕх(1 + cosx) 


dt 


шк | Nt ( + 1) 


-4 


Let cosx=t 
=>  -—sinxdx = dt 


dt 


(+ 


= -log 


= -log 


213. We have, 
dx 


p M ен 
| ү? _ 1 


Б 


1 DS 040053 
(cosx + 2 + Ncos^x + cosx 


1-0! 


Z) +y “(жс 


dt 


12-1 


Let x^ =t 


l -3⁄4 
=> = = dt 
43 


+c 


= 410811 + ҮР — || tc 
-4х ор |х!“ + Vx? — 1| tc 


214. We have, 
sin(x — a) Е sin(x — а) 
ЈА тета | 29 
_ ІШЕ -а) sin(x —a) 
= 


2 | sin(x — а) di 


Vsin?x — sin?a 


| ханга - cosxsina) 


2х — sin?a 


sin 


sinx 


Vsin?x — sin?a 


- cosa І ах 


COSX 


sina J dx 
Tao) "RED 
Vsin^x — зпа 
sinx 
- cosa 1---225--с ах 
Мсов а — совх 
: COS X 
sina | ах 
: 2 : 2 
sin^x — ѕіпа 
= —cosasin ! (5044) 
йн cosa 


- sinalog|sinx + Үѕіп2х — sin2a| +c 


215. The given integral is 


І e* DR І edx 
V4 - e V4 - (ey 


ers Let z = е" 
45% > dx=edt 
= sin (5) +c 


: (=) 
= sin’ || +c 
2 


216. The given integral is 
J sec^x 
16 + tanx 


= | dt Let 1 = tanx 


\2 +4 5 
= dt = sec ха 


= ов |; + УР + 4| +c 
= logltanx + Ntan?x + 4| tc 
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217. The given integral is 
1 – cosx 
Кеесх — ldx = Ї т" 


Ё ДҮ — соѕх)(1 + cosx) : 


cosx(1 + cosx) 


Ш | sinx 


d 
Ncosx(1 + cosx) 


t 
-- 4 А Let t = cosx 


f 


= dx = -sinxdx 


= -log tc 


1 А! 
(cosx + 2 + Ncos?x + cosx 


218. Тһе given integral is 


| Мсозесх -14х- | L= sing dx 
sinx 


Е £ — sinx) (1 + sinx) 
% sinx(1 + sinx) 


cosx 
—————— dx 
Nsinx(1 + sinx) 


dt . 
= Let t = sinx 


МЕ xr 


= і = cos хай 


ELE Рис 


= 106 (sinx + 1) + Үѕіп2х + sinx| + c 


219. The given integral is 


dx = e^ 
< – e” ЈЕ == G 


dt 


En 


Let t= e™ 


> ф=-е'а 
2 -loglt Ew 1| +c 
= ове“ + Ve” -— 1| + с 


220. The given integral is 
| ou (х- о) dx 
sin(x + о) 
Е jae - а) sin(x — а) 


sin(x — О) sin(x + о) 


5 | sin(x — о) 


ах 
Vsin?x — ѕіп20 


| sinxcosa@ — cosxsina@ 


Vsin?x — біп о 


ах 


sinx dx cosxdx 


= cosa J 
Vsin2a — sin?x — sina Vsin2x – sin’a 


cosxdx 


Vsin?x — ѕіп20 


sinxdx 


Vcos?a = соѕ2х 


= cosa. sino І 


---1( СО8Х 
= — COS sin 


cosa 
А | : [чул mS | 
-sın 0 log anx + ysin x- sin Q| + c 


221. The given integral is 
dx 


Јо ===] 
БА 28 _ ЖЭ xo — 4 


1 dt 1B 
-- 2 Let t=x 
324 | 
=» dt = 3 —2/3 ах 
ЖЕМ seit 
3 "2 4 


= = logl + VP -4l + с 


= i 10| х!3 paa — 4| +c 


222. The given integral is 


IP ie 3 dx 


Let x = аѕіп220 


> dx= a-sin? 0d0 


| ааш бш баян 


а”? сов0 
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223. The given integral is 
Је + 4 


ү 5 + sin20 
= | cos@ + sin@ 
6-(1- 51120) 


ы cos@ + sin@ 40 
\6 — (5100 — с0$0)? 


Put (sin@ – cos@) = t 


=> (с0$0+ 


| 

n 

= 

Б 
— 
als 

+ 

© 


V6 


. _1/sin@ — cos@ 
= sin ans r. + с 


224. The given integral is 
| 5100 — со80 
v2 — sin20 


z І sin@ — cos@ 40 
3 — (1+ sin20) 


- sin — cos@ 40 
43 - (5110 + cos0) 


и 28 
TE 


es + = 526 
V3 
225. We have, 


х-1 
аг. 


24 2х-2 


ах 
2 Vx? – Зх + 2 


2x - 3 1 
EE 


dx 


sin@)d@ = dt 


Let 1 = (5110 + cos@) 
dt = (cos@ — 5100) dO 


= | 
2 Vx? — 3x + 2 

КЕ э ae ee 28 
2 Vx? — 3x + 2 2 Vx? — 3x + 2 


=] 2 ёа2| 


Let (2-3х-2)-8 


=> (2x + 3)dx = ла 


+ +2] + c 


1 
-шіз-і 
228 


= – за + 2 +5 log 


E БЭЛ эх +2 | + с 


226. We have, 
3x + 4 


Vx + 5x + 2 
iore + (4-17 
2 2 

= | ах 


Vx + 5x + 2 


_3 | Ох + 5)dx 7 dx 


2 Vx? + 5х + 2 V + 5x + 2 
шэн ЭЭ 21 ах 
ШЕГЕРЕ 
2 4 


Let (х2 + 5x + 2) ЕР 


= (2х 5)dx = па 


= 3 jar + 2 | = = 
e- 


4+3] + +5 +2 ЕЕ 


ах 


7 
= 3: + = 1 
2 9B 


347 + 5+2 +2 log 


227. We have, 


СРЕЗЕ 


x+2 dx 


Vx + 5x + 6 2 


2хк5)-і1 
_ 17 Qx + 5) dx 


\х2 + 5x + 6 


x (2х + 5) P | 1 dx 


2 Vx + 5x + 6 2 Ух? + 5x + 6 


2х + 5 
_1 (2x + 5) d | 1 dx 


- x 
2 Vx + 5x + 6 2 | >) (5) 
= Vx" + 5х + 6 


(x+3)+ ев] + с 


- 1 log 
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бх – 5 
дав | не 
22-07 
Let 3х2 – 5х + 1 
> (бх – 5)dx = 2/4 
zs 
Е t 
-2|а 
=2t+c 
= 21332 — 5х + 1 + с 
229. We have, 
a а-х а-х 
Јах = Ју хах ад 
e| em 
2 
a 
| ах І x ae 
Vaz — х2 Va? – х 
= asin ( )+ 2-2 + с 
230. | ах 
а + %х 
Let X =at 
= 2хах=@ 4 
T 
E а а D l 
TES 
Е 
мо СЕ? 
“25:09 


Ы с-та 222 2 
ан 
=] (WEB por" 


2 na-9 а 
2 ад)“ 


€ 


ES 442 dt t : 
2 22 v- 
(іп O + М1 - Р) + 


Вэ 
2 


231. We have, 


3 
Jey ax 
4-х 


Let х = 41 


=> xdx- 34 


ар 

=3 ата 
"EN 

== | —— adt 
A ix? 


4 [9-9 

E ттер: | 
dt t ; 
ЦЭ =) 


= = (эш (A + NI -P)+e 
242-і х | 
-З BE jupe + с 


ах Ж sec^x dx 


232. We have, 


3 + Asin?x Зѕес2х + 4(ап2х 


и" | sec^x dx 
3 + 7tan"x 
>. бес хах 


E 2 3 
tan’x + = 
an x 7 


233. We have, 


dx Е ѕес2х dx 


Зѕіп2х + 4с052х 3tan?x + 4 


2 5 


Let tanx = t 
xs + 4 3 
=> sec хах = аі 
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234. We have, 


J 


dx 2 ѕес2х dx 
(2tanx + зу 


ee dt 


(2t + зу 


1 
“202:+3 1° 


2 1 
2(2tanx +3) ° 


(251пх + cosx)? 


235. We have, 


sin^x + cos*x 


sinxcosx 


7 ах 


2 
= | anxsee X dli 
tan^x + 1 


_ 1 (Жапх ѕес2х 
------Х 


“20 tan^x + 1 


-5 dt 
2-1 


Let (айх = t 


= 2tanxsec’xdx = dt 


= Stan! (f) +c 


= Stan! (кап) tc 


236. We have, 


dx Е ѕес2х 


(sinx + 2соѕх)? i (tanx + 2? 


=f dt 


+2) 


Let tan x= t 


> зес?хах = dt 


237. We have, 


1 
=- EE 
1 

==- ЊЕ 

(tanx + 2) 

dx _1 | ах 
5 9:77 : 2 

(sinx + 2secx) 4 к + 21 


238. 


ѕес2х dx 
| tanx Ї 
2 + secx 
ѕес2х dx 


(шах + ERE + 1) 


=<) 


ѕес2х dx 
2 2 
(шах +5) +(1-4) | 
4 16 
ѕес2х dx 


Бе +1 Ї 2 
4 16 


=<] 


415 


= — (апд 
т fan 


45 
4 


Let (tanx + 1 
4 


=> secx dx = ѕес20 40 


цал ад 
4^ 4 15] * 2220 


2 
КС as)? | Осов бао 


ёсоо Ja + cos20)d0 


_ 8 sin20 
= 1577 + 2 Fe 


= E (0 + sin@ + cosO) + c, 
(15) 
af 4 1 
where Ө = tan) | — (шах + 1) 
115 4 
The given integral is 
222 р 
sin^x dx 2sinx cosx 
ip = J 274 2 ж 


sin^x + cos*x Ssin'x + cos x 


Divide the numerator and the denominator by cos^x 
we get 


2tanx ѕес2х 


" dx 
tanx + 1 
Let tan?x = t 
= 2tanx ѕес2х dx = dt 
Е - +1 
р 
= tan! (f) +c 


tan”! (ғап х) +с 


1.68 Integral Calculus, 3D Geometry & Vector Booster 


239. The given integral is 
dx 


(2sinx + Зсоѕх)2 


Divide the numerator апа the denominator by сов х, 


we get 
sec^x dx 
(2tanx + 3)? 
Let 2tanx + 3 =1 
= 2sec? хах = dt 


= -5Qtanx -3)-с 


240. The given integral is 


dx Е ѕес2х dx ѕес2х dx 


2 + соѕ2х 1 + 25ес2х 2tan?x + 3 


Let tan x = t 


= sec? xdx = dt 


241. We have, 
J sinx E sinx : dx 
sin 3x 3sinx — 4sin'x 
_ | ___х _ 
3 — 4sin?x 
ѕес2х dx 


Ззес?х — Atan?x 
ѕес2х dx 
3 — (ап2х 


а! 


Let tan x = t 
sec? xdx = dt 


t- v3 
Е № 


-----10 
2B 25 


2 1 ов tanx — V3 го 
243 tanx + V3 
242. The given integral is 
cosec^x sinx 
| совесх ^* — 3 dx 
sin'x 


sinx 
= аа ш. ах 
3sinx – 4sin°x 
dx 
. 2 
3 — Азпх 
ѕес2х dx 


Ззес?х — 4tan?x 


Е | sec^x dx 
7 3  3tan?x - 4tan?x 
2 | ѕес2х dx 
j 3 — tan?x 
Let tan x =f 
= sec” xdx = dt 


dt 
l-3 
= = g t- 3 + с 
243 1+ ҮЗ 
НЕН ЕВ 
243 -N3 
_ 1 og tanx + ҮЗ 
243 tanx — V3 
243. The given integral is 
sec3x COSX 
| зесх ах zii 3 dx 


COS X 


COS X 
а 
4cos x — 3cosx 


2 ах 
7“ Асовх - 3 
Divide the numerator апа the denominator by cos^x 
we get, 
- | sec^x dx 
4 — 3secx 
= ат ѕес2х dx 
B – 3 – 3 tanx 
=f sec^x dx 
Tue 3 tan*x 


Let tanx 2f = sec? xdx = dt 


dt 
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= | 220 
3* P -(1N3P 
ES 
P al +c 
Дик 
-lio УЗ tanx – 1 |+ 
243 43 tanx + 1 
244. We have, 
а а 
син = | >an(2) 
1-2 
1+ кап (5) 
2(X 
2 
1 + tan 2) + 4tan(7) 
Let tan(7) =t 
> вес (2) х = га! 
Ш 24! 
7 ЈЕ +4t+1 
Е dt 
р 2 xy = (Уз)? 
Me ТИ (t + 2) – МЗ nn 
243 B (t + 2) + МЗ 
(ап (>) + 2) - V3 
= ов | ЫН | +с 
3 (tan(5)+ 2) + V3 
245. We have, 


| Ах 


sinx + cosx + 1 


11 -dt 1 2/3 =: 
x з > 2 see (а-а 


1 77 
а – 12 – (48)? 


(= 1) – 3 i 
(t-1)+ V3 


Бас (tan(5) - 1) - 5 ЭР 
243 i (tan(5) - 1) + 3 


244. The given integral is 


| ах 


1+ 2sinx 


1 
о 
2435 


Е І ах 
13:5 | 22 | 
1 + tan^(x/2) 


(1 + tan? (x/2))dx 
1 + tan?(x/2) + 4tan(x/2) 


Е І sec? (x/2)dx 
tan? (x/2) + 4tan(x/2) + 1 


Let tan(x/2) = t 


> 5 зе (2| ёс = dt 


2 24 
P+4t+1 
dt 
| 21 + 2)? – (43)? 
ВЕК (t + 2) – МЗ қы, 
V3 (t + 2) + МЗ 
EMIT (tan(x/2) + 2) – УЗ 
үз (tan(x/2) + 2) + УЗ 


245. The given integral is 
| ах = | ах 
3cosx + 4 | 1 (ап? (х/2) : | 
1 + tan? (x/2) 


_ (1 + tan? (x/2)) 
4 + 4tan? (x/2) + 3 — 3tan? (x/2) 


sec? (x/2) 
tan? (x/2) + 7 


Let 1- tan(x/2) 


= 2dt= кес [> | 


1.70 Integral Calculus, 3D Geometry & Vector Booster 


_ [ 24 
Em 
- s tc 
v7 V7 
2 Fran! Eo 
NT 47 
246. The given integral is 
І ах 
sinx + cosx + 1 
ах 


2tan(x/2) 1 — tan? (x2) И 


1 
1 + tan?(/2). 1 + tan? (5/2) 


Р | (1 + tan? (x/2))dx 
1 + tan? (x/2) + 2tan(x/2) + 1 — tan? (x/2) 


Е І sec? (x/2)dx 
74 2tan(x/2) +2 


2d, 
- |55 


= Јат + 1 
= logit + П + с 
х 
= log |tan(7) + 1| +c 


247. The given integral is 


| 1 + sinx 
sinx(1 + cosx) 


| [4 


sinx(1 + cosx) У (1 + созх) 
E І sin x dx 1 sec (5 јах 
(1 – cos*x)(1 + cosx) 2 2 


= | dt 


1 
auia + 2 ЯН 


Let t = cosx 


=> dt--sinxdx 


= | dt 


(EDD. Ч 


41 1 1 1 2 
- zi) Е Л = | 5 | see (x/2)dx 


1/1 1-1 1 
= 1 t 2 
(3 og ак] ап(х/2) + с 
_1 lio cosx - 1 1 
~ 212 cosx + 1 (cosx + 1) 


+ tan(x/2) + c 
248. The given integral is 


J dx 


1- 2sinx 


5 І ах 
та 1 2tan(x/2) | 
1 + tan? (x/2) 


_ | (1 + tan? (x/2))dx 
tan? (x/2) — 4tan(x/2) + 1 


5. І sec? (x/2)dx 
tan? (x/2) - 4tan(x/2) + 1 


Let tan(x/2) 2 t 
2[ X 
= = 2dt 
=> sec (2) ё а 


-2| а 


Ёо 1-1 


dt 
-2 -------------- 
E 
1 e] 
log +c 


=2 
eo (—2) +3 


(tan(x/2) — 2) - N3 
(tan(x/2) — 2) + N3 


249. The given integral is 


| ах 


3sinx +4cosx + 5 
2 | ах 
| 2tan(x/2) | ! - (ап? =. 
------|%4------1% 
1 + tan? (x/2) 1 + tan? (x/2) 


Е | (1 + tan? (x/2))dx 
tan? (x/2) + 6tan(x/2) + 9 


= І dt Let tan(x/2) = t 
> + 61+ 9 
= кес? (7x = 2% 
= І 2а 


(t 3) 
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v +c 
(t + 3) 


2 
ОЛГО ЖОН 


250. Тһе given integral is 


| ах 
cosx + COS X 


= dx , where k = сова 
1 – tan? (x/2) 
1 + tan? (x/2) 

7 [ [1 + tan? (x/2)]dx 


1 — tan? (x/2) + K[1 + tan? (x/2)] 


B [ sec? (x/2)dx 
1 — tan? (x/2) + k[1 + tan? (x/2)] 


Let ап (>) = і 


> sec >) ах 


=i 24 
(cf? xe) 


- 2dt 
= | 24 
dt b+ ha DP 
|] | 24 
AES he d 
-ù 
_ 1 24 2 
Ez 5 | і 
(1-0 
152299 
1 1 (1-0 
= х log +c 
(1-0 E +k) (1-4) 
(1-0 (1-0 
_ 1 cot(a/2) + tan(x/2) 
^ sina cot(a/2) — tan(x/2) 


251. The given integral is 


| ах 


tanx + 4cotx + 4 


4sinxcos x 
- dx 


ѕіп2х + 4cos^x + 4sinxcosx 


252. We have, 


| еш: 


sinx + COSX 


1 dx 
^42 


1 
4 sinx + —cosx 


V2 V2 
ay же лк 
v2 sin(x + 4) 


— = | cosee( x + HL 


“19 
шэн 10 |зе(5 + &) tc 
үз le 278 
253. We have, 
dx 
43 sinx + cosx 
zu = ах 
ан + > cosx 
21 ах 
5 sin(x + Е) 
6 
= 1 5 | созес(х + du 
21 
=> log tan (5 + 12 ты 
257. We have, 


2sinx + cosx 
= [(3sinx + 2cosx) + m(3cosx – 2sinx) 
= (31 - 2m)sinx + (21 + 3m)cosx 
Comparing the co-efficients of sinx and совх, we get 
31 — 2m = 2 and 21 + Зт = 1 
On solving, we get, 
1 = 4/5 and т = -3/ 5 


4 f 3sinx + 2cosx 
5“ 3sinx + 2cosx 


3 f 3cosx – 2sinx 
5° 3sinx + 2cosx 


4 3 [mI] 
= d. 
Ji : | 3sinx + 2cosx 
= ын - 3log 13 sinx + 2cosxl + c 
5 5 
258. We have, 
| sinx 


sinx + cosx 


-1 11 2sinx 


sinx + cosx 


=Й Les + cosx) + (sinx — cosx) y 


sinx + cosx 
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1 f (1 + cosx - sinx 


717 sinx + cosx) 


= Ше + 1% Isinx + cosxl + c 
25225 


259. Тһе given integral is 


2sinx + 3cosx 
3sinx + 4cosx 


we have 2sinx + 3cosx 
= КЗзшх + 4cosx) + m(3cosx — 4sinx) 
= (3l — 4m)sinx + (41 + 3m)cosx 

Comparing the co-efficients of sinx and cosx, we get 
(31 — Ат) = 2, (41 + 3m) = 3 

On solving, we get 


18 1 
l= ==, т = == 
25 25 


The given integral reduces to 


184 зшх + 4cosx) + Lg cosx — 4sinx) 


[2 25 а 
: x 
(3sinx + 4cosx) 


1 (Зсоѕх - 4sinx) 


25 (38шх + 4cosx) 


= 53: + 5510813 sinx + 4cosxl + С 


260. The given integral is 


261. 


sinx 
| as 
sinx — cosx 


=>] 2sinx 
sinx — cosx 


-1j (sinx — cosx) + (sinx + ох 


Affe 


= ын + 1% Isinx — cosxl + c 
2^* 2 °® 


sinx — cosx 


cosx + nx) 
sinx — cosx, 


The given integral is 


І cosx 


sinx + cosx 


-1] 2cosx 
sinx + cosx 


dx 


-1j (cosx + sinx) + (cosx — Simp 


Aff 


sinx + cosx 


(cosx — sinx) 


sinx + cosx 


= 56 + loglsinx + cosxl) + c 


262. Тһе given Бэй 18 


| 


= 5 COS X 


1+ um sinx 4 m 


=>] 2cosx 
sinx + cosx 


= je + loglsinx + cosxl) + с 


263. The given integral is 


J 


— dx 
1 - tanx 


=| cosx 
cosx — sinx 


=>] 2cosx 
cosx — sinx 


dx 


-1j (cosx — sinx) + (cosx + И 


cosx — sinx 


(cosx + sinx) 


-sl 


= 36 - loglcosx - sinxl) + c 


cosx — sinx 


264. The given integral is 


265. 


І 1 


1- min 
xj 


=> 2cosx 
dx 
sinx + cosx 


COS х 
sinx + cos 19 


-1j (cosx + sinx) + (cosx — Sm. 


Afi 


и jo + loglsinx + cosxl) + с 


sinx + cosx 


(cosx — sinx) 


sinx + cosx 


We have, 
3sinx + 2cosx + 4 
= (3 соѕх + 4sinx+ 5) 
+ т(-Ззшх + 4cosx) + n 
= (41 Зт)ѕіпх + (31 + 4m)cosx 
+ (514+ п) 

Comparing the co-efficients of sin x and cos x we 
get 

41-3т-3,31-4т-2 


апа Sl+n=4 
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Solving, we get 


18 1 1 


l= „т = n= 


Thus, 


(Ене + 2созх + 4 
3cosx + 4sinx + 5 


= [55 1 | 4cosx — 3sinx | 
= + - ах 
25 25\4sinx+3cosx+ 5 
+=] 


= 52: - 55108 l4sinx + 3cos x + 5l 


oe Еа 
ап 
25 2 : 


4sinx + Dem +5 


269. We have, 


| (cosx – sind + 3sinx 2x)dx 
= J (cosx — sinx)(2 + 3(-1 + 1 + sin2x))dx 
= | (cosx — sinx)(-1 + 3(sinx + совх) уй 


= | GP- а Lett = sinx + cosx 
— dt = (cosx — sinx)dx 
=(P-ht+c 


= (sinx + cos x) — (sinx + cosx) +с 
270. We have, 


| sinx + cosx 
9 + 16sin 2x 


= | sinx + cosx ? 
9 + 16(1 — 1+ sin2x) 


dx 


- І sinx + cosx 
25 - 16(sinx — cosx)? 


Let sinx — cosx = t 


= (cosx + sinx)dx = dt 


=Í dt 
25 — 16t 
е 1 dt 
d 
4 
3 
- 1 1 10 174 +c 
I au СЕ 
4 4 


115: 8 -51,, 
40 14:45 


201 49(sinx — cosx) - 5 
< A(sinx — cosx) + 5 и 


271. We have, 


| ах 
COSX + созесх 


= [а 


1 
cosx + —— 
sinx 


=] =. sinx dx 
cosxsinx + 1 


„| чш. 2sinxdx 
2cosxsinx + 2 


р + cosx) + (sinx — cosx) 
» 2cosxsinx + 2 
(sinx + cosx) 
2cosx sinx +2 
І (sinx — cosx) 
2cosxsinx + 2 


(sinx + cosx) (sinx — cosx) 


2+ sin2x 2+ sin2x 


(sinx + cosx) 


3 – (sinx – cosx)? 


(sinx — cosx) 


dx 


1 + (sinx + cosx)? 


1 (sinx — cosx) — ҮЗ 


о 
28 Р 


(sinx — cosx) + V3 


- tan! (sinx + cosx) + c 
271. The given integral is 


І ах 
COSX + cosecx 
= | sinx cosx 


sinx + cosx 


-il 2sin2x 


sinx + cosx 


-1j (sinx + cosx)? — (sinx — cosx)? dx 


sinx + cosx 


(sinx — cosx) 


e 


= : [cosx sinx) 


(sinx + cosx) - — 
sinx + cosx 


+ (sins сока) + с 


272. The given integral is 


| Ginx + соѕх)0 + 3sin2x)dx 


= J (sinx + cosx)[2 + 3(1 - (1 — sin 2x) }]dx 
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= | (sinx + совх)(5 — 3(sinx — cosx)?)dx 
Let sinx — cosx = t 
= (cos x + sin x)dx = dt 


= [6 – зда 
=(5t-P)+e 
= (5(sinx — cosx) - (sinx cos x)°) +с 


273. The given integral is 
| (sinx - совхуа - 4sin2x)dx 
= | (sinx - cosx)(7 – 4(1 + sin2x)) 
= | (sinx - cosx)(7 - 4(sinx + cosx)?)dx 


= | (cosx — sinx)(4(sinx + cosx)? — 7)dx 
Let sinx + cosx = t 
=> (cos x + sin x)dx = dt 


= [ar -Dat 
3 
= - л) + с 
3 
4(8шх + cosx)? | 
= RES. салынатын 7(sinx + соѕх)| + с 


274. The given integral is 
cosx — sinx 
ЇЕ + PME 
күз e A (cosx — sinx) 
1 + 28] + sin2x) ^ 


(cosx — зшх) 
= | 5 Х 
1+ 2(sinx + cosx) 
Let sinx + cosx =1 


=> (cos x + sin x)dx = dt 


1 + 2t 
ER! dt 
220541 82-23 

—] +t 

Са) 


= L tan”! (A2 (sinx + cosx)) + с 


V2 
275. The given integral is 


cosx + sinx 
5 — 4sin2x 


-Д cosx + зшх ја 
5 — 4(1 - (1 — sin2x)) 


т | cosx + sinx 
1 – A(sinx — cosx)? 
Let sinx — cosx = t 
= (cos x + sin x)dx = dt 
dt 


E 


к ZEE :6 
v Л Ее 


1 2(sinx - cosx) - 1 
о : +с 
2 2(sinx — cosx) + 1 


276. The given integral is 


ie + inia 
АА 
9 + 16sin2x 


5 cosa + зшх) + 7 (созх - sinx) 


4 9 + 6sin2x ex 


22 (cosx + sinx) 
7224 9 + 6sin2x 


£ f (cosx + sinx) 


1 f (cosx — sinx) 
(9 + 6sin2x) ^. 


dx 


15 — 6(sinx — cosx)? 


Lf (cosx — sinx) 
(3 + 6(sinx + совх)) 


Let sinx — cosx = t and sinx + cosx = z 
= (созх + sinx)dx = dt and (cosx — sinx)dx = dz 


23 а 1 4 
x су 2163 


-3 
E | dt THE dz 
22 + 1 
- а +2] dz 
Sos 22 +1 
zd g г- (552) + 1 tan !(z/2) +C 
4 “| -(45/2)| 62 
where sinx — cosx = t and sinx + cosx = z 
277. We have, 
2 
x +1 
dx 
J xta 
| + = 
= | ^^ dx 
xb 
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278. We have, 


t—v2 


279. We have, 


XE 

+1 

_ | (2 + Ur c 2 

дал) — 2x 
(х2 + Dot 

ІЗ (х2 + 1) 


-x +1) x +1 


-xX +1) 


= 0241) „2 36 д 
СЕТ С х + 1 
Бе 3 

= | = dx 2 Зх ах 


= | tan(x- 2) 2 iani (х) +с 
280. We have, 
2 
x - 3x +14, 
X bad 
spe -хж1)- Ж, 
ХО +1 
2 
(х Бая 2х dx 
xxb41 х + Х2 + 1 
= | ах І 2х dx 
х + х +1 хОРЖЭРЛ 
-| ах 3 dt ізде aser 
| г) (3) t +t+1 
х+=| +|— 
2 2 => 2xdx = dt 
1 1 
х+- РЕ 
= 1 tan! 2 T 2 tan! 2 +c 
43 8| з |B 
2 2 
= tan (+ gun (e 
(48 үз V3 
22 as [25 E и Dee 
КЕ) V3 үз V3 
281. We have, 
id dx 
1 + 2 11 + хе + x 
2 1 
–х |1— — Јах 
= | | =] 
1 | 1 | 
xix + = hx +— +1 
(399p 1 
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dt 


= р 


Let (x+4)=1 


| 
о 
о 
[72] 
Q 
б 
— 
~ 
+ 
КЕ 
+ 
о 


| 
| 
5 
—“ 
= 
N 
+ | 
Eu 
= 
+ 
о 


282. We have, 


=| 2-1 Ё ах 


хо? + 2х + " 5 (+ 141 


24 
( + Dt 

EM. 
2+1 


= 2tan!t + c 


" Е 1 12 
= 2 {ап (x+ 441) +c 


283. We have, 


И ах 
х 


+1 wed 


ту | = Let 2-22» 


= 2tdt = 2vdv 


284. We have, 


2-1 
а 
232% — 2x7 + 1 
2 
eee 
(2-24) 
x Ж 
2 
-| x -1 dx 
5 2 A 
12-6 + 
| x x 
НЬ 
3 5 
І х х dx 
2 1 
mm 
X x 
2 1 
Let а рше 
x x 
=> [5 - 5 Jac = zar 
3 5 
x X 
_ lf2tdt 
4 t 
-үхгжс 
1/2 
по (2-4-4 te 
2 x x 
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285. We have, 


^ = 2tdt 


| 

Let [6 eiu? 
= 
p 


| 
— 
~ 
N 
+ 
|- 


286. We have, 


sya 
1-1 
1 
= | |—— - 1]dt 
Пен |4 
= logit + ll-tt+e 


1\12 
EL 


X 


- log 


1112 
(85) + с 
X 


287. We have, 


2 
ЇЕ redu. 
х + 2 + 1 


l|. 2. 
Put (x ++) = rand x => 


=> (1 4 ze р aud: 


Е dt 3 dz 
xz 


zx dcs ЭЛ 28: ace үйр 
572 run Eb ue B 
1 
1 (+2) -1 pet 
--10 ҮЗ јап | ———| + с 
2 5 үз 


(x+4)41 


288. The given integral is 


dx sec^x 


sin^x + cos^x 


tan^x + 1 


(1 + tan?x) sec?x 
– | Па млад и 
tan^x + 1 

Put tanx = t 


= sec’xdx = dt 


and then solve it. 
289. The given integral is 


125 =>] 


3 4 3.55 
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21 4:1)-402 = а 


(xt + 1) 
x +1 = 
ша EE ) xl LE ЕЯ dx 
(x4 + "ua 2-1) 
and then you do it. 
290. The given integral is 
2 
ГЕ х ах sodes 2x? dx 
x41 ju 


m + 1) + (2 D d 


x41 
id оз, n а 
51 51 
Eo бү 


апа then you do it. 
291. The given integral is 
[ 2& О-о, 


Xx +1 abused 
JE Ed s aie 
+ +1 A +1 
and then you do it. 
202. The given integral is 
4 
IE 
x +l 
+1% – 2 
зрела а 
(х6 + 1) 
-| а 
(2 + 1) (х' – ха + 1) 
2 
+1 
= | 4 e dx 21-4 ах 
(x —x + 1) 2 


+1 
= = | (с ) ах 2 tan’! (x?) +c 
(х' – х2 + 1) 3 
and then you do it. 
293. The given integral is 


| ах zl ын 


ха + x4) “(1 201 
x! 
1 
Let E + A =f 
x! 
Ч dx = Pat 
Х 


294. The given integral is 


x -1 
| dx 
2 | 


Jar 


=tt+c 


=+4te lee 
X 


205. The given integral is 


І ах = | ах 
БҮРТЭЭ Ч Я i" 
x 


Put E peer 


X 


> 25 dx = 5f dt 
X 


— E dx = Ға 


X 
= -far 


= + с 
1115 
= 4! E + с 
х 
296. Тһе given integral is 
x 1 
=== | ах 
fem + i| 
2 
-1 
"Mm dn dx 
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VW -2 
= lg |; + N2 -2| + с 


(eben 


297. The given integral is 


- log tc 


X 
2 
2 
-1| 2 ах 
2 2 I 
х+—+3 
X 
TERG 
1 х х 
= | ах 
2 2,1 
x + +3 
X 
1+1 БӘ 
=1 | х 2 Lj x dx 
2 2 I 2 > 1 
х + +3 ага 
X X 
ш an 
=i] x di Ej X dx 
2 1\2 2, 1)2 
(х-1 +5 (х+ 1 +1 
_1 1 2,1 
= 1 log|(x - =) + ЖЕТЕ 


298. Тһе given integral is 


Ц): ах 
1-2? \х* + х2 + 1 


Let 2432 


> 2tdt = 2vdv 


| vdv 
o? - Зу 
Жең Тай 
(? – 3) 
1 v- МЗ 
х 1 С 
ЗА шы ЕТЕШ 


12-3-43 


deed quus 
1 x 


= X log tc 
273 (Lern 


X 


1 
о 
28 5 


+c 


299. The given integral is 


=F dx 
\х* + 3x7 + 1 


-Ї JE er 


x 


300. The given integral is 


хо + 1) nx + 1) 
І ах 
(х + 1) 
Let х =f 
> x(1 + Inx) dx = dt 
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2009 


Ї tl; = dx 
-І5 шаг (1 + x2)1006 
1 Ё 2009 
| Б 7 Е ) 2012 Tee о 
= | dt х E T Е 
ГЪ * 
| = | ах 
т 11006 
ІШ а 
1+— 2 
| E dt : 
1ү L 
(« = 1) +2 ей 
t 
1 PIS | > ---аАх-а 
- (ап t +c 
GU WM! 
1 | 1 x х | 
= tan (x –—х )|+ с x 
42 42 _ 1га 
70024 1006 
301. The given integral is | -1005 
2 = -= х —— + С 
= <-> À—À 271005 
x N2x! — 202 + 1 1 
-------- + 
(2 — 1) 2010 x £^ 
Е = Ж | 
ғ ы ж Е 1 1005 * € 
25754 2X, 2010 x {1 + — 
Ши 
1 1 
= 303. We have, 
= = dx 
(2 2 " І (2x + 1)ах 
ae iat (2 + Ах + 102 
Let (2 22 a =? рекке 
X x Е 1\32 
4 4 JEE А = 
=> (25 dx = 2tdt x 
X X 2 1 
1 1 "m 
— [5 | dx = ~tdt = | ах 
3 5 3/2 
A ox E ERE: >) 
та х 
ES 
1 
== | dt 
z) | 
-1 = -5- 
= 2 140 х 
2 
_1 2 I ES НЕ 
= 2 РАСЕ 2 + m + с xi 
tdt 
24 — y +1 яа 23 
X 
= dt 
302. The given integral is 7 -Í 2 
2009 1 
x =—+с 
f P EL dx t 
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1 
= +c 
1+ - + 2 
х 
304. We have, 
Г | хөл = мар dx 
1+ 3sin2x 
- | 1 | 1 – tanx | 
ап х \ 1 + 6sinxcosx 
1 | 1 – tanx | 2 
= sec^xdx 
] Vtanx | вес-х + 6tanx 
1 | 1 - tanx | 2 
= sec^xdx 
] Vtanx | tan?x + 6tanx + 1 
if: ae | 
= | —| ——— | 2tdt 
] ЈЕ 6) + 1 
Вы | 
- 2 ---- 1 
] [; + 61 + 1 
x. 
2 
=2]| — di 
Ê + E 6 
f 
cedi 
=> || +4] a 
сце 
1-4 т 
-2Ц 2 | Let IS 
2-4 4 
> ас = | - a dx 
2 
t 
=2-x 5 tan (5) + с 
(ме) 
= (ап (5 t+ 7 +c 
= ub tanx + бога + с 
305. We have, 
| vianx ax 
Put tanx = 2 
=  sechxdx = 2tdt 
> dx= 2d 
sec^x 
- 2t dt 
1 + tan?x 
- 214! 
Та 


Е | t-2tdt 
+1 


“| 2?а 
Гал 
1 [ (@-1)+ (Ê+ Ddt 


ЇТОРЛ 


rues 1)dt ее 114 
fad ГЕЯ 


ШУЫ ШЫ 


2.1 1 
жа DR 
г р 
EL [1+2] a 
-J——— + | — 
B 1 1} 
(+ lp -2 (-4| +2 
1 1 
1 (1+ 4)-2 1 1-1 
= log + tan ! tc 
242 (: + 1| + | 72 V2 
2 1 
| + 2) - V2 
_ 1 log Xx 
242 (“ + al + УЗ 
x 
(2-2 
+ 1. tan ! x +c 
V2 №, 
306. We have, 
| слапх - Ncotx) dx 
1 
= | | Мах – | а 
| | 5 Ntan x Ы 
tanx — 1 
= == | а. 
| | Ntanx | ^ 
Put ќапх = 2 
> зес?хах = 214 
> ах- ма 
sec^x 
2 2t dt 
1 + tan*x 
ла 


Ler 
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2 
5 ЕНЕС (+ 1)- 2 
Бал = V2 log 1 +c 
2123 2t dt АВВАЛ 
+1 d 
(Ncotx + Мапх) – V2 
= V2 log +c 
> І Е -1 | 27 (Ncotx + Мапх) + V2 
+1 309. Do yourself 
1 310. Do yourself 
l- р 4 4 2 
= | dt 311. | tanx + Vcotx) dx 
222441 
Ü-— 
Р - | (Ntanx + Vcotx + 2) ах 
1 tanx + 1 | 
E = === + 2] а 
| | Рр 4 Ц vtan x је 
= 1 
T 
(+t 229 att 
= 2x + || === а 
; Ц Чап x % 
1 
1 (4-4 – ој (51 ја Let tanx = 1 
ЗЭЭ т лү а іш. +1 B 
(+t) +42 => вес ах = 2tdt 
> dx= = gat 
1 (tanx + Ncotx) — V2 1-1 
= о +с 
22 (Меапх + Ncotx) + V2 i 1 
2 
307. Do yourself =2+2 | : -|а 
2 
г-- 
1 cotx — 1 
308. Ncotx — =] dx = Е ах P 
Ц Ncotx | vcotx 
' pis 
Let cotx = t t 
-25421| г-үт- |4 
—cosec^xdx = 21 (: zx 1) +2 
21 
ах = – dt _ 1 afl | L) 
1+f халин [5-2] + 
2, 2 1 2t 
E | | Е т) 7 1-0 dt = 2х + V2 ща [5 tan - cot.) + с 
2 
-2| Ї = Ч dt 312. We have, 
4 
t +1 
| ах — ѕес2х 5 
js Сїяпх + Jcotx)! ` слане + 1) 
І г а 
22 
ул 1 Put tanx = P 
Ü = sec? хах = 2tdt 
ph КА” 
р = | 4 
-2| 7154 (+1) 
(« + *) - 2 4 
t -- +С 
| (t+ 1) 
1 | т 1) - 2 4 
-2х log + с юэ АС 


3 
42 1.4 (Меапх + 1) 
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Integration by Parts 
313. We have, 
[ хе*ах Ех Геа - Ja -ё) dx 


= хе - е +c 


314. We have, 
| хяпхах =x І sinxdx - Ja — cosx)dx 
=> | sinxax + | совхах 


= –х cosx + sinx +c 


315. We have, 
12 sinx dx 
=x J япхах - Гох - cosx) dx 
= -xcosx + 2 | совхах 
= —х°созх + 2x J cosxdx — 2 Ja sinx) dx 
= -xcosx + 2xsinx + 2cosx + c 
316. We have, 


| ювхах = | @овх-1) dx 
= logx [4 - (2.5) ах 


= logx | dx - [1-4х 
=х 10 х-х+с 


317. We have, 
| повх) ах = | {dogx)?-1} ах 

= Оювху | dx - J (2ловх-4-х) dx 

= x(logxy - 2 | ювхах + с 

= x(logx? – 2 (xlogx – x) + c 
318. Ме һауе, 

Пово2 + 1) ах 
= бово? + 1)-1) ах 


= log (х2 + 1) Jax - == dex dx 
х + 1 


2 
= xlog( + 9-2 а 
x +1 


= ово? +) - 2 1- : Je 
14x 


= xlogG? + 1) - 2(x - tan! x) + с 


319. We have, 


| tan! xdx = | (tan! x- ах 


? ai! (9 far- f- 2 


ах 


+ 


= tan? (x) = 5 log 1 + ха + с 


320. Ме һауе, 
ЕЕ 
cos | | ах 
1 + 22 
= | блаа х) ах 
=2 | гааг” хах 
- o [ans Гв Ц 1 53] 2 
1+х 
2 1 2х 
= 2|xtan!x - = | LE 
| 2 ] 14x 
= 2(xtan х = 5 log 02 + i) T 
321. We have, 
Ге ах 
Let х= 
> dx=2tdt 
= 2] teat 
= 214 edt- | a-e) ај 
=2ае – е!) + с 
= 2 (хе – e") + с 
322. Ме һауе, 
ГЕ + n] di 
1+ cosx 


slete 2 ээд 


1+ cosx 1+ cosx 


2со8 (7) 2cos (5 


= 51 xsec?(3) dx + ЕСЕ ах 


ШЕШЕЙ 
ЖЕТЕН 
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- [Sel] ана) 
+ ШЕ | ds 
= 5[2xtan(5 ІР ЕСЕ | dx + J tan (5) Het 


= мал (5 | +c 


323. We have, 


шг! a dx 
1+х 


Let x = cos0 


=> Ах = -чпбад 

тх АИТ = cose) А 

2 2 

= – tan! мн 2sin (6/2) ) sin 040 

2 сов? (0/2) 
= апт (ма) sin 040 
= -i [ 08ш 040 

1 " 

eem [ө | sineae – fa - cos 0) ад 
= -jI-6cos8 + sin] + с 
= 519со56 - sin@] + с 


= 3 хсов x - V1 _ 2] + с 


324. We have, 
sin! Vx — cos | vx 


i Г ах 
sin Nx — cos АХ 


sin! Vx — (5 - sin”! vx] 
= | i dx 


2 
(2віш “ж - 5) ах 


==] 
= 2 | sin "uds - | ax 


Let x = $120 
=> dx= sin28 dð 
= 4 | яаг (sin 6) sin20 40 - x + с 


= = [0 5120 ад - x + c 


== [0] 92640 ІШ £2828) a6) хэс 
= = [o [29 ад + 1 | сог20 ав] -х+с 
_ 4 [(—0cos20 1. 
=F || 2 | + 19020 X+C 
41 1 
=4|- 5(90- 2sin? Ө) + 5 sin Bcos 6 -х+с 
=4|- l(sin!x(1 - 232) + 151 | T 
T 2 2 
325. We have, 
2 
-------- dx 
(xsinx + cosx) 
= | а он хсовх 
= - хзесхах 
xsinx + cosx 
хсовх 


= хвесх |с ае 
XSInX + cosx 


Ц (зесх + шашны 


xsinx + cosx 


хвесх 
Ee + secxdx + с 
Х5ШХ + COSX 


хвесх 
= ——— + loglsecx + tanxl + с 
xsinx + cosx 


326. We have, 
| хап! х 
(1 + EX 
Let x = tan@ 
= dx = 25ес2040 
tan ба tan! (tan Ө 
aj ап ба = (tan ) sec^040 
sec Ө 
= | ocos 040 
= 0 І cos 040 -fä .sin 0) dO 
= 0510 0 + cosO + c 
= 2 stan! x + ! +c 
М +? ү1- 22 
327. We have, 


Js (4 ex 


Put x = atan? 
= dx = Хагапб вес 040 


2 
= J a ИТ Өвес 0 40 
а + а јап Ө 
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= 2a sin! (sin 0) tan Өвөс 040 


= га Jotane ѕес20 40 


Let tan@=t 
= sec’6d0 = dt 


= га | ttan! tdt 


2 

21 1 t 
tan t | tdt — | ја] 

! ! 1+2/2 


2 

F | : | | 
= 2а tan f 1 dt 

Ё zl ї+? 


= а [> (ап !1 – 1 + tan ! А +c 


= 2а 


= а[( + Dtan!r- t] + с 
= a[(tan?0 + 1)0 – tan0] + с 
= а [(5 + ІС - ү] +с 
328. Тһе given integral is 
Лока «дах 


dx 


= log(1 jac - | 


= xlog(1 +9- [1 1 | 


ПА 
= xlog(1 + x) - (x - loglx + 1 + c 
329. The given integral is 
ЇЕ - sinx 
1- cosx 
= І хах І sinx 


1 — cosx 


1 – cosx 


Б | хах Г 2 sin (x/2) cos (x/2) 
2 sin? (x/2) 2 sin? (x/2) dx 


= 5 J xcosec®(x/2) ах - J cot($) ax 

= = | ] созес? хуйх + 2Jeot(x/2) dx] 
-| cot(x/2)dx + с 

= > (-2xeot(x/2)) + | cot (x/2)dx 


-f cot(x/2)dx + с 
= —cot(x/2) + c 


330. Тһе given integral is 
J sin Vx dx 


Let х= Р? 
dx = 2tdt 
= 2ftsint dt 


= alef sintdt + Јога + с| 

= 2[-tcost + sint] + c 

= 2[-Xx cosvx + sinvx] + c 
331. The given integral is 


Jxlog( + хуйх 


1 x 
= log(1 + x) [ха о 
2 2 
х 1 [07 – 1) + 1 
Xid 
7 legt + x) 2 1) ах 
2 
23. 1 1 
= Flog (1 + x) ale БЭЭ 


2 2 
= “log. вах Лови + D dd 


332. The given integral is 
І (sin! x) dx 


ESI 
= (sin)? | ах – [Z ax 
2 
— Xx 
ag 
v, sex. XSN x 
= x(sin" x? – 2 [3880 ay 
VI -x 


x(sin "x? — 2] Ө зїп ӨаӨ, Letsin'x = Ө 
X 


1-22 


ах = 10 


= x (sin! 3)? – 2] ӨзїпӨ4Ө 

= x (sin! x – 2[0sin0d0 + 0cos даб] + c 
= x(sin! x – 2[-0cos 040 + cos 0] 
x(sin! x)? — 2[-N1 — ха sin! x + x] + c 


x(sin | x)? 32131 - x sin! x - x] + c 
333. The given integral is 


ГЕ - sinx 

1 – cosx 
т | 1 sep | оло 
у ene), 
5 25? (5) 2si (7) à 
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= 1 хөө ув - оо 
= 5 |] cosec?(5) dx Ч 2со(5)|4| 
ЖЕЛЕГІ 


= З|Х(-26042) + J (2000(3))ax 


=| cot(5) dx +c 


х 
= -хсо(3| +C 
334. The given integral is 


IE sin?xdx 


3 
- x [sins dx — ПЕ а cosx}ax 
= [e cosx) І сов х совх dy 
Е 3 3 


+ sinx + c 


335. The given integral is 
sec2x - 1 
Е + ІШ 
1- cos2x 
= а 
= Ја (SE + x] * 
- вал? хах 
= | х(зес?х — 1) ж 
= [хзес?хах - Jax 
= х [вес?хах - J апхах -х+с 


= xtanx — loglsecxl - x + c 


336. The given integral is 
Js 23 за 
1+ х 


= І (2 tan! x) dx 


= 2 | tan ах 


= 2 


tan !x Jax - І 5: el 


1+х 


= 2|xtan х -  logli + l| tc 


337. The given integral is 


] zd 7 E 


за 


= [tano dx 


= 2 | tan! хах 

= 2 | ап х fax - І x zd 
1+х 

= 2|xtan lx — 21011 + ll tc 


338. The given integral is 
з 1,12 
ЇЕ sin (x^) dx 


Let sin! (х2) = t 


1-х 
р (2xsin! 02) x x 
1-х 
=» 
If. 
= — | tsintdt 
51 sin 


dx 


1-х 


= ju Бага + | costat] +c 


= is fees + sint] + с 


= sin! (—x°) V1 х* +2] + с 


339. The given integral is 
І зесх(2 + весх) 


(1 + 25есх)? 


= 2cosx + 1 dx 


(cosx + ay 


a fas + 2) + sinx 


dx = dt 


dx + с 


(cosx + 2)“ 
COS X sinx 
ен 
(cosx + 54 (cosx + 2)? 
1 sinx 
= —— [eosdx - | 
(cosx + 2) J |=. +2)? 
j І sinx : 
(созх + 2) 
-snx ү 
cosx + 2 


340. The given integral is 


1-х 4 


даа 


(1+е)—(х+е) 
(е + x) 
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- |2, + е) 12 


(e +x) 


= оре + xl-xt+c 


341. Ме һауе, 


ГЕсбіпх + cosx)dx 
We know that, 


Гето) + fdr = е foo + c 
Неге, f(x) = sinx > f'(x) = cosx 
Thus, 
ГЕвіпх + cosx)dx = e'sinx + c 
342. We have, 


J xe -dx 
(x + 1) 


= 
(x + 1) 


ЈА 1 | 
= је - ах 
(x-1? x*1 


Е xf | 1 
= Je [o -—JL 


343. We have, 


jeg + «> 
1+ cos2x 


= |е | sin2x 
1- тэг 1+ cos2x 
= | xf 2 2 sin xcos x 
= је 5 > а. 
2008 х 2cos^x 


= Je (sec?x + tanx)dx 


5 | (апх + sec? x) dx 


= е'фапх + с 
344. We have, 
3 
je 1+х ее dx 

(1 + x^ 
| ЈЕ +x гы 

= | e*| ————— |dx 

аху? 


Х 
- 4. 
-Їе T gy зул" (1+ =a T 


ја 


= Је К + | ах 
B (+ ey? а + y? 


о ex 
"mm 22 
345. We have, 
2 
| ШТІ 
(x + 1) 


Js e[ 1 -1 dL 
(x + 1) 

Је (х – 2s 

(x + 1 


-| УГ) 2 
= |е + ах 
+1) (+ 17 
Ші. 
ЕТЕРІН ШЕ 
346. The given integral is 


ЖӘИЕ) 


347. Тһе given integral is 


ae us 


= e [Ene 


(х + 1) 
x 1 1 

= а 

къ ET | 


| 55-32 
(х + 1) 
348. The given integral is 


Їс шах, 


1 – cosx 
= sinx 
= Је "em — cosx 1- ja 
| 1 2 sin (x/2) cos (x/2) 
= је 
2 sin? (x/2) 2 sin? (x/2) 


= fe ib cosec? (x/2) — cot (x/2) dx 
= | (соц) + (- 1 совес“ 22) ах 
= -e'cot(7) +c 


349. The given integral is 


је 
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jetz + onl 
1 + cos2x 


= |е Ч sin2x | 
1+ SUE 1 + cos2x 
- |е “52 Бэ) 
2сов х 2cos?x 


- Гесбесх + tanx)dx 
= | ё“аапх + зес?х) dx 


= ехапх + с 


350. The given integral is 


је ја x - fe (ән 


(x + 1)? (x + 1)? 
Ted) 2 

- d 

ale “ р" D (ха 71 й 


сда) 
ео] 


351. Тһе given integral is 


logx 
РЕЙХ 
(1 + logx) 


t 
=Í БЕ dt Let logx = t 
(t4 1) 5 
> d=- 
logx 
t+ 1) - Пе! 
[@ +1) Ue y 
(t + 1) 
= је 1 + 1 dt 
+1 (t+ D? 
е 
= + с 
1-1 


= + 
logx + 1 C 


352. The given integral is 
fe “(вх + ак = =e logx + с 
353. The given integral is 
era 
= = je (егі 


(х + 1)Ў 
| 


л 
(x + 1) (х + 1)? 


е* 


= +с 
(x + 1 


354. The given integral is 


1 1 
= d 
] | logx  (logxy | 3 


= Jet - BL Let t = logx 
ГА 
Ту; 
elosx 
-5с 
1 
х 
= tc 
logx 


355. The given integral is 


2: 
2b Eats a 


(Id 


1 | -2х | dx 
(9 |а+х) 
е 


= tc 
(1 + 22) 


356. The given integral is 


[к=з 
1+х 


— 
X 


(x + 1) 
1 m 
(x + 1)? 
2(x - 1) 
d 
(х + 1)? a 
7 x-1| 2@-1) 
xd 1 "IL 


и 2а+1-2) 
а 
i (x + 1) је 
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= fe e(z -3 x 
х+1 
357. Тһе given integral is 


jel xX + HZ 


(1+ х) 


= “= ja 
(х + 1)? 


-[ё| = p је 


(х + 12 (х + 1) 


Б -МЇБ + ie (1 Le 


т 
= е |—— | + с 
х+1 
358. Тһе given integral is 
[e + D-NI-x oe 
(x + 1)? 11-32 
Let cos 


dx 


VI – х2 


л ГЕ 1+ cost + чы dt 
(1 + cost) 


хэ 


> = —dt 


sint 
2 1 
(1 + cosf) | 


Е t 1 
i E + cosf) Ы 


С 
1+ cost 


—1 
cos x 
e 


1+х 


359. We have, 
Је Оѕес2х - 1)tanxdx 
= Jee sec?xtanx — (апх) ах 
= | e (вест — tanx) + (2 ѕес2х tanx — ѕес2х)] ах 
= [е^ (вес?х —tanx) + с 
360. We have, 
| “Пов(весх + tanx) + зесх) ах 


= € log(secx + tanx) + c 
361. We have, 
1 32 od 
Je [res X ых dx 


соѕ2х 


= Je xcosx — secxtanx) dx 


362. | 


- Je" p соха: 
COS^X 
Let sinx = t 
=>  cosxdx = dt 
= (е esu t- т) 


ТО + Т - 


ЕШ + 


1 t 
Эг ава)“ 


1 
+ с 
= 


(x + secx) + с 


езіпх 


е м + m 
х 


363. Два) + | а 
(ова) 


= Јо) й, Let г = logx 
t 
=> dt иг 
logx 
M. 1) 1,1 
= је (о:-1 Hs) dt 


Є|(ювг = 1) +с 


х| өвйөвэд - 5- +c 
оёх 


JU aa y eee 
= " € а + 2) dx 
= је x 
ер ТЕРІ 


365. | 


% х + 1-2x d 
(1+ ху? (1+ EZ > 


| 1 X 
=e + 


+c 
Ү + х2 тше) 


МПХ(хсов х — sinx) 4 


соѕ2х 


= Je (хсоѕх — secxtanx) dx 
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Let sinx =1 


=> cosxdx = dt 


dt dt 


x 28550088 с 
КӨРЕ t 
= [е [jn м-р 


t 


= |е іп + 1 1 
М Е a 


= ДЕЗ f= 


=e 


1 
+c 
qi =] 
sinx (y — secx) + с 
366. We have, 


Ї 2 Jas 


+1) 


fe (4 +) + 02 SIM 
dx 
(2 + 1y 


(х2 + 1)? 


ее 
(ат (2 + 1) 


Н 1—х° А -2х 
2+1? (2-1) 
= Је X + 1 + с 
2-1 (2-1) 

xf x +1 
=e +c 

f + Ч 

367. ХҮе һауе, 


3x 


Је sinx + соѕх) ах = e™ sinx + с 


368. We have, 
е (зес?х + 2tanx)dx 
= Je? 2tanx + sec^x) dx 


= е 2tanx + с 


369. We have, 
ax(2sin4x — 4) 
fe | 1 - cos4x ud 
= | Ч 2sin4x 2 | 
= је ах 
1- cos4x 1 – cos4x 


- py? | a 


2 2 2 
epe + 1) + 02 + Dco 


j^ 


= fe ес 4 27 


28122 2віп 2х 


= Je*(2cot2x + (-2совес 2х)) dx 


=e cot2x + c 


370. We have, 
ГЕч-віпх + 2cosx)dx 
= | ёЧ2совх + (-sinx)]dx 


= e*2cosx + с 


371. Ме һауе, 
je + sno ) dy 
1+ cos2x 


1+ sin2x 
= fe | а 
1+ cos2x 


= fe il sin2x | 
+ x 
1+ шэг 1+ cos2x 
= fe | Р о, 
1 + 2cosx 2cos x 


- Тең зесјх + tanx) dx 
-ie (sec? x + 2tanx)dx 


= 5 је“ (2tanx + ѕес2х) ах 


Ж e" 2tanx 
2. 
372. We have, 
І ЫН - Мах 
: 1 + cosx л 
E -i cos(x/2) — sin (x/2) 
746 | сов (х/2) је 
-ЄЦ 1 (2) ыы) 
2 2) 2 2, 2 
са 
= Je-2sec(2) + с 
373. Ме һауе, 


Jen х log(secx + tanx) + secx] ах 


= e?" (log(secx + tanx)) + с 
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374. We have, 
| etsin3xdx 
= —“— (I:sin3x – 3cos3x) + с 
1? 43? 
= 10 (sin 3x -3со83х) + с 
375. Ме һауе, 
Ге cos3xdx 
e* 
= > (4сов3х + 3sin3x) + С 
47 + 3 
e* 
= 55 ( 0083 + 3sin3x) + С 
376. Ме һауе, 
Ге ѕіп З хах 
SO ЕЕ. 
=—— - + 
zum 9) sin3 x cos3x) + c 
ез 
= 13 29113 - 3cos3x) + c 
277. ХҮе һауе, 
је“ совхах 
е“ : 
= —— (-cosx + sinx) + c 
(1+1) 
ех : 
= “2 C eos + sinx) + С 
378. We have, 
ГЕ? соз(3х + 4)ах 
2x 
= NT D [2 сов (Зх + 4) + ѕіп(3х + 4] + с 
379. We have, 
J е“ сов х dx 
Ж 5 [осо dx 
5 5 [а + cos2x)dx 
= 5 ке + с соз2 да 
= He Ж ойе а а) Ее 
NC. 5 
380. We have, 
J Ein dogs) dx 
E 


381. 


382. 


383. 


384. 


385. 


386. 


= Je sintdt, Let t= logx 
"E 
n 


fe” sin tdt 
e 
- cs СЕ - cost) “с 


-21 
е : 
= E (-2sint + cost) + с 


-2logx 
= & = [2sin(logx) + cos(logx)] + c 
= - [2sin(logx) + cos(logx)] + с 
Х 
We have, 
| \4— dx = 234 - х? + sin (2) + с 
2 2 2 
=5 фи + 2ві (7) + с 
We have, 


[Vi = 92 ах = КБ -2 dx 
| s | 
EE 2 9 «| x 
—9519 775 5 Es] йн 
ар Il 2 SEE E xs 
ЕЕ! dit (25) + 
We have, 


[№2 + 1 4х = 5" +1+ Тој | + үх + 1| +c 
We have, 


[Үз + ax 
= Уз] дәт 


= JE 


We have, 


[№2 - 9 ax 
=5 02 – 9 - овј + (2-9| + с 


кеі 


We have, 


М2 — тах 
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= (f-t ов x+y- i 


EE 


387. We have, 
Jab? + 2x + 3 ах 
= [ө + 2 + 1) 42 ах 
= | Мо: + + СУ ax 
= пор |(х + D + МЕ + 2x43] + с 
388. Ме һауе, 
[КЕ -4х-х dx 
= | -02 + ах — а 
= ©? + 2° – 7) ах 
= [47 – с: + 2) ах 
-2D бас + sin! [+2] +5 
2 2 4T 
387. We have, 
[VE + 2x Зах 
= [Væ + 12 + (27 ах 
=(= WWF +2х +3 
Е 1) + (2 + 2х + 3| + с 
388. We have, 
КЕ -4х-хах 


= [Ce + ас – 3) dx 
= [te + 27-7} dx 


=|\7-@ +2 
ae +e 
2 2 47 
389. We have, 
| ах - x ах 


= о? – ад ах 


= | —{(x – a)? – a?) dx 


=| d (x — а)? dx 


" 979 na - ъа 


sin (54) + с 
390. We have, 
| бах + 22 dx 
= уо + a? – d ах 
dE IUE 
+ gl + а) + Ve + 2ах| + с 


391. We have, 


Ја 
= Ја] 
= ja 

- LEY га, 


ANGEL 
-112-8 + zz Sin (47) + с 


(2x E 


2 
-4| (x-3) dx 


4(2 lY а 
ea 


) 
Let (2 - 1] =! 
et |2x 1 


= 2dx = а 


392. We have, 
Јох + DVE + зх + 4 dx 
= | (Ох + 3) – 2) Ve + 3x + 4 ах 
= | (Ох +3) МЕ + 3x + дах 
-2 [Чё + 3x + 4 dx 


Let х2 + 3х + 4 = 2 
— (2x + 3)dx = 2tdt 


= [aora - 21542) +(4– ie 
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= 2| Pat - 218 + 5} + (“1 ах 
Aedes 
+ 1 log (x+ В+ areal) ee 


= 2 (х2 + 3x + 4) 
ape 


[x+3 3) + Ма +3х 4 | +c 


ae +3x+4 


7 
+1 
2-98 


392. We have, 


Јох + 1)% + зх + дах 
= | Qx +3- DVE «3x + dx 
= |Ох + 3) 2 + 3x + 4dr- 2 | + 3x + 4 dx 


Let х2 + 3х +4= Ё 
=> (2x + 3)dx = 2tdt 


= 22 а-2 [\(х+ ә] + ЕЕ 
шигээ Ци ла 
(x+ КАТЕР |Б 


-| ов 


393. We have, 
Jo -5) V + x dx 
= 5 | Ох - 105 + x ax 
== [ох + D-11) W +x dx 


== ЈОх+ у ха 


and then you до. 


394. We have, 
J Эх - 28 +x +14Х 
-3f[s- jt exea 


-if(x-3 +х+1@& 


| +$) - e +x+ ldx 
+$) - we +х+1 ах 


ЕТЕНЕ 


and then you do. 


395. We have, 
[ах nV -x-2dx 
= 2 (2х + 5] Ve —-x-2dx 
-2 (ох 0+5] 2 х—24@х 
-2Дох 1) +3)Ve xcu di 


* зе 


and then you do it. 


396. We have, 
xvi e х2 а 
2 5 [Ooi +x- adx 
= -i [OVI + х —2 ах 
= - | (-2х) -DV ex - ах 
? -2| (1 — 2x) NT х-х dx 


I (еј 


Partial Fractions 


and then you do it. 


397. We have, 
| (2х + 1)dx 
(x + 2)(x + 3) 

(2x + 1) NE B 
=? СОЭ. G+) Q43) 

(х+1) _A@ +2) + BE +3) 
= тај оа) 
> 2х+1 =А(х + 3) + В(х + 2) 
When =-2,А=-4+1=-3 
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and x=-3,B=-6+1=-5 
(2х + Пах 
Th a 
ix = 
Ш ах ах 
=з x+2 2 x+3 
= -3 loglx + 21-5 loglx + 3l + c 


398. We have, 
І ах 
(х – 1(х – 2) 


Нн 


= loglx - 21 - 


La 


x-1 


loglx - ll + c 


= log 


=] 
С 
-1 


399. We have, 


| ах 
(x + DG + 2)(х + 3) 


_1[ 0+3) – (х + 1)) 
Е (x + DG + 2)(х + 3) 


-5] 4 
724 (х+1))х+2) 2° (х + 2)(х + 3) 


1fí 1 1 1 1 1 
Д5 age 21-53 хэ 


-= Lio x+1 lio ++, 
Ca Bex] 2 °°[х+3 
- lio ЕЗЛЕРІ 
72 9 Ы 2132 
400. We have, 


| ах 
(x + DG + D(x + 3)(х + 4) 


_ Lf ((х + 4) – (x + D)dx 
E (x + DG + 2)(х + 3)(x + 4) 


=i] dx 
~ 3% + DG + 2)(x + 3) 


Ej dx 
3* (x + D(G + 2)(х + 3) 


1 f(x-4-G-c-2)dx 
(x + 2)(x + 3)(x + 4) 


X 2 k је 
+k"! TE | +k"! (ха +)" ‘ 
= 1 І ах 1 | ах 


(x + 2)(x + 3) (x + 3)(x + 4) 


EI dx Lj x 
6° (x*2)(x-3) 6“(х-1(х-02) 


d БЕЛЕ 
х+3 /\х+ 3 


76 


log 


401. We have, 


І х-1 
Gp DEA 


(1-2. 
(x + DG 2) EL 


2 
=“ ЇЕ: Doo 


1 1 
65 ae 


- 61055 — 21 + 6loglx + И+с 


does 
= loglx – 21 
= 6loglx + П - 5loglx - 21 + с 


402. We have, 


І 2х-1 
(«- 1) (х + 2) (х – a 


Now (2x – 1) 
(x — 1)(х + 2) - 3) 
A % В Ч С 
(x-1) (5-2) (3-3) 
(2x – )-А(х-2)(х-3) 
+B(x — I(x - 3) + С(х- 1) (х + 2) 
When x=1, then A - -1/6 
= –2, then B --1/3 
and х= 3, then С = 1/2 


Thus, the given integral reduces to 


1 ах 1 ах 1 ах 
+ + 


(x - 1) (x42) (x +3) 
= —1 loglx — 11 + Å loglx + 2 Пон + 3l + c 
6 3 2 
403. We have, 


3 


X 
PE cs 


3 
X 


MÁS 
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= 7x – 6 

-Їр кс (Ы 
7х-6 

-Ї : S oem 


а 7х – 6 
= то и 


7x — 6 A B 


N = 
Ч из Quel (632) 
(Ix — 6) = A(x — 2) + B(x - 1) 
When x = 1, then A = -1 
and x = 2, then B= 8 


Thus, the given integral reduces to 


x | -1 8 
Е — 3x} + Nosy = + Ges 72) ах 


2 
-E 3x] logl(x — Dl + 8loglx - 21 + с 


404. We have, 
| : 2х : 4% 
(х + DG + 2) 
Let м =t 
= 2xdx= dt 
Thus, the given integral reduces to 


dt 
2| (t + 1)(t + 2) 


Ш 1 Ш 1 
-2ЇЇ 4 a) 


(t + 1) 


= 21 
98 a 2) 


|+ 


(х2 + 1) 


(2 + 2) 


= 2108 


405. We have, 


cos@ 
d 
|5 + $110) (3 + sin@) : 


Let 810 = t 
=  cos0dO = dt 


Thus, the given integral reduces to 


| dt 
(t + 2)(t + 3) 


ЕК ӘМ 
- 1 TE 


= log + 2 tc 
1+3 
= sin@ + 2 А 
810 + 3 
406. We have, 
(1- cosx) 


------------- dx 
cosx(1 + совх) 


Е ЈЕ + cosx — 2cosx) 


cosx(1 + совх) 


= ах | ах 
cosx (1 + cosx) 
= [зесхах -2 Je 
ѕіп2х 


= [secxax-2 fa —cosec? x — соѕесхсоѕіх) dx 
= loglsecx + tanxl —2(cosecx — costx) + c 
407. We have, 
| ах 
sinx — sin2x 


x dx 


sinx — 2sinxcosx 


= | м ___ 

510 Х (1 — 2cosx) 
sin x dx 

біп ( 1- 2cosx) 


sinx dx 
(1 — cos?x) (1 - 2cosx) 


- | 4 


а – ба – 25 


where cosx = t 


| dt 
(:-1)(:- 1)(24-1) 


BN. Sum ч DQr- 1) 
A B с 
1-10 041) (2—1) 
-І-А(і-1)(21-1)-В(1- 1) (21- 1) 
pete) 
Put 1-1, then A = -1/2 
t = —], then B = 1/10 
t =1/2, then C = 4/3 
The given integral reduces to 
lf dt " 1 4 4 dt 
2*(t-1) 10-1+1 3 + (21-1) 
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Sa logit 


1 
5 п + yg logit + 1 


+$ logit — И + c 


- -i loglcosx — П + 1 loglcosx + 11 


+$ logl2cosx – 1 + c 


408. We have, 


І ах 


(x + 1)(х + 1) 
1 А В С 


Now, = + 
(x+D(x-1% +1) 0-1 (-1y 
1 
ч Е 
(x + 1) (х – D 
__А(х– 1) + BO? - 1) + С(х-1) 
(х + 1) (х – 1)? 
> 1 = А(х – 1) + ВОЗ – 1) + С(х + 1) 
When х= -1, А = 14 
х= 1, С= 102 
апа х= 0,А- В+ С = 1 
> В = 3/4 -1=-1/4 
Thus, me 
(х + D(x 1) 
_ 1 ах 1 ах 73 Lf dx 
BO ae Ly pvo Т) em djs 
= 1 ішік 1 1 logh Т mE phe 
409. We have, 
| 2х + 1 
(x + 2)(х – 3) 
2х + 1 
(x + 2)(х – 3) 
А В С 


“(042) 0-3) 3) 
2x + 1 
(x + 2)(x – 3)? 
_ A(x - 3? + BG? - 9) + C(x + 2) 
(х + 2)(х – 3) 


= 2x + 1 2A(x - 3? + Вог — 9) + С(х+ 2) 


415. 


416. 


When х=-2, A=-3 

Put x=3, С= 7/5 

апа х= 0, 9А – 6В + 2С = 1 
> 6B = 14/5 – 27-1 

> В =-21/5 

Thus, 2x + 1 


(x + 2)x – 3 


5 ах 21 | ах 7 ах 
5-91; 52 51125451 


зу 

= -3loglx + 2l ы loglx — 3l Е 
We have, 

(2x + 3)dx 

(x + DG + 4) 
N (2x + 3) A Вх + С 
OW, = 

(х + 02 +4 (51) (244) 
> 2x + 3 = АП2 + 4) + Bx(x + D + С(х + 1) 
When x=-l,A = 15 
and х-0,4А-С-3 
> С=3-4А=З- 4/5 = 11/5 
Also x=1,54+2B+2C=5 
> 28-5-5А-2С-5-1-22/5 = –2/5 
> В--1/5 

2x + 3)d 
ie (ee 

(x + DG + 4) 
1 ах 1 хах П ах 
= + 
57х-1 эг ЕРТ 


= 58 45:12: 1 PEU ian (0) P6 


We have, 

(3x - 2) dx 

(x - Do? + 9) 
= (3x – 2) A Вх + С 
OW. = 

(х- 0+9 0-1 (249) 
> (3х-2)-А(2-9)%Вх(х-1)% С(х-1) 
When x=1,A = 1/10 
and x=0,9A-C=-2 
=> С=2+9А = 2 +9/10 = 29/10 
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417. 


418. 


419. 
420. 


Also х= –1, 10А + 28 – 2 С = –5 
= 2B = 2С – 10А – 5 = 29/5 -1-5 
= 2В = –1/5 
= В = -1/10 
-2 
тив, | 0:-26 
(x – Па? + 9) 
Z 1 dx 1 xdx + 29 ах 
10“х-1 10°49 10°49 
= Б loglx — 1l L logie + 9| 
29. үх 
——t сац 
gun (3) + с 
We have, 
| 2x - 1 
— ИА 
(x + 1)(х + 2) 
2х – 1 А Вх + С 
Now, = 
&+102+2) @+0 (242) 
Qx- 1) =A + 2)  Bx(x 1) + C(x + 1) 
When x =-1, then A =-1 
х= 0, then С= 1 
апа х= 1, Шеп В = 1 


Thus, the given integral reduces to 


dx J+ a 
(x + 1) 2-4 55 242) 


1 2 1 -1/ Xx 
= —loglx + П + =loglx” + 21 + —tan |—|+ с 
5 225 2 | | 


| X 
Gy pay 


Вх + С 
(х2 + 4) 


м, | x A A 
(х + ђ02 +4) +1) 


x = AQ? + 4) + Bx(x + 1) + C(x + 1) 


Ге x =-1, then A = -1/5 
х= 0, then С = 4/5 
апа х= 1, then B = 1/5 
Thus, the given integral reduces to 
1 dx gd 21-02 y4 AE dx 
(x + p x + & 244 


-i logl(x + DI + 510552 +4 + Sun (5) Ag 


Do yourself 
Do yourself 


421. 


426. 


427. 


We have, 


i 


0 
(02 – Do? + 1) i 


Put БЯ: 
t A 
N £ 
°“% Ее = D+ Bd) 
қ AG D + Ви 1) 
= @-he+l)  @_ да) 
ЭН puo d AS BERD) 
Put [=1,А=1/2 
Put [=—1,А=-—1/2 
2 
Те, je 
(х2 – Do? + 1) 
df dx If ах 
J 212 +1 
= Lig = - jun (х) +с 
4 x+ | 
We have, 


[е + 3)02 + 1) 
ЕД 
(2 - DG? + 2) 


Put 2-і 
ik (t+ 3+0 Р+4+с 
us, = 
(-1(1%2) 2-г:-2 
- (1+ ze (15 BR Ss 
pop» (t + 1)(t — 2) 
Now, -3t + 5 = A B 


ЕЕ сре | сре 


= (-3t + 5) = A(t — 2) + ВИ — 1) 
When t= 1, then A = —2 
and t = 2, then В = -1 


Therefore, the given integral reduces to 


dx dx 
Іш е 55 
= х ю | І log — 2 + с 
Х+11 22 х+7М2 
We have, 
jS + Do кор, 
(х2 + 3)02 225 
Put x2t 
(:%1)152) Р+3+2 


(2+ 31:54) Р+и+р 
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12 4t+ 10 J-(i- 4t + 10 Thus, [+ 2 2 Ja 
£3 342 (т 3) + 4) (2 +2) (2+4) 
; 41 + 10 А В ET ATE 
А 5 = = |; 42% EON C (2) 
BE ТЕЙТ ЕТЕШ ТЕ; (r+ an Ср) аг (:) + с 
= 2 2 
(4t + 10) = A(t + 4) + Ви + 3) Ет үші) J Зап |] = 
When t= —4, then B = 6 42 
and t 2-3, then A = -2 428. Do yourself. 


HINTS AND SOLUTIONS 


Lever (A 


- 5 (see x-tan.x + loglsecx + tanxl) + c 
1. We have, 


> 21 = sec? xtanx 


Гах “ёс x dx 1 
-2 (secxtanx + loglsecx + tanxl) + с 


Let tanx=t 


1 3 
=> бес2хах = dt = 1 = 2 (бес xtanx) 
A 
= IL dt ВИ + loglsecx + tanxl) + с 
р : 
=—+с 
5 4. | гал? xsectxdx = аа х + tan? x) sec? xdx 
5 
- (tanx) Let tanx = t 
5 


=  secxdx = dt 
2. Let I = [sec xax | 201 24 
= |1 +t t 
= Jsec?x- sec x dx 
= [e^ + ба 
= зесх [sec xax - | (sec.x- tanc) tan xd 


E 
j =|—+—]+c 
= secx- tanx — | весх-їап x) dx 5 3 
2 = tamx | tan"x 
= secx- tanx — | (secx (вес х= 1))ах = +з с 
= secx-tanx — [secs ax + [зесхах 5. | ап хѕесбхах 
= secx-tanx — I + loglsecx + tanxl + c = аха + tan? x)? sec? x dx 
=> 21 = secx-tanx + loglsecx + tanxl + с = Jea + 2)? dt, Let tanx = t 
1 
> 2 [ecx tanx + loglsecx + tanxl] + c = зес?хах = dt 
3. Let I = [se хах = [P+ 28 + ђа 
7 5,5 
ш ЕСІ sec? x dx Е [с +27 +f )dt 
: у қ B p fg 
- sec х | sec хах - Jo sec x-tanx)-tanxdx - Б + 3 t a +c 
= sec?x- tanx — з [sec? x(sec? x - 1) х _ Ев tan? х tan’) 
240% 3 4 


= sec’x-tanx — з [sec хах + 3 [sec хах 


3 6. J tani ssec? хах 
= sec x. tanx — 1 
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Jsectx- tan? хвес x- tanx dx 


Бес x (sec? х - ])secx-tanx dx 
Let secx = t 


=>  secx-tanxdx = dt 


7 5 
7. Бес“хах 
8. [sec xax 
9. We have, 
І cosec? x: cot? x dx 
Let cotx = t 
=> совес-хах = -dt 
= -[Рах 
В 
ш-- + с 
3 
(сох) 
=- с 
3 
10. Let Г = | сов xcosec? хх 


Let соѕесх = t 
=> -cosecx-cotxdx = dt 
=>  cosecx-cotxdx = -dt 


| соёх- cosec? x dx 
2 3 
cot^ x: cotx- cosec хах 


| совес х – 1). cosec? x (cosec х · cotx) dx 


E esee s же 
5 3 


| созес? хах 
2 
cosec x- cosec x dx 


совесх ['cosec^xdx 


== cot x) (- cosec x: со{х) dx 


—cosecx:cotx — | совес х - 1)совесхах 


—cosecx:cotx – I - [соѕес? xax + | созехах 


—cosecx-cotx — I + logleosecx — cotxl + c 


= 21 =-cosecxcotx + loglcosecx — cotxl + c 


1 1 
=> [= -усовесхсох + 2 log |совесх = cotxl + с 


12. | со хсовес хах 


= Joot?x(1 + cot) x) cosec? хах 
Let cotx= t 
= соѕес2хах = dt 


= - [га + да, 
= -fé + Па 


95. 


= -(соҒ + сор) + с 
5 
13. | гааг х: sect хах 


ах 


Ш ТЕ: 


tan? x 


ТЕ + tan? xy sec^x 
-1----т---х 
tan? х 


Ре 4f 
= [Hog tan. L К | + с 
tanx  4tan'x 
14. [сох cosec * хах 
3 
= | cot x di 
cosec x 
3 
2 (ЕС Хау 
sin” x 


а- sin’ x) COS X 
= ах 
sin? x 


1.100 Integral Calculus, 3D Geometry & Vector Booster 


Let t = cosx 


ee 


dt = —sinxdx 
1 1 
= || – —ја 
(5 >) 
= m 5 m) ке 
2 4 
= | 1 - 1 | Tc 
2simx  4sin^x 
15. [созес°хах 
16. Jcosec xax 
17. We have, 
J dx = | ах 
х + 1) “Х(41-37 
Put lt+x/=t 
>  -T'dx-dt 
dx 1 
— = -=<т 
х 7 
--1(ш 
еі 
= - орий ке 
= - Zlogll кус 
18. We have, 


dx 2 ах 
га + 7 x + 


Let 1+ х= f 


> 4х Зах = 4P dt 


= ~ =-Ра 


--Іре 


ш -far 


--ізс 
=- +$ +6 


19. |—= _ = | 


х(х +1) 


4 
2 ах 
x Q + 1) 


ЕЗ БЕСІ 
44-1) 


а М 
+ aie 


Let х=; 
A dx = dt 


t 


eis Alte 
4 958 үзі 

eis x +c 
Д5 
3 

ах = е = +c 
хобы1) 3 1+1 


21. | ах — = | ын 


207 +1) “(уе 
x 
1 7 
Let |1+— | 2t 
x! 
=> -L dx = Tdi 
X 
зу 88 
6 a 
ЕЕ 
6 
--і-с 
1\17 
--|1%-| +c 
(es) 
dx i zu 
2 1- 
= = ЈЕ 28 
Put E +3] =" 
ЈЕ 
= -Зас=з?а 
X 
— се 
X 
zc |648 
HET 
= -ftar 
2 
ш-- + с 
2 
1 1123 
= tc 
2 x 
23. We have, 
2 
І x > dx 
(x + 3) 
Let x+3=t 
=> dx=dt 
уш 
ae at 
: t 
-Ї — 6 + 9 


/ 0 
-|1-5 а 
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= (: - 6108-2) + с 


= (( + 3) - бо + 3I - +c 
24. We have, 
І хах 
(2х + 3) 
Let 2x+3=t 
=> 2dx=dt 
> dx= 12а 
2Х-3-1 
23-4 
> шиг 
al 
1 2 
ше t 
21 Ё a 
16-0 
16° Рё 


(27 =- 21t + е. xd ја 


Рр 


27 


£^ - 271514 + 9r - ар + с 


a 
uz +9 Да 
ill- 


where t = 2х + 3 


25. | — 


> ах=а 
py 
2| Ai 
Ї 
Jta 
3 
Ї 
4 4 
"yd 
_ 4 2 
mcd = gt 
4 2 
= logl(x – 2)! + 
| (%2) (х+2) 
26. à (ax + БУах 
Let ax -* b = 


1 (t — by 
= —| ——d 
a 2 


2 2 
1 ¢(t — 2bt + b 
| 5 а 


t 


= Lja - 2m + vita 
a 


Жү! | 
= к - 2blogltl — T + с 


2 
= EE b) – Лов (ах +) – нэ xe 
dx x 
27. = 
а + х?)? lon + х3)2 


where (о? +1l)=t 


р == 
sm 


and then use partial fractions. 


dt 
а = == 
= Е 
1-2 
d х=” 
an X 3 
(2) 
t 
ELS m с 
21 А+ 87 + 242 + 321 15 di 
243 E 
вена 
= L |É + 8r + 2410 йә 52 – Е 
243 5 22 
where 1 = (3x – 2) 
29. We have, 
| ах =f dx 
x x + 2y F(= + 2y 
Х 
Let (3x + 2) =! 
> (3+2) =: 
= -2 ax = di 
X 
dx dt 
> 2772 
Also, 2- 1-3 
1 1-3 
Баг 213 
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dope 3) 
= — —— dt 
~ 16 P 
3 
P -3P + 3t -27 
1 + ја 
16 P 
_ 1 3 3 27 
"^as E rta ӨШ 
_ 1 3 27 
= a 3 log Itl TE + 25] + с 
where, e= = 2) = t 
30. We have, 


Г: ЗОНЫ fae 


х (b+ ах)” ЫЕ + ах y 


р + ах 
ы (1368). 
s = 
> -D dx = di 
X 
dx dt 
— == 
x b 
1 t-a 
Also, De 
3 
t — 
PES M iz 
b 
3 2 2 3 
г — Зѓа + 3ta^ — 
2 bit a a а) т 
b В 
2 3 
= ЧД „с 32 
b ff Р 
2 3 
ZEE à а), 
b 2r 
where (a +2) =! 
І ах = | ах 
х^(х + 2)3 eps 
x+2 
Put ( = ) = 
> -2 dx = dt 
X 
ах di 
лы 2 
Also, 1+2=1 
2 


32. | 3 ах МЕТ, 


__1[_@ 
=й; 
1-1 


1 [(t— 1» 
= —— | —— dt 
16° p 
1 M 
= dt 
16 E 
NM 3.3 1 
^. 16 Ї = “ја 
_ 1 3 1 
== osn- 7 + =) + 


where 1 = (x + 2| 


х (а + bx) 


X 
> -Ф4- 
х 
ах dt 
> 2223 еее эң 
32 а 
Also, х--4- 
-b 
ad dt 
а а \32 
i-r] 
t- by 
A ( Ён 
4 2 
а Ї 


11((0-325-3:12-12 
1 Р 2 


1 Ta p? 
= --Ц -3 Да 
t 
ШЕШІП; 2 | 
= 5 == ЗЫ + 3b log 14 + UE кс 
where (2 ах) = і 
| ах 
xL +2)? 
І ах - аза 
х (а bx) x % 
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> x а 
7рьь 
uel 
a a 2g 
л 
1 (t БУ4 
Р 
2 2 
Р+2ы+Ь 
Lf t2bte b), 
2 
f 
_ Lif, 2b b m 
P173 T t t 
a t 
2 
-L(r + 20togit - ©} + е 
3 t 
a 
where t = 2 – 
ах 
35. = 
i m gen 
X 
Let (2:1) 
> Zza 
X 
Also, 2+1=1 
Et d. 
Te 
E dt 3 
тру 
t-2 
[04 
{Саз 
= | —— 


, Дин ним + 107 -Э 
3 
t 


= 22-82 + 30. 40 + 108 - да 
3 
= -16 + 50 + вови – 40 + 58 - Lec 
Р 
арг 
X 
36. We have, 


І ах 


(dy Q2 


-1 
Let (2 ЈЕ 
: Бес 
-2)-1(Х-1):1 
шэн) dx = dt 
(х – 2) 
> [а 
(х- 2) 
Айз; х= пай 
t- 
1 
2) = 
— dx ) эг 
Thus, | жэл 
(х— 1) (х – 2) 
- | ах 
(=) e-» 
Х 
--| xa- 
1 
pop 
28:55, 
t 
ФЕИ - Р-р 
3 dt 
БЖ 10 5 1 
--Д( -%%10--а 25:18 
3 РА 
ы 5-2: Sey 
= (5 5 + 10r - 1010811 – 7 EE 
where. =(=) 
, X2 
37. We have, 
dx =| ах 
Ма рх + 27 (-1У + 2)" 
- | ах 
х 1\34 » 
(525) e» 
-1 
Let = =t 
е x+2 
dx dt 
(x + 2) 
dt 
Thus, у ЕД 
Ши? 
= dt 
| 
1a дп) + с 
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ag. жас; 


Orr @= 2) 
dx 
ШЕН 


х-1 


Put (=) = 


х-1 


(х= 1):1- (х + 2)-1 
(х — 1)° 


dx = dt 


- 5 dx = dt 


__if_@ – 
$e 
(t — 1 dt 
E р 


1-32 +31- Dat 
34 2 


1 3-1 
xl 3+7 Br 


342 


| Ах а ах 


и ГЕ е | 
X 


Put (2 - >) = t and then you do it 


Х- 


| (x m 2) ИДЕК) 


Put (x — 3/x – 2) = 2 and then you do it. 


dx J dx 
41. | : : -| = 
«-2«-97 a-r) 
х-2 2 Я 
Рш | | = Г and then you do it. 
х-6 


ах ах 


42. = 
Е (x + D*(x + 3)6 Um + 1)” (х 


ах 


1 

Put (“+ 
p x+3 

43. We have, 


aj х ах 


х(2 + 3x°) х(2-3х) 


lf dt 
1372: «3 


" зуг? 


| = Р and then you do it. 


= -t овое + 3I + с 


1 2 


инж + с 
44. We have, 
J dx =i); 5х dx 
x(3 + 527) x + 5x) 
Let х = = 
> 5х ду = -5 
Р 
= EE dt 
(3t + 5) 
в 
= – ов |- + 5 tc 
45. | B ss 
x(2 + 3х) х(2+ 3х) 
Let х=л 
> хах = —dt 


-1 
Е 2125 37) 


11(1 3 
= —||—- 1 
ЈЕ ЖЕЛІ 
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al 


= 1 og In — 


logD + ЗИ) + с 


= 111] : ) + 
4| 512 + 3; 


„= 
4 2 + 3x7 


dx 


JJ) + 


-4Їл 3x? dx 


x(3 + 4х3) 


J 


dx 


x 33 + 4х3) 
Ге 


> 


-if d — 
3 rd 


=] Sean e 4rjat 


x =: 


3х2 dx = dt 


- 5 (logit -logl3 + 41) + с 


Еч) 

= —| log tc 

9 3 4 4t 

a | 
+c 

3 + 4х3 


х(2-5х 


ах 


E 3x! dx 
X = x) 
Let 


— 
21| а 
3* t(2 — 5t) 


.l[ 4 
35 t(5r — 2) 


= о Ё |+ 
6\ °°|5г—2 
3 


= Чье | 
6 5) -2 


х(1 - 4) 


=] Ax? dx 
4^ (> Ax*) 


_1 
17 – 4f) 


> ы 
211 


E 
4 B4 1 


4t — Зар! 


ЗЕЕ 


3x? dx = dt 


= tio x +c 

зас га 
en dx =] Ax ах 
х(3х* +1) х (3x^ + 1) 


50. We have, 


| Se 


teal 
4 


х? 


21| d — 
т 


11(1 3 
= —||[—- t 
41 x 


log| : +с 
5 ЕТІГІН 


> 
3x4 + 1 


- Dax 


Let 


Also, 


Thus, Із 


ах = 
Багын 2 


1 (0 2x 
= І БЕТТ 


ров) 
= 5 E 


= 
-if( 


t—2t41 


ја 
p 


2 =) 
-=+=|4 
l P 


= (lost +2- es] кс 


Х-ізі 


(2-1)-і 
> 2хах = dt 


Р 
1 2 2 1 
= |105 - Il + 
4 -1 Bor -1° 
51. We have, 
| x 2 4хах 
(2х2 + Зуах 4° о + 3) 


Let 22 + 3 =1 


= 4xdx = dt 


Thus 
221 

Lf 2 _ 1 [@- 3а 

4 © 64 E 
_ 1 (GC 120 + 547 - 108: + 81, 
7 64 E 
xd pii. 42.54. СЛОВ. BU 

64 Ёо a E an 
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el 12 27 36 81 
log lal + + +c 


MEE 4f 


1 
764 


where 2x7 + 32 t 


52. [== ах 


(x^ + 1) 
Let (2+1) = 7 
> 2х ах= а 
а (2х) dx 
Paty 
-1 (26:21) 
Га 


Ёл! 1 
allaa)” 
-3-28733| * < 
2\ 27 3P 


-1 1 + 1 + с 
2\ 202 +1)? 302+ 1) 


Let (32-3)-1 


> 2xdx = dt 


-15 (2x) dx 
- 3) 
1 P t 3)? dt 
ipto 
_1 j€ + 6t + 9)dt 
- 2 


- E 3 


3 
3 (12253) Ee 


e ilh 
(3x? - 2)" 


_ 1 (х2)? (бх) dx 
pucr 

т + 273 
1 (57) ai 
r TRN 


Ё 


Let 32-2 =: 


=> 6xdx = dt 


_ 1 (2) 4 
~ 162 E 


_ 1 [07 + 67 + 121 8)dt 
~ 162 n 


1 1,612, 8\ 
162°\ e p в 


ecl ши 2525-2142 
162 pet 


where = 332 - 2 


55. [— 


——————d 
2—2” 
24 А (6x) dx 


– 2) 
4 

К) а 
-.4[5 2 7 25 бра 
=з] Е Let 302-2 = 

= бхах = dt 

_ (t+ 2) dt 

243 E 
_ 4 [[f + 8P + 247 + 321 + 16 4 
7 243 E 

4 8 24 32 , 16 
Е 1+— + + dt 

243 | l f f ui 

4 [Ê 8 12 33 4 
= кс 

243 12 t р 2? Ё 

where t = 332 – 2 
56. Do yorself. 
57. We have, 
2sinx + 3 dx 


(3sinx + 2) 


2secxtanx + Зѕес2х 
ах 


(3tanx + 2 secx)? 


Let 2secx + 3tanx = t 


= (2secxtanx + 3 sec” x) dx = dt 


--іжс 
з 27 
l +c 
(2secx + 3tanx) 
58. Do yourself 


59. Do yourself 
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60. We have, 


| 4cosx 43 | Р 
(Зсозх + 4)? 


(4 созес хсогх + 3 созес? x 
=| dx 


(3cotx + 4cosecx)? 


Let 3cotx + 4cosecx = t 
= -(3 соѕес2х + 4cosecxcotx) dx = dt 


--8 


=e. 
Тор 


1 
= + 
(3cotx + Асовесх) i 


61. Do yorself. 
62. Do yorself. 
63. We have, 


І ах 


(3 + 4зшлх)? 


ВА 4 + 3 sinx => 
3 + 4sinx 
ах = dt 
(3 + 4sinx)” COSA 
Also, sinx = = 
3-4 
МЕ — 1 
> COSA = ——— 
(3 - 4f) 
Thus, 
І ах ~ 1| dt 
(3+4sinxy 7° COS* 
ЖӘКЕ SEES: а 
AONE -1 
= Blogt + NP -1)-4VP -1) + с 
747 
уућеге, 4 + 3sinx , =1 
3 + 4sin 


64. Do yorself. 
65. Do yorself. 


бб; [== 


Е 
(2 + 3cosx)* 


Ге | dx ін 


(2+3с05х)? 


5 sinx 


de ai 
(2 + 3cosx) 


dx Р dt 
(2 + Зсоѕх)2 5sinx 
Also, cosx = 2-3 
МАР — 1 
> sinx = --- 
(3t — 2) 
-1|1.4. 
57 sinx 
__ 1 (04-2) 
545:42-1 
- 545(зҮ2 - 1 -2loglt + VP - 1|) + с 
where, t= E 
2 + 3cosx 


67. Do yorself. 


68. Do yorself. 
69. Let 42" + бе “ = (92 – 67) + т(де“ + 667) 


=> 4e + бе “ = e (91 + 9m) + е *(-61 + 6m) 


= 9(! + т) = 4 апа —6 (1-т)=6 


= [= 5 m= 13 
18” 18 
Thus, а бе as 
де“ – Де“ 
2 5 [ах + 13 ze хай 
18 18° (9e — бе ^) 
NR CORN NE 
- 185 + 18 108 (9е бе) + с 


70. Do yorself. 


71. Do yorself. 
72. We have, 
dx 


l + 2)°(х + 1)? 
= | ах 
ү + 5 
ах 
Е + | 


x+2 
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2 
Also, x= 51 
1-? 
= 2122-2251 гаг ! 
j£ Der 
Thus, І dx 5 
с + x D 
x+2 
1—2 
Е 523 х 2tdt 
Е 
1 -4P + 6f 4d ыр 
-а) 2 Ла 
= > | – 4 + 60 – 40 + "а 
7 
nae ete 
t 5p. 7 
where г = 2! 
x+2 
х+ 2172 dx 
p 1523) ЁЭ 
Рш х+2_р 
2х+3 
(2x+3 = Dye - 4) 
> THE ay dx - 2tdt 
dx 
— eU z = -2tdt 
x + 3) 
-ах 
ә 0 -Түүз-24 
(1-2) 
ах 
So Sa 5 = 2tdt 
(2x^ — 1) 


> dx -2tQfP - 1) dt 


_ 37 – 2 
poor 


Also, x 
2 

= 1152 хаг - Dar 
30-2 


3 
= 1229. ағ 


з? — 2) 

4 6 
zu Пе up 
(32 - 2) 

2 A 6 4 
„Фе + 12 — 8) 
(32 - 2) 


dt 


8 6 4 2 
- 2| 8r - 127 + 06-Е 
BË -= 2) 


and then you do it 


74. | CU 


7 


(x + 2)(х + 3у? ш 


к (х+2)-1 


(x + 2)(х + 3)?? | 


=] ах ах 
(6382 `(х+2)(х + 3)?? 


=| dx dx 
цн 2 


Б + 3)-1—(х+2)-1 


(сезү Jaca 


(2-х):1 + (2 + х):1 
(2 – х)? 
dx а 
(2-3 4 


ах= а 


рае 
== + с 


6. | ах 
Ах +1 + +1 


Let х+1= б 


> dx=6fdt 
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6? dt 
Poi 
f 
“да 
3 
г-1-1 
зар ЭШ 
1-1 
фон аг 
-6ГГүүү4 1+1 
(t (> - 1 + 1) dt 
= t 
в] 1-1 d 1-1 


Elie Бері 24 
=6J(P-1+ D-a 


«Е г logi иј 
= Bo ge А + с 


where t = Nx + 1 


dx 
77. 
e erp 
Let (x + D = / 
> dx- 4f dt 
vt 
—t 
E Ра 
pud 
1 
= 4|[t 1 — lat 
[| +1+ | ја 
5 Ы 
-4 +t+ loglt — 11 
2 ӨВ 
(х + 1)? 
=4 5 + (x + 1) + loghl] + с 
1/2 1/3 
78. 8 
x 


Let х= £ 
— dx=6fdt 


1-f-f|s 
zl ға 
] LEF 
8 7 5 
-8 255 
1-1 
-9Д/ Рел 1+ SEL Jar 
2+1 


6 5*4 32 
+ Hogi? Фра кап) а 


where t = NX 


dx 
79. ке ET 
Let х= ff 
> dx=6f dt 


ҮЗ БЕ 

= 6) 1а 
(@+1)-1 

05! 1+1 ја 


-ef(e -r«»- a 


«Е г logi иј 
= Зо ты. + с 


where t = (x) 


hz dx 
B Put х= ѓ 
> dx- 4? dt 
Р хт 
we dt 
i 
P1 


"o 


- + [5 - Flog + il) +¢ 


where г = х! 


si, [== 
NX + NX 
Let х= 
= dx = 6f dt 
P x tdt 
zu ен 
| 
_„f[Édt 
t+1 


( —1)+1 
- a 


=6](ї++++ё + La 
1+1 


Ж ы ыы 
2 3 4 5 6 


+ logle + 11) +c 


where t = x!’ 
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82. | 


83. | 


ах 
(x- 1) Ух + 3 


Let х-З=ЕР 


> dx = 2tdt 
Also, x -1=f-3-1=t 


Ге бин 
\х+3+2 


ах 
(x +3)Vx + 2 


Let х+2=Р 
=> dx = 2441 
= 2] tdt 
(2 + Dt 
dt 
(@ +1) 


= 2{ап (f) + с 


= 2(ап (Nx*2) + с 


Let =f 


=> 2xdx = dt 


saj Let (x -22 = Ё 


(P 2) 
= 2xdx = dt 


= 2far(? + 2) 


= V2 tan | + с 
V2 
= V2 tan | (522) + с 
| ах 
(x + 3)vx 
-2|- Let x =1 
(2-3) 
> 2xdx = dt 
- а 
(2-3) 
2 21114 
= —tan |—|+ с 
саг 
2 ЈЕ | 
= —tan |—|-c 
V3 үз 
ах 
87. | 
15 3)v2x + 1 
-| гаг 
[ees] 
2 
Let 2х+1=Р 
dx = tdt 
Also, x = cs 
2 
2 2 
so wd act Вл. 
, dt 
(1 + 5) 
2 ft 
= —tan |—|-*c 
eon в) 
- 2 шаг EI | +c 
V5 5 
dx 
2-1 
Let х-і-Р 
=> dx = ма 
Also, х=Р +1 
- [5 2tdt 
(2 + 1)2t 
а 
E 
m 1)? 
dt 
Now, 
jo 
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_ 1 1 
E Ја ae 


5х (-2t)-tdt 
1) 


t+1 
( +1)-1 
а 
ЖЕСЕ dece ; 
Ro dt 2| а 
E EL @ +1) (+1)? 
dt t —1 
2 = 2 
[рт mit tan Е+С 
Ух = 1 


= ~— + ап (V= 1) + с 


89. |  --. 
(х2 -4)Nx + 1 


Let (+ 1) = 2 


=> dx = ла 


tdt 
- 2 ---------- 
ba 12-40 


zaj dt 


(Ê + 2t- 3) 


dt 
E 21, + 3)(t – 1) 


Аа 
-3Ї ГА ғаш 


lios eal ay 
2 t-3 
= ов 21-11. ЖС 
Y 1-3 
ах 
90. 
|с = 
Let х= Ё 
> dx = 2tdt 
tdt 
-2 ------- 
ES 
-2|-2- dt 
(ё + 1) 
xps 2 dt 
(6 %1) 
„ја 
(ё + 1) 
До a 
+1) (+1) 


апа then you do it. 


91. І хах 


a xdx 
(х2 + 2х + 2)Nx + 1 ] 


(x + 1)2 + 1МХх +1 


Le (х+ 1) = 2 
— dx = ай 
зарн - Dtdt 
(£ + 1) 


dx 
92. J 
(x^ — 1)Nx 
Let x? = 
=> 2xdx = dt 
= 2] tdt 
Gat 
- а 
(6-1) 
-2| dt 
(2 – 1 + 1) 
| E. 
Pel +1 
= jo |= -| - tan bey +с 
= Slog шин - tan! (Vx) +с 
| хах 
02-2х-2у4х-1 
-| хах 


(к-1)°+1)ух—1 


Let (х= 1) = Ё 


> dx = 2tdt 


21 + 1)2tdt 
(e +1 
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94. | 


( Па 
= 21-1-2 
Г-1) 


E 34 
ој = 
152 


V2 vx = 1 
ах 
(х + DV + 1 
Let @+p=4 
1 
> dx = ——dt 
Рр 
ad а ef 
Also, x24, -12 —— 
1 
== 
2-2 
1 1 
i-r: 
moe de 02 
vt-1»4£ 
- І dt 
VÊ —2 + 1) 
e hl dt 
12 (ғ Z2 
- 1 dt 
ы 9n) 
2 2 
1 | 3 2 
= 105 |(1 + АЕ t+ +c 
wry 2 
= ses jj Р ТЕ tc 


os. | 


(x +2)Vx" + 2x + 2 


= 108 |; + (2 + 11 + с 


= -logt + ү 1 tc 
X 
dx 
ge: | — = 
xV + 4 
41 
Put = 
1 
> | (х---а 
2 
t 
1 
——dt 
jet 
111 
—4|-- + 4 
гүр 
се ах 
442 + 1 
р d 
27 AP. + (1/2) 
ЖЕНЕ 
= Тој |2 + а + с 
2 Slx DEI 
dx 
97, [a 
(х= 1)V 4 
Put (х- 1) = = 
> а= -ldi 
E 
—dt 
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--| ш : Put @х +2)=1 
NO + D^ + 4t 
_ dt 
ж еее ле > кад 
Үз? + 21+ 1 in 
Also, х-4(1-2) 
nu! dx 
\з` [2.2 1 


ШЕНІ 


1 | ) 12-11 р Е. 
= -—log||t+ =) +402 21 + = 
22108 213053 с 5 
Shee Ш Vi — 4t – 322 
(х= 1) 
dx 1 | dt 
ЕЕ = 
Qx- 1+1 42 | le-£- 2| 
| 8 32 
Pu (2x - у= + = 00) 4 
Seo s | 0 is) (57 
or 
1 dt 
1/1 2 
Also, х= (2+1) а (5) (2-6) 
i W16 16 
= | әр. | -18) 
1,1111 2 E 18 + с 
n 16 
1 
= 2| 5 _ 1 ,ı/l6t-1 
Ја + 0? + 42 gis ciue a ye 
dt а 
= 2| 100. T0 _ 
Үз? + 21+ 1 = 
еке; dt Put х=1 
© 5° [5 21 
Жо: Lp. ове la 
Рр 
ээг a 1 po 
ЕЕ | m B Also, 42-1-4-1-1 
tx I| + |= Р t 
5 5 | 
2 1 22-11 PF 
dx 
--—leg (1+ 5) + 42-12: + с Thus, |- = =] 


Уз х VX l,l- р 
1 21 e 
(2x – 1) 


dx | 1-2 
(Зх + 2)\2 4 SAT Pg 


where t = 


99. | 
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1-х 
= +с 
Х 
ах 
igi eo 
(x lx +2 
эе] 
Put x = 7 
аі 
> ах = = 
р 
dt 
2 г 
1 1 
— +13 +2 
Е | р 
= tdt 
(2 + DN1 + 22 
1 ду 2 
= , where t^ = v 
12 1)N1 + 2у 
= 2tdt = ах 


Let (1+2v=2 


cot! (2) + с 


cot! (SI + 2v) + c 
cot (V1 + 22) + с 


= cot | ZI 
X 


їй] re ИВ 


X 
(2-1)У2 + 2 


z tdt 
(1-Рууі + 22 
ШЕН he рр 
4 |е 1) 
v 
2 = 4а = Зуду 
1 dv 
2° (у: – 3) 
Pus v= +c 
443 у + 3 
E log | 1 + 20 - 13 zi 
443 V1 22 +3 
1+2 
=l lo х zr + с 
443 ET ER 
X 
dx 
103. | Бан Жа 
+ x 
Put х= = 
> dx = -4 
dt t 
Е RE: 
I 
1+— 1 -=> 
| ? 
= І tdt 
РИ 
= ела | Let (t? - 1) = v 
(у + 2)у 
= 2ий = dx 
Zn dv 
(+2) 
= „сше tc 
№ V2 
| = 
42 № 
1 (а I | 
- cot 1|+ с 
үз V2 |5? 
1d. | 


(*—-1)\х* +3 
Let = 


=> 2xdx = dt 
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1 dt 


| 2-1 £3 


1 ydy 
2 (1 2541 ay? 


ИИ c py ug 


4“ (4 – уђју 


= Зуау = 2vdu 


у-2 
у+2 


= 16198 Ex 


Sy +1-2 
Зу? + 1-2 


3 
45 +1-2 
1 x 


log кс 


16 
3 +1+2 
X 


dx 


(2 - DN + Ах + 5 


L6 
16 ° 


105. | 


tdt 


(P – DNSP + 4t 1 
106. | к +? + D? ах 
Le (+ +1)=1 


1х 2x 


242 + 1 


дем 
ух + 1 


> |» ја=4 


E = dt 


> x4 => 1) 
de 
ory 

Thus, dx = [seta 

1 1 
> d х= [al MN, 
=> ax = (ES а 


Thus, the given integral reduces to 


ЕТ 1( 8/2 
>]! | > |ш- Hf (2 + ђа 


_ 1 рило 8 
= ije +4 


where (x + v + 1)2t 


107. Jæ- 2 44) ах 
Put (x—Vx2+4) Е! 


1х 2x 
> 1 dx = dt 
| Seal 
> [1 E jose 
| Vx? +4 
=> | ош а 
> | d jesus 
хх +4 
t 
— | 2-3 = dt 
4-4 
> dc = 105+ jar 
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where 1 = (x – Vx? + 4) 


108. Јо + Мр + уақ 
Put (х+үх + 1) 2t 


2 
=> а = ја 
1{„[ +1 
= | t 
jn р | 


? LG +04 


Е se + “а 


1 pt! fr 
= Jes 
п+1 п-1 


where t = (x + v + 1) 


109. IM EE 
Put (х + үх2- 4) 2t 
1 x 2x 
=> [14 |= а 
| al 
= us jesus 
x —4 
> | piene 
х-4 
l/t 2 
=> d. -ҢІ- Да 
1 2 
277 


о 
[N 


x: (r - £3) + с 
where t = (х + Vx? — 4) 
110. Do yourself. 
dx dx 
in. | = | 
Х(х- NX + 9 (I 1 +2) 
52 
Put E + — 
ах 
38 
lf t 
= —~|——dt 
51-74 
If t 
= —|—— dt 
512 i? 


ЗЇ ЭЭР 


5 54 + logit — 1) + с 


where г = 41 + = 
х 


ах 
112. |-——— —— 
| x^ + 3х)? 


Let 2 + Зх = іх 


"m (3) 
1-3 
— dx E 
(t – 3) 
—2 dt 
pc. 
12 
= ) phan 
1-3 
—2dt 
-| (2-3) 
Е | 2 ES 2 wn 
t — ; 1- | 
= fra 
€ 
Nt 
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113 


114 


= + с 
2 + Зх 
x 
dx 
y Q + 3x)" 
Let (2 + 3x) = tx 
=> x(t-3)22 
> x= 1 
(1-3) 
> dx = —— 
(t — 3) 
_ 20 
раје 
ExS| (t- 3) dt 


2 Е p | 2 Гг 
t “-- 
3 1-3 


= 


2 -43 
--| х Р “ш 
Г 


= -ifra 


3 43 
=—(t 
26 


у +с 


Put (3x - 1) 2 tx 


RUM M 
(t — 3) 
> dx= 1 2 ағ 
(t – 3) 
ED NE 
21 @- 3) 
i dt 
| 1 Ја 2 1 | 
Sa t ey 
1-3 1-3 
414 
p^ 
- Јоза 
АҒ с 
ЕЕЕ БРЕ 
^f 
4 


dt 


115. Ја Ох + 1)? 


Put Qx + 1) = tx 


Ey gebe. 
1-2 
> dx=- Er 2 
(t — 2) 
dt 
ЕН 4-2) 
т 1 wu | 1 je 
=» t ыы 
[ш = 
= За 
= 30728) +с 
3 1 
= || + с 
2 1 4 
E3 
116. Do yourself 
117. Do yourself. 
118. We have, 
І ах 
(x – 1 (x + 2) 
= | ах 
_ 13 
(= 1 (x + 2) 
(x + 2) 
Put Е = У) -1 
x+2 
=> 2 5 dx = dt 
(x + 2) 
Also, x = 22:11 
1-1 
> х+2 = 233 
1-1 
-11.-4 | 
6 
ТОН - 
1-1 
-1(4-1у4 
ха =- 
112-5 + 108 – 102 + 5t — Dat 
36 Е 
1 10,5 1 


5 | 4 


2 
= || -5t+10-— +>- 
| DENM E 


36 
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3 
5-3» 10: — 10105 344) +с 


“33 2 2r 
where t = =) 
+2 
dx dx 


119. = 
Ја - 1*@-2 ‘ц- 


(х-1)1-(х-2)-41 
(х — Tr 


dx = dt 


dx 


= dt 
(2521) 


[ (E 1)°й 
= еты 


3 2 
8-32-3:-1 
2 2 Ја 


Рр 


, 3 1 
-Д-32--Да 


f 1 
= (Be 3t + 310611 + 1) +c 


where t = (=) 
х-1 


120. Do yourself. 


dx | ах 


Woe — 13 x +2} GDM + 2^ 


121. | 


x+2 
Put =) 
x+2 
+2)-1-(x-1)-1 
=> G ) СА ) ах= а 
(х + 2) 
=> 5 dx = dt 
(x + 2) 
dx dt 
=> = — 


(+2? 3 


122 


-if d | 
1-# 
_ 1@- 0а 
= р 
_ 1 [6 – 42 +62 – 4 + а 
~ 55 2 


І 4,1 
- ЛИ 4+6 ы: 


3 
2 15 – 22. + 6t — 4105 — 1) +e 


where 1 = эм 


23. | я 


Let (=)=: 
х+1 


59 (x + 1)-1 as 1)-1 pene 
(x + 1) 


2 
(x + 1)? 


dx = dt 


dx dt 


бек їй. 2 
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dx x dx 
124. We have, | - 
х\Зх? + 4 NA + 4 
Іш х= 
> З?ах= а 
Е ІҢ cu. 
3° 1431 + 4 
Again let 37 +4 = у: 
= 3dt = 2vdv 
2 
Also, = 8-5 
3 
2 vdv 
= "ies. 
3 
E 2| dv 
3 (у -4) 
= А gelb jse 
3 2 у+2 
Е flog] БЕК => 25 
9 V3t+44+2 
s Үз + 4 – 2 is 
5 | Ва 4442 
dx x 
125. | = | dx 
хМ5х + 3 x V5x4 + 3 
Let 5х + 3 = 
> 20хах = 210 
> xdx- xl 


ШОН d 
10 (2-2) 
5 
сара 
ios 
а de 23. +c 
443 11-33 


where 1 = N5x* + 3 


dx х 
126. | -| ах 
х\2 — 5х6 х6\2 — 5х6 
Put (2 - 5х5) ЕР 
> -30x dx = па 
5 tdt 
ах=-© 
= X ах 15 
2 d 14 
15 E 
1 
5 
1 
= ja – 2 
zai? - 2 
= Цов | 232 +c 
3 t+ уз 
= Ligg [V2 - В ux 
3 742-5$2442 
dx 
127. | —— 
Te 
Let 3х-2= Ё 
= Зах = ла 
_2[_@ 
3 [£22] 
3 
dt 
= 2 
RE 
- Үш (с) tc 
42. 
= ак | 3х 2| ee 
08. | -1-5 4 
xV3x — 2 x43 — 2 


Let 30 -2=Р 


= 27% dx = па 


2tdt 


8 
> ах- 
X ах 57 
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2 га 
7 (2+2), 
3 


х 
= | ах 
х\№2х10 — 3 х!9%2х10 — 3 
Let 250-3-0 


> 100% 4х = 2tdt 


9 tdt 
> dx = — 
X ах 5 
1 tdt 
ies 
10 
2 ағ 
(2 + 3) 
= au tc 
V3 үз 
2 | PE 3] 
= —tan ——— | + С 
43 3 
dx 
30. | == 
је + 3х2)92 
Let x2— 
> dx= lg 
Ё 


221 tdt 


ОЕ" 


Again let (22 + 3) = у? 


> 2tdt = уау 
__lfvdv 
2° y 
__1[4% 
2*2 
1 
=—+C 
2v 
сы б, 
2422. + 3 
= z + с 


ах = ах 
131. | " ағу -| ‘(a E 21 
E 
Let (4*5) Р 
х 
> ax = 2tdt 
x 
dx _ tdt 
E: с 
_ l[tdt 
--< Y 
114 
--< 2 
Тита 
1 1 
=> х +с 
а+ =) 
252 
132. Do yourself 
133. Do 2 
ах ах 
ЕТ БЕ; = МЕС. = | 
(2-5х т | 2 | 42- s)” 
x-5 х 
Let E - s ЕР 
х 
8 
> --4х = 2/41 
x 
dx tdt 
> шонд 
= [tdt 
4* p 
= l[dt 
4: р 
1 
=— + с 
41 
1 (2 
= -|= – s “с 
ie 
dx 
135. Jeo шит 
3/2 3/2 
Е 
X 
1 2 
Let |--41|-1 
224) 
> - ах = = 2tdt 
х 
NE TET 
x! 9 
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_ dftdt D Ё ta 
ШЕ: ЗЭ ae ae 
- а Lf {а + 38) 1 
т 3¢ р se [va «25 - Ja 
i 3 Үг + 32 
= 3t tc 
2 
--ӘҢ + (Ey а» : dt 
=1 аже ұз 3" IP Із! 
3 (5 ҮЗ 
136. We have, 
= afi 2 +4 + ов + 2+1 
[ ах 73 йг sg | | ug 
(x – 2/532 — Ах +7 1 2 
+ ——log|t+ 4f + —| + С 
_ ах 343 
2 2 
(x — 2) V(x - 2+3 ана 1 
(x + 1) 
Put = а 
: 138. | С 
> Ж--зй (x – 2) 4х? — 16x + 20 
t 
: : 1 ах 
Thus, the given integral reduces to = J 
i 2 (у — 2)? - Ах + 5 
33 1 ах 
І E dt = : 4 7222 3 2 
Jod s 11-32 (х — 2) ооу + 1 
2\2 
ЕТІ Let 6-221 
Again, let 1 + з = у> 
ж«--іш 
> 3tdt = уау > SESS 
уау dt 


Now, the integral is -ре > 
БЕП БЕР менн 
= -fav 7 J 


= -у+с 4 
t 
И +32 = 
+3 + с 2241 
3 
= „1 + tc (@+1)-1 
œ -27 =- [Eha 
xe +1 
137. | Ах = | ах Е 1 
(х + БА +2х+4 (xe D3 + 12 + 3 zl % "za 
+1 
Let @+)=4 = Б? +1 + logle + VP + 1| 
=> dx = -lai -log |; + +1] + е 
t 
1 di where t = (02) 
Ї 
h т. 139. | a 
312 (2 – 6x + 9)V4x? — 24x + 20 
Ра 1 ах 


41 + 32 E NC 
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се! ах 
2" (x – 32 dx – 3)? – 4 
Let с-3=1 
а 
=“ 
> dx 2 
а 
Ен ЖЕ, 
TU 
(т) at 
=- É dt 
1 - 42 
1 2 1 
22515530) 4 
i тер) 


24112 44 тү 
C cef 
(5 
_1|1,|1_ lg lg 
=H: Л f + узш (21) Fun (20) + c 
where / = 
(x — 3) 
140. | 2 
(4х? + Ах + 14? + Ах + 7 
и ах 
(2x + 1)°\(2x + 1)? + 6 
Let Ох +1у=+ 
= а= 0. 
2t 
dt 


E 224 348 
2 V6? + 1 
Again, let 628.12» 
> 12tdt = 2vdv 
> tdt = LL 
41 (уау 


= + с 


а. 


141. | х = 
(x + DP NX + 2x- 4 


dx 
m + ПС + 12-5 
Le (х+1) =1 


1 
> | ах--- 
i 


Ё Ра 
1—5 
1 а 
түр =з = 
Я М 52 
1 1 
= [5p dt 
5 | тер) 
wie hd 1 dt 
1 (5) > БЕ: 
45 


EE EOM жыры 
-vlk сартты «x 


Е" tv5) +c 


here t = ——— 
упеге (x4 1) 


2 
142. | ы k 


(Зх +4)Vx? + 2х + 4 


Let 2х+3=А(3х+4)+В 


Comparing the co-efficients of x and the constant 
term, we get 


> А = 2/3, В = 1/3 
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Thus, the given integral is reduces to 


5+9 ++ 
(Зх + 42 + 2х + 4dx 
= 2 dx | ах 
372 + 22 +4 3 (ах + ave + 2х + 4 


- 2) dx ait dx 
3 Ја + 2 +3 3 (ах + 430 + 1 + 3 


5 ов [ба + + МЕ + 2 4| 
3 dt 
28° 4282-2141 


where 3x + 4 = 1/t 


2 seo 
Рр 


^ Зов [ба + + МЕ + ох + 41 


+ 2 log 
428 


(! L) +42 td 


where t = ——— 
3x+ 4 


2 
= 


(x + DV + 2x + 9 


2(х + 1) +1 


(х + LV + 1): + 8 


ах ах 


+ 
Мо + 10258 (х + 1 + 12 + 8 
= 210 |(х + 1) + М2 + 2x «9| 


ах 


-2f 


„Le e+ I= 4 


= 2log|(x + 1) + W+ 2x + 9| -[— 4 


ҮР +1 


= 21ое|(х + 1) + V2 + 2x + 9|— й 


144. | 


145. | 


= 2log|x + 1) + Ма + 2x + 9| 


ман 
8 


ШЕЕ 
242 
1 


here t = — —— 
where Ga 


(4x + 7) 


ах 
(x + 2)! + 4x + 7 


4%+2)-1 


ах 
(x + 2)V(x + 2) + 3 


dx dx 
V(x + 2): + 3 Је + 2у\ү(х + 2Y + 3 


= 4log|(x + 2) + Үх + 3x + 71 
4 

МЕ 

1) um 3 
(а 


zu 


Let (x +2) = 1 


dt 
> dx=— 
Р 
= dt 
= 4logl + 2) + Ve + 3x4 7| - 
1321 


= 4log|(x + 2) + М2 + 3x + 7| = = : 
v + bs] 
A43 
= Alog|x + 2) + М2 + 3x + 7| 


peel 
3 


ES 


V3 


ЊЕ 


where t = Se 
(x + 2) 


x + Ах + 2 


(x + DV + 2x + 3 


Put x? + 4x + 2 


ах 


-L(x-1)0x*2) + М(х+ 1) + № 
= (252 + 4х + 2) + М(х+ 1) + М 
= 212? + (41 + Мух + (21+ M + № 


Comparing the coefficients of the like terms of both 
the sides, we get 


L=1/2,M=2,N=-1. 
Thus, the given integral reduces to 
lp (+ DQx + 2) 


2 + DV + 2х + 2 


ах 
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(x + 1) 


(x + DV DC 


521 


| ах 
(x + DX + 2x +2 
5 (Ох + 2) ах E dx 
2 X + 2x + 2 Vx? + 2x + 2 
| ах 
(x + IVx2 + 2х + 2 
= Vx? + 2х + 2 
+ 2108 |(х + 1) + Ve + 2x + 2] 
—зес (x + 1) + с 
2 
5х + 6 
146: 225 ах 
(х + 2)Vx? + 5x + 4 
1 1 
29% 2)(2x +5) + 26 -2) 


= ах 
(х + 2)(x + 2): + 1 


(2х + 5)dx ах 


1 1 
= + 
2 2 +2х+5 > 42) +1 
= Vx + 2х + 5 + Slog|(x + 2 + ҮЙ + 4x45] + с 


2 
x + 10x + 6 ay 


(х + 2\2 + 4х + 9 


5 2) (2х + 4) + 6(х + 2) - 10 


= ах 
2! (x + 2у(хд + 4х + 10) 


-1| (2x + 4) 


Vx? + 4х + 10 


147. | 


desig | га == 


Vx? + 4х + 10 


10dx 
(x + 20 + 2): +6 


= V + 4x + 10 + Glog|(x + 2) + V2 + 4x + 10 | 


AS 
в 


1 
о 
94627 


where t = (x + 2) 
148. УҮе һауе, 


[NEA + мах 


= [xa + я + 3x + ж 


= = fo 13 4 3,56 + 3,00 + x16) qx 
" Їнэ ёл 378 z eam) 32 


149. [VEG + x ?Py? ax 


Неге, ( = -2 => а negative integer 
Let х= 


=> dx =3rdt. 


-|Рв»ғу2з2а 


4 
ГА 
-31---4 
I pe 
2 о 
(s? + 1) 
3 
-1| 4 
== ШЕ " 1) 
3 
Now, I =j- dx 
2+ 1/3 
" 1 ж І -2Х-х 
(х2 + 1/3) (х2 + 1/3) 
1 2]. а 
= ----- ——————————— dx 
+ 13) ^ (х2 + 1/3) 
= x +2 2|— ах 21-5 
( + 1/3) (х2 + 1/3) (2 + ud 
zo O Jem 
“(2 + 1/3) + 1/3)? 
= —*_ + би (3) – 21+ с 
(х2 + 1/3) 3 
= дш MN. 
3 (+ 1/3) 
= [= mx. + Bian“! (33) +c 


5(х2 + 1/3) 5 


150. (Ae 


+ 
~ 
кі-ікі- 
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1 
Let (l+x4 =ЕР 


] à 
> 3^ 4 = 2tdt 


Thus, зе + x! ах 


= sfear 


Here, +Р== 1—7 
= = aks —2 = Integer. 
Let 1+ ЕР 
> (1-2) =1 
42:34 
(1-2) 
ах 
Thus, |--2-- 
ХАЛ + x4 
E: 
240 1 
шү чс 
1 3 
181 
1-1 
1 2 
--|(1- Ға 
ja -A 
3 
sij ge 
2 3 
ЖІПШЕ Я 
2 P 3 x4 
152. === јела «xy ж 


x + DE 
Неге, a = -10е 1 
Let х= 


=>  dx-A4fdt 


At dt 
PaA +A! 


-J 


tdt 
= 4] 10 
(EX 


ЭН 1)—-1 Ін 


(rx qp 


1 1 
=4 d 
Је +1? (t+ md : 


-4| = $ |+ 
@+1? (t+ 


9 8 
(18 + 18 © 


153. o^ Q + зах 


=4 
(соя + 1)? 


Неге, œ = –2Е I 


=> ах= бра 


_ б6р 
ic + 35 


(23430)-—-2 
= оер 
| (2 + 32) | 


«2 - 2 | 


(2 + 38) 


-2|8-41--2-. 


(3) 
= 2t 5 х (аА) + с 
= 207) – 2 wc [бл tc 


154. х x WU + 9) ax 


1 
В+1 3? 


Неге, = =lel 
7. 


Let (1 + 3) = 7 


zo aT 


1/3 


dx = 
> X X 4 


EDU 
2 210 уа! 


216 


dt 
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gA x E tc 
"4 8 
г Cee а. 
4 8 
155. Јуба + 223) ax 
+1 - 
Here, 25 +а= от Ва тет 
Let 1 + 22 = зв 
=> 0(2- 2) =1 
= x = нэ 
(7 – 2) 
=> Зх = – 32а 
(2 – 2)? 
2 
> ха =– га 3 
(£ – 2) 
t 3 
fe dx 
X 
[еса 
хб 
2 р Ра 
раз 
= ја 


156. Do yourself. 
dx 


157: |= 
TT So 
= епа + Әу ae 


2 ра + xt ay 


-11-1 
a= ——— 


Here, 
4 


+ 22 -2в1 
4 
Put (1 x*) = xf? 


> хХ(Р—1)=1 


p. x«l 
(2-1) 
=>  Ах3ах = – 22 5 
fq 
= хах = tdt 

ag oy 
TM ЭР 
ХИТ + x4 


= – Је - аи 


Let (1+ х1) = Р 


> хақ = 3¢dt 


dx 2 
= S n 

X 

= 12: х Pat 

-12|Ра 

4 
- (©) + с 
= 30 + с 


=3(1 +x +c 


dx 


(L4Vx24 x41) 


Here a = 1 > 0, therefore we put the Euler first 
substitution, 1.е. 


VW +x+l=t-x 


> (б +х+1)=(т-х)? 


159. | 


= СОР 


= (14+2)x=r-1 
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160. | 


аз x= (2-1) 
2+1 

SUP dr 

dx = ——————— 


Qt + 1) 


Мом, 1 = МЕ + х +1 = 1+7- х 


ах 
(п(+\у EY 3*1) 
ЖА ota 1) 
2t + 1)? 


Thus, J 


a ЕО 
7 (P 3t 2)0 +1) 


-2| 215173 


8f dt tus dt | 
1+2 3°2t+1 


2/( dt dt 
112 јр) 


= 2-20! + + logit + 2) + Slog 21 + D 


2 
—= (loglt + 21 – 
3 (log 


г=х+ М+х+1 


ах 


х + 42 -х+1 


Here, с = 1 > 0, therefor we put the Euler second 
substitution, 1.6. 


logDt + 1) + с 


уућеге 


Ve х + 1 = іх 1 
>  (д—х+1= РХ 2х +1 
= 22-1 
Pul 
eu cop 
аа: 
i3) 
dx 
Thus, | 
x-NX-x-4l 
ша -t+ 1) 
pos ty 
а 
t-—-t41 


(2-1) 


161. | 


а 
--2 
1 
--2 x Llog : МЕ 
2 1-1 
= 10 = + с 
+1 
(ЕЕЕ || 
where, t = — овиси 
xdx 
Vix – 10 – х? 
Here, 7x – 10 – xX? = - (2 – 7x + 10) 
= —(x — 2)(x — 5) 
= (x — 2)(5 — x), so we can apply Euler third 


substitution, 1.е. 
Vix – 10 – х2 = 


Ма = 2)(х = 5) = (х – 2): 
= (5-х)-(х-2)Р 


(x - 2): 


| 


- 5 +2. 
be? 
6t dt 


=> dx=- 
@ +1? 


828 
ful 


Now, (x эг-| 2 = 3t 


+l 


Thus, Е = 
М7х – 10 – + 

6. ;di 
(1+2) 


- [5 х 


5 +27 
| (+?) _6t 
x 
3t dary 
(1+2) 


-2 [5а 
1+)? 
21+)+3 

2 
| а +)? 


4| dt 


(1+ 2) 


61-25 


а +) 


1.128 Integral Calculus, 3D Geometry & Vector Booster 


Р НЭР: TN => (x-1G-2)-(-1yP 
= —A4tan ! (f) 6 + а И +с 
АГА 2 
=> (х-2)-(х-1)8 
Sart Ga +c : : 
+1 => х(1-Р)-2-! 
Ү7х-10-х 5 
where, t = ————_—__ -11-2 
(х-2) =. xe 221 
ах 
162. [== 2 2 
ee ere ge €6-D000-(-22 , 
(@ -1% 
212 5 
Put Var —-x+2 =f+x Р _ 2-1-2 +2) 
2 2 @ -1° 
= (x -x+2)=(t+x) 
dy = —2tet 
=> (àQ-x42)2P +247 =» “= ЖЕТ 
= (21% 1)х=2- Ё 2tdt 
(2-1у 
= -(2-4| = | 5 а 
726841 | ==), 1 
Pa (22420) 
2 (2х »1)(-29-1(2- P 
Хош 
(21 + 1)? --( С 24. 
(2-2) 
2 dote ODE d. 
Qt + 1? = -logl(? 2)! + с 
жы; 2e: ша 2 _ 
= а= 22020-4 where p= А 3+2 
Qt + 1) (х= 1) 
ах 
ШЕЛЕРІ ЕЕ 
= хо a 
[1 (Ог + 1)? X + VX -1 
-2|1х Ё+1+2 - | (к — NT) Ж 
(21+ 1)? (х + МЕ -1)(х-3 2-1) 
dt 7 dt 9 223 
Lote] 
= м, 2° 01+ 1) Dom | dx 
-x t1) 
9 
2loglfl — То 2t + 1l- ——— | + 
- ў iae 3 -|6-92-0% 
_— (2 " 
where t = (Wx x+2 x) 2 AZ ; | Е | 
= 106 х + yx- 11] +c 
163. Do yourself. 2 2 2 
ах 
16 = xdx =— 
2 166. [ы х – l)dx 
ХХ – 3х + 2 а 


Неге, х2 – 3x + 2 = (x - D(x - 2) 


Let №2 — 3х +2 = (х Dt 
3 
x 2 

> (2-35 + 2) = (х - 1) == – Ја – 14 


= Јо – х? – 1)ах 
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167. We have, 


Let x-12Pf 


xdx = tdt 


| sin? хах 


cosxsintx 4 


4, 
a 3 


cosxsin^x 4 cosxsin?x 2 


cosxsin^x 


168. We have, 


+ <1, 


5 5 3 3 


5 - 2 (cosxsin? x + 2cosx) + С 


| sin® x dx 


6 


cosxsin^x g 


6: 


cosxsin'x 5 | 


6 


_ COSX sin? x 


222 
cosx-sin'x 3 
+ n) 


6 4 4 


6 


d cos x sin? Хх. 


3 
6 4 5 J sin? ха 


cosxsimx 5 


6 


169. УҮе һауе, 


— > cosx sin? x 


24 


+ 3% - sinxcosx) + С 


Joos’ хах 


т cos°x: sinx 


9 


cos?x- sinx 


t-—I 
9^ 


9 


Е сове х: sinx 


9 


" сове х. sinx 


9 


8 | sinx 6 
+25 


9 7 7 


+ 8 - соз х-яшх + 48, 
63 


63 ? 


Bo дле us 
+ — cos x: sinx 


63 


48 d 
63 5 5t 


= соз°х-вїпх + Ж ийи 
9 63 
48 [ cos? x- sinx $ А anos yg 
63 5 5 
170. We have, 
Joos’ хах 
7 Ё 
_ COs’ x:sinx " EA 
10 106 
_ cos’ х-віпх р 9 | он ҚА 11 | 
Е 10 10 8 8 4 
= cos'x-sinx + 2 созу. sinx + өз 
Е 10 80 804 
= cos'x-sinx + debe qi sinx 
10 80 
+ 63 [5% хвіпх 5 | 
+ 21. 
80 6 6? 
= cos! x: sinx + 2 oses 
10 80 
63 [ces xi sinx , 5 (x + sinx- cos) +c 
80 6 * 12 
171. We have, 
Пығхах 
4 
(ап x 
E | 4 -ь) 
4 2 
х Е хо tan x m 
4 2 
4 2 
= ЗҮС E = Ng | шахах 
ап х (ап? х 
ЭЛЧ ог + loglsecxl + c 
172. We have, 
| апбхах 
5 
(ап x 
= -1 
| 5 ) 
= БЕ бап? х 1 | 
5 3 2 
Е тал? х Ш tan? х " І t edt 
БЖ. 3 
5 
- E S Я + | (вес?х - рај 
5 
бап? х бап? х 
= + апх -х+с 
5 3 
173. We have, 


[сой xax. 
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6 
= _ cot хо 1; 127 
6 
= cotf х | со x І | Жор 
6 4 3 
4 
cot x со x 
=- + +В + с 
6 
соё х Ж cot^x | сох 1 | gus 
6 4 2 : 
cotf x cot^x соёх du 
6 4 2 : 
= сох сойх сох ШЫН б 
6 4 2 = 
174. We have, 
5 
cot 
=== mus 1-С 
5 3 
- EE ЕА сога + | соёхах +c 
5 3 
= нэ Хосоо + | совес х -1)4х + с 
сох сох 
= сох-х-с 
5 3 
175. We have, 
[sec xax 


2 


зесх (апх 1 
= = + 


21 


_ secx-tanx , 1 


2 
176. Ме һауе, 


Jsect хах 


+ л loglseex + tanxl+ С 


= sec’xtanx , 2 


3 


+ =/ 
32 


sec)xtanx 2 


+ –—гапх + c 
3 


3 
177. We have, 
[sec^ xax 
3 
- Sec x-tanx л 37 
4 47 
= sec? x-tanx 
4 


+ (sees ап + lioglsecx T шал!) + с 
4 2. 2 


178. We have, 


[sec xax 


sec x-tanx 5 


= == рр 
6 65 
5 3 
sec x:tanx | 5[sec x-tanx 3 
= + + =/ 
6 6 4 43 


5 
ER А E tanx + 2, зоо у ап + Ed 


5 
sec x-tanx 
EU F EE RES 
6 24 


mne жб ыы tanx 
24 2 228 


179. We have, 
ја 


sinx 
2sin(3 – 1)x 


sin2x + 1 


sin 2x Jax 
=sin2Qx+x+c 


180. We have, 
І sin 5x dx 


sinx 
E 2sin(5 – 1)х +I 


= jsin4s +h 


1. 2sin(3 — Dx 
= —sin4dx + —— — — +1 
2 (3 —1) 


2”: : 
= 54х +sin2Qx+x+cC 


181. We have, 
(22a 
sinx 
2sin(6 — 1)x 
= ee eo 
(6 — 1) 


2-3 
= =sin5x + 1 
5 Ssin3x + 1 
= ZsinSx + sinis + 1 


22. УЛ sin 2x 
= =sin5x + =sin3x + | = ах 
5 3 J sinx 


= sins + sind + 2 | созхах 


= Esin5x + sind + 2sinx + c 


EE 
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182. We have, 
[ames 
sinx 
2sin(8 — 1)x 
+ [С 
(8-1) 


= Zsin7r + 295 +1 


= = мах + 295 + 5913 +h, 


= 2517 + 295 + 593 + 2sinx + 


183. We have | же 
о + 2)? 
= X 4 222 - 2) 
220942) 2422-277" 
Ве 208 
4 4" (2+2) 
Х,2 1 -1/ Х 
= —( + 2) + — tan 5) tc 
4 420 10 
184. We have, 
| ах 
Q + 3) 
х io - 3) 
= + Lh. 
2(3-1)302 + 3)2 3Q23-2/77 
х 1 
а] 
1202 + 32 47 


Ж х gad xX MEE 
1202 + 32 412302+3 32! 


X + X 
1202 + 3y 2402 + 3) 


+ 


1 
2442 
185. Ме һауе, 

(х2 я - n 2? 4 
(2x + 2) 


ЕЕ > ax 
(x^ + 3x + 2) 


-1 
2 


1p Ох+1)-1 
= =| — ах 
2762 + 3x + 2): 


m: (2х + 3) diss Г ах 
= X 
2' (х2 + Зх +2)2 | 2%02%3х + 2): 


2. X 
tan | 


с 


1 1 ах 
202 + 3x + 2) 


= - 102 + 3x + 2) – 


Nie 
— 

~ 

+ 
ыг 

> 

| 

| = 


= 

—— | ~ 
~ 
+ 


1 
2 Ес 
1 
2 


ко | бо | мо 


x 5 —_ | м 
+ 


202 + 3x42) 2 (5+2) - 
2 


186. We have, 
ГР log x dx 


3 
1 
= (log x) = = 3/20 


3 
= (logx) Еэ - 1а 


3 
3 3 
= Повх) > = г +С 
187. We have, 
[e dog x?! ах 


= (10 wee 210 Без = | + с 
ЗА д а 8. 0 
188. We have, 
JP dogx) ах 


4 
2 
= (орх):%- ees 


4 
4 4 
X 1 x 
= Поз) Mog) i A 
4 4 
= (овх (dogs) НЕГІ 


= (log? = Поов): = “| же 


1.132 Integral Calculus, 3D Geometry & Vector Booster 


189. We have, 


Ја -xax 


оа NN 

© 2+3+1) 2+3+1) = 
xü- 1 

шин tam 


х) цэ A 
aug ыл? 5 7524 


+ Ha] 


-ха-а) i[éa-», a NS J 
БЕШЕ 2 5 5\4 420 
SX 59 1 =. 
6 2 5 514 
ea- fead- 1 5) 
- + + 
6 2 5 5\4 12 


Note: Q- 190 to 197, do yourself. 


HINTS AND SOLUTIONS 


lever Uf 
(Problems for JEE-Advanced) 
1. We have, 


(Ез 2х- cosx 


а 
1 – cosx Е 


= [220 x— cosx — 1 
1 - cosx 


(cosx — 1)(2соѕх + 1) d 


1 – cosx 


= – [Qcosx + 1) 


= —(2sinx + x) + c 
2. We have, 


| 5x + cos4x ? 
1- 2cos3x 


Е І зт3Зх (с08 5х + cos4x) 


sin 3x — sin6x 


өн eret 


= dx 


2cos( 9x а | x 
2 2 
[со 32 Kos 5 | ах 

2 2 


= - | (сов2х + cosx)dx 


sin 2x : 
= -( 2 + sinx) + с 


3. ХҮе һауе, 


Бе + FM 


sin?xcos?xdx 


sin?xcos^x 


222. 2 
- | - 3sin^xcos IL 


2 2 


= І зы + cos*x — Зѕіп2хсоѕ2х 
sin’x cos’ x 


= бес + созес?х — 3)dx 
= (tanx — cotx - x) + С 


4. We have, 


cos 2x 


cos^xsin?x 


dx 
cos*x — біп 


соѕ2хѕіп2х 


ах 


= | овес х - ѕес2х)ах 


= —(cotx + tanx) + c 


5. We have, 
| sin 2x 


sin 5x sin 3x 


ре = (5х- 24) у. 


sin 5x sin зоо 


= | sin5x cos 3х — cos5xsin3x 
sin 5x sin 3x 


dx 


= | (cot3x – cot Sx)dx 
1 ; 1 А 
= —loglsin3xl — —1ор|51п 5х1 + c 
3 5 
6. We have, 


sinx 
| ах 
sinx + cosx 


је 
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- il 2sinx dx = Prog +k 
sinx + cosx 
_ 1 трета + cosx) + (sinx — сова), = “лова +cl+k 
sinx + cosx dx 
10. We have, 
= F(t + пх сохд, d 
2 sinx + cosx ls 
- 36 - loglsinx + cosxl) + c 2 І 
e(e + 1) 
7. We have, = TES D Let =t 
ах 
ЦЭР + созесх > edx- dt 
sinxcosx 1 1 
= | ed -Ї та 6 
_ l[2sinxcosx Е log| | | 27 
2] ах 1-1 
sinx + cosx 
= 108 |— | +c 
= ын + sin2x) —1 +1 
Ix 
sinx + cosx 11. We have, 
21 ens + cosx)? POR | dx | E89 
Sür4.cosx ^ 2" Sine + cosx x *9x 


ee 2x 
= Ыы— ах 


dx x(x" + 9) 


sinx + cosx 


= 5 біпх + cosx)dx = І 


QJ eue T. 


| : ах 2 
= >| (sinx + cosx)dx J х(х + 9) 
2 \2 sin(x + 5) d d 
1 1 И а duds І то 
= = (sinx — cosx) log|tan (> + 8) +с Ж (х + 9) 
2 240 2 8 i 1 
= {ап ! (3) + Јов -- ова + 91 + с 
8. We have, 3 (3) 2 
[ап Зх {ап2х їапх ах 12. We һауе 
Бах - cosx/e* + sinxdx 
= | tan 3x – (ап 2х — tanx) dx 
1 1 512 + sinx) – (е + сова) , 
= 3 loglsec 3х – 2 loglsec 221 е + sinx) dx 
- loglsecxl + с _ Jae -(e + сөзі) 
9. We have, (е + sinx) 
| Ь d = (x – logle' + sinxl) + с 
а + се 
13. Ме ћахе, 
| үйез. ах 
сех +e о 
le’ + sinx + x 
Eee dt Let ae*+c=t 
а! і 


aj 1) - (sinx + 9 h 
= -aëdx= dt € +sinx+x 
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. We have J 


[€ cosx – 1) - (е + sinx + x) 
= ах 


е + чпх + х 


= logle + sinx + xl- x +c 


. We have, 


[es + а) 
sin(x + b) 
2 = E b+ а y 
sint 


7 122: + (b – а)) dt 


sint 


= t.cos(a - b) + cost.sin(a — b) 7 
sint 


cos(a — b) [dt + sin(a — b) | согаг 


tcos(a - Б) + sin(a — b)loglsintl + с 


dx 
sin(x — a)sin(x — b) 


E 1 І sin(b — a) 
= sin(b — a)" sin(x — asina — b) ~ 


1 | жш ы 2 


sin(b - а)” sin(x — a)sin(x — b) 
Е 1 І sin(x — a)cos(x — b) 
~ sin(b — a) * | sin(x — a)sin(x — b) 


cos(x — a)sin(x — b) 


sin(x — a)sin(x — b) 


И Е 21 [сох — b) —cot(x — ајјах 


E 
- ae — Бу -loglsin(x — a)l] + с 
= 1 sin(x — b) " 
= sinb —a)\ | ещ а)“ 
. We have, 


| ах 


sin(x — a)cos(x — 5) 


1 Г cos(b — a) d 
cos(b — a) ° sin(x — a)cos(x - b) 


_ 1 ы ы е^ 
~ cos(b — a) ^ эш(х— a)cos(x—b) ~ 


(x + b)cos(a - b) + sin(a — b)loglsin(x + b)! + c 


17. 


18. 


19. 


dx 


= 1 Г cos(x — a)cos(x — b) 
cos(b — a) * | sin(x — a)cos(x – b) 
sin(x — a)sin(x — Б) 
sin(x — a)cos(x — b) 
E mon! (cot(x — a) +tan(x – b))dx 
- cub elsi - a)l -log(sec(x - b] + c 
= Sab ОЕ sint - aoste - В + с 
We have, 
(Есімше; Мапх 4 
dios 
MEER] sec харх р 
tanx 
2 
- [5e x ах 
Ntan x 
E І 2. Let tan x = 2 
= зес?хах = 2tdt 

-24-с 

Е 2vVtanx + с 
We have, 
| ах 

хүй — 1 
хаж 


xN -1 
-2 л 
= 


2-2 


= : {ап 10) + с 


jum 4-1). 


+ "T 


Let 


|225: 


(х2 + 1) 


З 4 | « Л ээ je 


(х2 + 1) 


|а-2( SP ја 


(2 + 1) 
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= х 2 ах 2 ах 
2+1) : I + 1) la 1)? 


2| ах х 


= РЕ + 2tan !x – tan !x + c 
(x^ + 1) (x^ + 1) 


| а(х If. 
= +—tan х+с 
02-12 +1) 2 
20. We have, 
І 16 - 0) dx 
sin(x + о) 
E (226 – a) 7 sin(x — о) 
74 | sin(x +a) ^ sin(x — 0) 


f sin(x — о) dx 


Vsin?x — sina 
E Ї дэ COS 0 — cosx sina 


Vsin?x — ѕіп20 


dx 


sinx 
cosa | аш ах 


sin? 


x — sina 

: COS X 
sin Œ І ах 
Vsin?x — $120 


sinx 
= cosa jp dx 


Vcos?a = соѕ2х 


. COS X 
sin Œ J dx 


Vsin?x — sin’? 


cosx) 
cosa 


= -cos ах” ( 


-8Ш alog|sin a + Хѕіп2х — вїп^ | +c 


21. We have, 
х 
— dx 
Їнэн 
szere Let х2 =t 
= 2xdx = dt 
_1[_& DS 
? (ril 2 
2 
1+ = 
шахаад + с 
2 43 үз 


1-8 
= Stan = Ч +с 
V3 V3 


22. Let I = есхас 
= | вес?х. sec x)dx 
- secx Јѕесхах - | весх tan.x- tana) ах 
= secx | ввсгхах - | бвесх tan? x)dx 
= sec: xtanx — | (secx (sec - 1))dx 


= sec-xtanx — есхас + [зесхах 


= 2Г= secx-tanx + | весхах 
= 21 = secx-tanx - loglsecx + tanxl + c 
= [= j бесх-(апх + loglsecx + tanxl) + c 
23. Let = | совес хах 
= ровесх- совесхах 
= созесх | созес?х dx – 


је cosecx-cotx-—cotx)dx 


= –созесх · согх — | созесх-соё хах 

= –соѕесх:соїх — | совесх(совсс х - ах 
3 

= —cosecx-cotx — |созес"хах + | cosecxdx 


= 21 =-cosecx-cotx + Jcosecx dx 
= 2I = —cosecx:cotx + loglcosecx — cotxl + c 


1 
=> Iz 5 (- cosecx- сох + loglcosecx — cotxl + c 


24. We have, 


Xo 


xx + 3x7 + 1 


ах 
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-Ї| ЕЛЕСІ 2+3 


х2 


аі 1 
=| Let х+ =! 


МЕ +1. 


= ов |; + VP + 1|+ с 


1 2 1 
= 102 ||Хх + =) + | el tc 
ORE 
25. We have, 
І ах 
xt + 18 + 81 
= | ах 
(х2 + 9)? 
ous | ee 
(х2 + 9y 
1 —2x-x 
= ах ах 
(2 + 5) 15 + | 
2 
9)-9 
= —^ „је M ) ; E 
(х2 + 9) 02-09) 
- 52 E 2| ах 18 | ах 
(х2 + 9) (х2 + 9) (х2 + 9) 
= в 
(x^ + 9) 


= @ 26) + tan" (2) тал” (2) tc 


2+9 3 
І ах = 2 + 1 га” (3) + с 
+9)? 1902 + 9) 57 3 
26. We have, 
Е + sinx Jax 
1 + cosx 


zi x n sinx | 
1 + созх 1 + cosx 


І | x 4 2sin (x/2)cos(x/2) | 
= Х 
2cos?(x/2) 2cos?(x/2) 


ШЫҒЫР 


= =] sec (3)ax - tan($) ax + tan(3)av 


Sen) +9 


- xtan(7) +c 
27. We have, 


5 РО) 
J sin 4х е!" dx 


* ап2. 
= | 25їп2х .cos2x.e™"" dx 


= [2 ш 1l- шиг gan у 
1 + tanx 1 + апх 


- | 1 — tan?x 


(1 + tan^x)? 


an2 
-2tan х: вес?х. е dy 


Let tan*x = t 


=> 2tanx ѕес2х dx = dt 
e(1-t 
ы ш © 
em EIS 


[6 2-2 


@ + 1)Ў 


= je ! 2 Ja 


Pel Бату 


t 
--2| e +c 
ЕЙ 


28. We have, 


Ја | 20-62 је 


NAx? + 8x + 13 


= J sin! їг 


\ (0х + 8)? + 32 


Let (2x + 2) = 3tan0 


=  2dx = 3sec^0 ад 


m (2288) 2 
= >] sin Зоо8 вес“ба0 


= 2] Өзес?040 
3 2 
83 (e зес 0d0 - [tan640) 


- i (Ө tan@ — loglsecOl) + c 
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3(2хһ2, -1(2х-42 2x + 2\? 
= tan 3 10681114 +c 


= (х + Diar (+ 2 


) E + 8х + 13) + с 


29. We have, 
2 
МЕНЫ жы 
(xsinx + cos xy? 


(x cosx)(x sec x) 
= | о 


(xsinx + cos xy? 
(xcosx) 
= хзесх ис 
(xsinx + cosx) 


І (secx + xsecx-tanx) 


xsinx + cosx 


хвесх 2 
Е | чес хах 
xsinx + cosx 


xsecx 
= – == + cosx + tanx +c 


xsinx 


30. We have, 


xx sec^x + tanx) 
x 


(x tanx + 1» 


= fx 2 x sec^x + tanx 
(x tanx + D? 


= 2] x ѕес2х + tanx d 
(x tanx + 1) 


| (% Е F p^ 


АФ x Р | XCOSX 
(tanx + 1) lou t = 


4 ; 
= – ———  — — + 2loglxsinx + cosxl + c 
(tanx + 1) 
31. We have, 


secx (2 + secx) 
— d 
(1 + 25есх)? 
2 2cosx + 1 dx 


(2 + cos xy 


2cosx + соѕ2х + sin?x 
dx 


(2 + cos xy 


je + cosx) + біп к 


(2 + cos xy 


32. 


33. 


= J cosx 
(2 + cosx) 


= Шер 


(2 + cosx) 


ЖЭ 
sin^x dx 
(2 + cosx) 


222 
sin^x 
aan dx 


Б a (2+ cosx)? 


222 
sin^x 
aan dx 


+] 
(2+ cosx)? 
Z sinx 

(2 + cosx) 


We have, 


[ соз(20) х Тој | 2058 + эше) ад 


1+ sin20 


= J cos(26) ов 520 


Jao 
| + sin20 
= 10 —— EEE 


cos20 ! сов8(20)40 


І sin(20) 2 
2 со820 


і 20 
-10 [E x in ~Flogisee 201 tc 


We have, 


Ја s +2 је 


a +” 


+1) +1 
‚зз —————= 


(1 + хорс 


_ [= + 1) + (1 – 2x) 
(1 + у? 


| (ее +12 (1-22 | 
= |е + ах 


(1 _ Зу? (1 + ху? 


_ [А 1 


а + x)? 


(1 — 222) | 
(1 + ху?” 


-Jel Г-сы слу Jax 


(1 + 2 (1 + xp? 


«Је 


(1 — 2x’) | 


(1 +х zn * (1 acp 


% 1 X 
=е + +c 
Fr +2 (l+ EZ 
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34. We have, 36. We have, 
| 38-44 -1 2 
Jes X : 9h: as [сог ((+х+х)ах 
COS^x 

| “шы 

= | “"Ххсовх — secx-tanx)dx 1+х+х 
fd +x) - 3 

, inx- = | tan. | ———— — |dx 

- Je xcosx је | | 1+ ха + x) 
COS X 


- -1 -1 
i MENOR E = аа” 01 + дах + | ганхах 
а - Py? 
Let l+x=t>dx=dt 
=> dt = cosxdx 


1 1 


t| біп 17 + d dt 
1-8 г dc 


= | гал” гах + | (ап !xdx 


| 
— 
о 


ап“ Ч лов + 11+ 


хїап іх -jlogle + И+с 


e" (x — secx) + c 


-1 1 2 
35. We have, (x + Dtan (x + 1) -2108(х +1) + 1l 


- 1 
| жер xtan!x —logl? + + c 
COSX + созесх 2 


= | sinx dx 37. We have, 
sinx:cosx + 1 А 5 
fian! (1 +х + dx 
ecu. 2sinx dx 
2sinx:cosx + 2 л _1 2 
= | (2 -in а +х +©)у)ах 
2sin хах 
sin2x +2 Л 1 
= х— (х Dtan (х + 1) -=logl(x + 1 + 1l 
2 + cosx) + (sinx - cosx) 2 2 


2 2 
SB —xtan іх -jlogié + И+с 
af + 22297 EM (sinx — cosx) d 38. We have, 
sin2x + 2 2+ sin 2x + 2x 
sinx dx 
Let sinx — cosx = t and sinx + cosx = v Sad 
=> (cosx + sinx)dx = dt and (cosx — sinx)dx = dy = =Í sinx 
2 sin2x cos2x 


= dv 
utm 3 -1 dx 


4“ cosx (2соѕ2х — 1) 


_ БК 24 1 ау 
+1 _ 1 cosxdx 
4° (1 — зи? – 2812 
re 3 tan Цу) + c at Ө 
243 71-3 2 H dt ERU 
1- ја -2P 
1 (sinx — cosx) — үз ( X ) 
== (0) D 
243 5 (sinx — cosx) + V3 => а = соѕхах 


К Lf dt 
(P= DÊ -1) 


—tan !(sinx + cosx) + С 
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кс: -1 2f EIL 
dits 


1 
=} хов] | 105 £ +c 
4 2 ї+1| 442 Tues 
42 
= + toe|! | og P2 -1 tc 
8 +11 4/2 1142 + 


where / = sinx. 
39. We have, 
| өд" хэд" + оо?" + 37" + бт 


- оз"! + 
- оз"! m + 


Let 2x?" + 3" + бх" =t 


yn re x”) ххх Qx" 2 3" + 6)!" dx 


x" ox?" ЕЗ 332 + 6x)" dx 


=> 6m(Qo"-! + x! + "ах = dt 
1 1/т 
— |t" dt 
a.d 
= 1 Шы! кс 
6(m + 1) 
E CUNT - pr + B + GN) + 
m 
40. We have, 
| Лапх dx 


Let tanx = P 


=>  sec?xdx = 3f? dt 


2 
<> dx= Эг pea 
sec^x 1+ 
- [5 зр 
0 
E t^2t 
32:4 
-31-2 у, Let Р-у 
Bei? 
> 2tdt = ах 
-ij (v + 1) —1 dv 


(у + 1) (7 -v+ 1) 


aa dv 3 dv 
2'(?-vel1) 2" (у? + 1) 
2 2 
- 3( йу 3 penes 


К ы как 


2у-1 1 3 
tan loglv + 11 
| ҮЗ | 2775 


2 


= sut эс 4 slog" + Il 
des 
Dum - =) -$log + 1 
+S logh? v + ll qe E tc 


= 210° v + 1 


овп? харыг 


where v 2 = (tanx)? 


41. We have | dx 
(е - 1) 
Қаса 
ее — 1) 
= | dt Let e = t 
(1-1) 
= edx = dt 
Царе жт. 
| q-1y 
t 1 
= log ==] == 
os| аста 
= log га |- = +C 
е-і е – 1 
42. We һауе 
-1 
(2 Хју 
X 
[ах 1 | 1 | 
= tan х x dx 
Е ) 1 + х2 Зх? 
E tan x 1 хах 
(3x) 3° x40 +2’) 
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Let 2+1=7 


_ tan lx ++] 4 
6° t- 


(30) D 


=> 2xdx = dt 
tan x 1/1 1 1 

= + + dt 
(-3х) У pq — т 


ian te 1 | | 1 | 1 | 
= + —| log +c 
(3х) 6 И 1-1 


ава 1 ex EE 
(-3x°) 6 x x 
43. We have, 
dx 


(Vcosx + Vsinx)* 


sec^x 


(1 + Мапх)“ й 


= | - = Let tanx = f£ 


=  sechxdx = dt 


| 
N 
—À 
—— 
= 
Q 


1 Ja 
(Lx «pd 


1 1 
--2 
= + 92 шаа 


jj ! 1 | + 
3(1 + Atanx 4(\Мапх + 1) 


-2. 
dx J +1. ү dt, 
1-1 


1x25 
44. | = 


Let x = = dx = ЗР? dt 


2 
= 3f— ar + 3) 
1-1 1-1 


= logi? sux ээд 
+l 
= 410812 + 11- 2 21100 
-і-і 
= 41001? + 1 — 21 
1-1 
= Alogl? + 11 — logit 23 x d zi 


-і-1 


= Alogi? + 11 — 3 logi -t+ ll 
1 HE = у 3 
+ —tan +c, Let t= Vx 
үз V3 
45. We have, 


[=& 


2510 х + secx 


= | cosx 
sin2x + |“ 


_ lf 2совх 
T 2+ sin2x + 1 


1 f (sinx + cosx) - (sinx – cosx) 


dx 


2 sin 2x + 1 


] f (sinx + cosx) 


1 г (sinx — cosx) 


2 sin 2x + 1 


_ трах + cosx) , 


2 sin 2x + 1 


(sinx — cosx) 


^2 (sinx + 22 


-1| ах 


ах 
2 (sinx + cos xy 


sinx — cosx 
( ) dx 


2* (sinx + cosx) 


2 (sinx + cos x)" 


5 dx 


46. We have, 


4 
(251, 
# +1 


02 + 1): — 222 P. 


ја 1| (sinx — cosx) 


(sinx cos ху 


+ al - X sns + cosx) + С 
8 2 


(52:41) 
2 
5 556 2|1-2--ах 
(х6 + 1) (х6 + 1) 
ЫГ (241) | x d 
б^ +37 1) QÉ + 1) 
1 
1 + — 
af | zi ds 2 3x 
[^ * | 3" (02): + 1) 
2 
Х 
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= ап“ (у - 1) - Stano) +c 


47. We have, 
| axe - i» 


= І e'dx 
e — 1)? 


= | dt 


t- 1)2 


111 1 1 
- [5 Ci) op dt. 


e 


xX 
е- 


= log 


48. We have, 
| ах 
(x — 1)ух + 2 


2 2tdt 
(2-3) 


dt 
= 2| —— 
T BITS 


1-3 


‚22 oe 
t+ МЗ 


243 


To 


(x + 2) – V3 
(x +2) +3 


Я 


43 


49. We have, 
| ах 
хему + 1 
» І ла 
(Du 


dt 
- 2 
(ap 


dt 


Now, І 


(2-1) 


Let t=e 


=> dt = exdx 


Let х+2= Ё 


> dx = 2441 


Let х+1 =" 


> dx = аа 


zt 4 JE ја 


@-1) (Р — 1)? 
t dt dt 
= + 2 + 
(2-1) 7(2-1) CNET. 
| dt Е t dt 
@ -1° (ry 0-39 
: Hog] —*| + с 
(8-1) 2 PESE! 
where 1 = Vx + 1 
50. We have, 
А 
——————— dx 
Vx к + 1 
4 
= | х_—1 ах 
x |2 +25) +1 
X 
1 
x ——|dx 
n | 
2 1 
x +—]|+1 
шан 
-| 4 Let 2+ IEF 


X 


EN |ж-25)ж-2ш 
Х 


| 
+ 
о 


| 
~ 
+ 
o] = 
+ 
= 
+ 
о 


51. We have, 


2-1 


xN2x* — 2x7 + 1 


1 1 
= – — Јах 
ШЕ 3) 
2 1 
12---%- 
о x 
_ lf tdt 2 1 2 
= = | "© cQ c 
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52. We have, 
| омж Ncos2x ү, 


sinx 


cos^x — біп 
= LUE у, dx 
sin^x 


= | Vcotx — 1 dx 
= Jeosec?x – 2ах 


соѕес2х – 2 


\созес?х — 2 


= І совес х dx | 2 di 


\соѕес2х — 2 Vcosec^x - 2 


совес х dx 2sinx dx 
Vcot^x — 1 V1 — 2sin"x 


2 І cosec^x dx І 2sinx dx 


Vcot^x — 1 V2cosx — 1 


Let cotx = t and cosx = у 


dx 


= cosec?xdx = dt and — sin хах = dx. 


dv 
2155 — 1 


dt dv 
Е Фар ЕРЕКЕ 
айқан 
V2 
= -logit + VF — 11 + Zlog|y + wv? - 7 
= – 102 |согх + Мсобх – 1 


1 
cosx + үсоз^х — 2 +с 


+c 


+ V2 log 


53. We have, 


[ cese + $10 40 
15 + sin(20) 


Ге $110 — cos = 1 


> (со80 + sin@)d@ = dt 
Also, Р=1- 3120 


> sin20 =1-Р 


v6? - ? 


(а) 


pum - ae 
+ 


54. We have 
зе?х ie 
(secx + {ап х)?? 
зесх.зесх у 
= |. ах (i) 


(secx + tanx) 
Let secx + tanx = t 


> зесх (зесх + tanx)dx = dt 


> зесхах = d 
1 _1 


Also secx — tanx = = 
(secx + tanx) | 


-ii I) 
Thus, зесх = 2 t+ a dt 


The given intergral (1) reduces to 
(„14 
[ 2 t+ an 


_1р@ +1) 
7297 аза 


“(t+ аја 


dt 


ЗАК МЕН НЕ ТЕНК 800 
= 77? 1112 © 


= + с 
7(ѕесх – tan x)? 11(ѕесх + {ап х)!!? 
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55. We have, 
tan20 


Vsin°@ + cos? 


40 


N І tan20 49 


V1 — 3sin?0cos?0 


Е | $120 49 


со82011- 1720 


2sin20 


d0 
с0520\4 — 3sin?20 


= | 251120 49 
cos20N3cos?20 — 1 
Je Let t = cos20 


— dt = 2sin20 40 


- ES : Let 32-12» 


6tdt = 2xdx 


l -1 
=-—tan у + с 
9 


= ET MES —1)+с 


= - авг 1 (МЗ сов? 20 – 1) + 
Lever 10 


2+6 
а ть ах 
(xsinx + 3cosx) 


D | (х2 + 6“ 
E ГР 2 6 dx 
(x sinx + Зх cosx) 


(х2 + 6)x cos x.(x^sec x) d 


о? sinx + 3x?cos x) 


x(x" + 6)cosx 


= (х ЕЕ ах +| sec^x dx 


?sinx + 3x7 cos x) 


-хвесх 


= SS # tan ec 
xsinx + 3cosx 


log(1 + sin? 
gt x) d 


соѕ2х 


= І ѕес2х log(1 + sin?x)dx 


= log(1 + біп?) | sec’xdx J tan , 2sinx UM dis 
(1+ sin^x) 
= tanxlog(l + sinx) рте ҒА 
1 + sinx 


= tanx log(1 + sin2x) 2|! т je 
1+ чпх 
= tanxlog(1 + біп а) —2(x) + а 
Жап х + 1 


= tanxlog(1 + эш) -2(x) + 2| —4 
2-1 


Let tanx = t 


ѕес2х dx = dt 
= tanxlog(1 + ѕіп2х) —2(x) + 29 лап 142) + c 


where 1 = tanx 


2 2\-1 " dx 
3. IE dm + x) dx = T n 25 


Let x2 
23 Ч 
> за 
а 
xr 
= Зап" ГО) + с 


= 3tan х) + с 


4. | 


57 
1+ tan (52 - x) 


| + ап(-46 + x) Jax 
= рах 
=2x+c 
(= (1 + tanA)(1 + tanB) = 2, if A + В = 7) 
5. Jtan(x – о) tan (x + о) ап 2x dx 


= |(tan(2x) -tan(x — о) – tan(x + ауд 


= — logicos (2х + loglcos (x — 0) 


+ Іосісов(х- o)! + c 
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6. Jos| 2eor |= ја 


Let x = cos@ 


=> dx = -sin0dO 


= J cos |2eoc (41898 || o 
= J cos | 2cot | tan( | | о 
ШЕШЕНІ 
«Те: 9) 


E І cos (z — 0)d0 


= x] cos(0)d0 
= –чпд + с 


--Ү1-х +c 


j| ees +39 x + 27 + 1 
(x + Пах 


(2 – К ОЕ + a +2(х + +) - | 


= dx 
J xt + 2х + 1) 


> + 215 
MN эээ, 


(t + 2) 


2 Жадра 4 


(t+ 2VP + 21 – 3 
" t(t + 2) - 3 di 


(t+ 2NP + 2t — 


t dt 


- dt 
Із 22-2 я INE GENET S 


= 1 +h (say) 


8. | 


Now, 1; = | .—2' _ 
2 2t — За 
-i(g22- EL 
јр 
-31 (2t + 2) ја 1 dt | 
?Ё+21-3 Ê +2t-3 
21 m. dt 
dt 
JP к2-3 lim 
1 5 1 (t+ 1) -V2 
= —1ор! + 2t — 3l 
ыша 20 Ма» 42] ° 
where 1 = (x + 1) 
dx 
Also, [5 = 
i а= 
а 


DEERE 


--| dt 


a – 29? + 22(1 – 2) -a? 
1 


dt 


үй гои 


пат 
аара 


ағ 


EEE 


j 
j 
-4 
| 


E 1 dt 
“4 4-4 
3 3 
1. ШЕ. + 5 
= ———sin +c 
үз 
where 1 = (х + 1) 
Л 
( ап|--Х 
ee 


cos?x Vtan3x + (ап + tan^x 


Indefinite Integrals 1.145 


_ (1 ~ tanx) sec^xdx Ё 2 - Ру 
(1- tanx)Vtan?x + tan^x + tanx 3tan*8 
„1 
(1-да = ilis 10 
= І Let tanx = t 3tan^8 
(DW Tu 
=  secxdx = dt = У iid + loglil | + с 
3tan'g 3122 
2 
Е а : nt - 9 : | 1-4 +c 
(D WP a Tues 3tan'g 3 2sin?8 
e І (1- ах where tan Ө = x 
2 1 
(2 эгж Юү 26441) 7 ийэ р 
Ц ха = xe) 
dt 
Е Г | 2) (1 — xsinx)e** 
e cosx3 
(62421 6441) (1 - (ке) 
1 |-и DA xd Let f= хе" 
Let (r+ 441 =v => sec xdx = dt a. 
= 20 m zi d 
(v^ + Dv - as: P) 
2-00|-Ф _ 
+1) = dt 
КВ 
= 2tan (v) + с ( 
-1 1 -4/5 ү dt 
= —2tan (жс 508 – 1) 
2 1 ИГ 1 ау 22-39 
where t = x + x Ta cy where v=f 
-1 
9. ГЕН Хақ +c 
х 
Let x = tan 0 => dx = ѕес2х00 ы Flog Ё - = 
t 
-1 
t tan 0 
= | = = б) sec” 040 1, [Ge - 1 
апі за Ус 
хе 
NEL 0 40 | (1 + xcosx) 
tant Ө Ч: 22 m 
x(1 — x"e^sinx) 
Ч e| sec ба Ө ++] 40 zj (1 + xcosx)e?n* 4 
T tan 30 хе“ (1 -(хезіпху2) Е 
m. ад 
= dt sinx 
ud 3° (апзе = 1 E By where t= xe 
3 
E а 14 cos 0 19 -1 d 
312130 37 sin? @ (1- 
0 | 1(0 - sin'cos8 E 1а 
= ub = d0 - 
за? 3 sin 0 РО 
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2 


- 4 | (хезіпху? 


ІЗ х | +С 
(xe?) 2-1 


12: БЖ 


2sinx + зесх 


= ог cosx 
sin2x + 14 


2 1 2cosx 
2° sin2x + 1 


-1| эс + cosx) + (cosx — sinx) у 


(sinx + cosx)? 


- il +1] COSX — sinx 
de + CTUM (sinx + cosx)? 


lf cosx — sinx 


= з] еокес(х + 2 |йх + 


2 (sinx + cosx)? 


= ов ШЕ + | 1 tc 
42 2 8 (sinx + cosx) 


dx 
cosxsin(2x + а) + sinc 


13. | 


dx 
cos xvsin(2x)cos œ + cos(2x)sina + sin с 


dx 
cos xysin (2x)cos œ + (1 + cos (2х) зш а 


dx 


cos x N2sin xcos xcos б + 2cos*x sina 


Р 1 ах 
V2" cos2xVtanx cos @ + sin Œ 


_ 1 sec^xdx 
427 Ntanxcos a + sina 


Let tanxcosa@ + sina = г> 


ГЕ 2t dt 


= a 


1 
= dt 
42сов a J 


. tanxcosa@ + sind 


N2cos a 
м. J (века) - sse (Jas 
ТЕГЕНЕ 
5 ад 
ЕТПЕ 20 ёс 


= T +c 


PE 


15. | шанг, N3cos 2x — 


COS X 


3cos2x - 1 dx 


соѕ хүсоѕ 2x — 1 


3(2соѕ2х – 1) 
aes SS dk 
cosxV3cos 2x — 1 


dx 


COSX 


20 


dx 


dx 
УЗ - 25іп2х) - 1 


4 dx 
] соѕ хүЗсоѕ2х - 1 


cosxdx 


5 3/21 cosx 


dx 
МА — 3sin?x 


us — sin ОМ - 3sin?x 


cosxdx 


cosx 
= 6] DI 
ЕЗ - sin’ x 


af 
(1 — sin^x)V1 - 3sin?x 


cosxdx 


= биг Ват -4) 


(1 — sin’x)V1 — 3sin2x 


= ¥6 sin“ В sinx) -4 dt 
J GaP Ws Зе 
where t= sinx 
= = \бзш (УЗ sinx) mEn 
o - m = 
where t= Шу 
= V6 sin !(N3 sinx) т и = y? -3 
o? + Ex 
= Хбвіп” ‘(3 sinx) ub dv 
Pk 2) 


= Убзш (МЗ sinx) ке +с 


2 
= Убзш (МЗ sinx) юмдаг —R | +c 
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= V6sin '(V3sinx) юма + с 
16. | a es 


- dx = (5 – 2tan + 2tan “хүйс 
(1 — x32 
_ Л ах 
2*0 - 35 
==] dx 
(1 = x5 + x) 
_л ах 
21 шэн + 1 
m 1 1 02-1)-02 +D) 
а еа 
8 1-3: 1+x х* +1 
2 2 
+1 
=®|Ї( 1 + ! |+ йа. ae 
Bp Vie goa +1 xd 


and then you do it. 


І 2-х 


ах 
(x + DG! + хе + xy? 


2 
1- 
= = А 3/2 ах 
с + De(x ela 1) 


8/ 29851 
xv + D(x + 4+ 1 


zl (1 - x) 53 


x(x 1)2 (х ++ i) 


= | G= х) ах 


3/2 
хо2 + 2х + [х + 1+ 1) 


2 a- 


sin 34(sin° X + cos 2j 


cos^x 


sin®x(1 + собху 5 


cos^x cosec?x dx 


(1 + сорх) 


Еуре Let сох = t 
ul 1j 5f dt 
(1 +)?” 
Lett (1+7)=у 


= 5ш = 5 ау 


--jü + cot xy + 


sin?x dx 


(cos^x + Зсоѕ2х + D)tan (весх + cosx) 


(1 – сов2х) sinx dx 


(cos*x + Зсоѕ2х + 1) тал” (весх + cosx) 


1 - Ра 
- ( M , where cosx = f 


(+з? + Dian! 1 pe 
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E (1-24 go car E 
[vos уна 5 4у 
E а 2 
| Л + п + = + 1) Жэ сир 
f T 


bxc NO ed. 
= --- 05 C 
“= = | | Т 242 |у +1 
, Where |f? + 2] = y 
o? + "am y : Я 
[4 1 | ii зм i 
y = - 
= |—, where tan (y = v = log +c 
У 242 (« + 1) 0 +1 
1 
ME 
х 1 (tanx + cotx)V2 – 1 
= 05 
= loghi + c 2.2. |(tanx + cotx)V2 + 1 
А 1 
= Іор {ап (1 + 1) +c х (хвес х + tanx) 
21. 5 ах 
= Јов Кап (совх + secx)l + c (xtanx + 1) 
ее. x + tanx) | х 4 
= — = ах ах 
20. | ахих – міапх g (xtanx + 1) xtanx + 1 
4 + 38ш2х 2 
Х х 
- 2 4 
-| tanx — 1 dx (xtanx + 1) + l +1 т 
vans (a + к | 2 x +2 XCOSX _ ду 
1 + айх ^— (xtanx + 1) xsinx + cosx 
| (tanx — 1)ѕес2х 4 x 
= X == 
Vtanx (4 + Чат? х + 6tan x) 


—————— + 2loglxsinx + cosxl + c 
(xtanx + 1) 


5 13 
sinx — sin"x 
where tanx= t 22. | EDU 
sinx(1 — sin? 
(2 – ра E [еа а 
=> | — dt 1 — sin*x 
(At^ + 67 + 4) 


Ш Jez sinx 


1 | (Ê = Tprdt Ін 


КА + бї + 4) 


ах 
V1 — sin?x 
Го 2207 
KG + Е + 6] Р COS XNSin x di 
— (sin? y 
1 
E - sp Let (sinx) = t 
-2| 4 
1 3.10 
(4 + 3 - 2) + 2 > 2510 xcosxdx = dt 
1 = sin? 
1-4 
= 2| Ч 


xcosxdx = 54 


-2 dt 
Ү1-Р 
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23. | 


24. 


= ism (n pe 


3/2 


= Заг" (віп” “ху + c 
e'Q - x 
а 
(1-хУ1-х 


ЕТТЕН +(-юр а 
(1 — x)Vl md 


| “= ЕБ 
- jeh 


! Б 
(1 = х1 -xX 


ах 


Үсіп(х + a)cos*(x — B) 


Put (х- В) =t dx = dt 


= dt 
т + В + a)cos*t 
= | c" » (given) 
\sin(t + 0)cos?t 
L dt 
„сова t- cos@ + costsinO) 
2 dt 
1 NVcos*t(tan t- сове + 5110) 
- | бесті dt 


\(tant-cos@ + sin@) 


Let (tant-cos@ + sin@) = v? 


=  sec/tcos0dt = 2vdv 


= есі = 2уау 
cos@ 
-2 fy% 
cos@ у 
2у 
= + 
cos@ " 


= 2secONcosOtant + віпб + с 


= 2sec(a + В) 


\cos(a + B)tan(x — В) + sin(a + В) + с 


25. [| 2+ 2 | ах 


= је 


Д 
Гео 
ме 4 - 
| 
ke 


Et la 
(x + 4)? 


Х + 4x + 44 
(x +4)? 


(«+4 (+4) 
аам 4 је 
(x + 4): (x + 4): 


е а 
! (x + 4) Мыл" 


406+) *° 
8 
26. +, 
х 


= [бреза + 352 ас 


+1 -1341 
+а= ——+ 


1 
Н = = 
еге, 8 7 


Let (1+9) х 
8 _ __1 
(2-1) 


=> &xdx-2- 


> 


тойу 
(2541) 
1 
а 
ET 


> Ах'ах = – 
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Td as 
ELE 


| 


sin?x + cos?x 


2t dx 


(sinx + cosx)(1 — sinxcosx) 


sinx + cosx 
dx 


_ 1 
Sars + cosx) (1- sinxcosx) 


- 2] dx 1] sinx + cosx 
(sinx + cosx) (1- sinxcosx) 


sinx + cosx 


ЗЭ: ах 2 | 
342 (sin(x + 2) 


= seo 22] 


ЗА + (sinx — cos x)? ) 


dx 


(1 + (sinx — cosx))) 


sinx + cosx 


-үдӨЦ ШЕ +3) - апт! (sinx — cosx) + c 
ive)? 
» Өз), 
1-3 
Let (х+ Vl+x) 21 
> pu E Jesse 
V1 + x7 
= е is 3 
\1 + x7 
=> | : (Бей 
1 +х 
"beali 
1 + х2 й 
Бол: 
„рх“ 
= [ea 
P 
=— + с 
(x + NT +x) 
шини 
29. | (x + 1) 


x(1 + xe? 


І еХх + 1) 
= | —— dx 
хе (1 + xe? 


-| dt 


where xe = t 


(1 +t)” 
d d 
zb ТЕ lies 
= о | + asp? 


where t = хе“ 


sinx 
30 | 2sinx + 3cosx x 


3 Is + 3cotx 
Let 2 + 3cotx = Р 
— —Зсозес?хах = 2tdt 
БЕТТЕ 2tdt 
3+1) 
2f_tdt 
3 (f Dt 
- 22 dt 
Ged) 
- Hie EL 
(+1) 
Ё HE + т ET Da 
@ +1) (+1 
СІНЕ (Ше 
1+ 1 
2 
==) = gc ШАР 
"ese Tage 
Ü 


1 = dti (dy 2 dt 
pe) е; 
- sg | дээ К 
ГА 


where t = V2 + 3cotx 


cos4x + 1 
ЭГ [Su - pm 
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2cos?x2x dx a зесбх dx 
соѕ2х — біп tan°x + 1 
sinx cos x 
zje + tan 2%)? ѕес2х 
_ | 2cos?x2xdx ENS dx 
2cos 2x 
2sinxcosx (1 + ry 
= = [4 t, where t= tanx 
= Joos 2xsin 2xdx É + Ta 
2,2 
1 Я (1+7) 
= — | 2208 2. 2. = а 
51 cos 2x sin 2x dx ЈЕ Vif 
lf. 
Р ~ sin (4x) dx -f (ey a 
| б — +1) 
= со$ (4х) + с 
1 
нэ (1+2) 
COS X + COS X -|------а 
бо. [EE X ad "sS, 
ѕіп2х + sin*x | Ы 2 Е 1 
= cosx (соѕ2х + cos ^x) dx | 1 | 
(sin?x t sin^x) " | ? dt 
172 
1-2) ЊЕ (0-2 +1) 
ы уа: 20 үр where sinx = t t 
Г ер 1 
- шаг (1 - 1| +с 
E zer 2-3 +i f 
Pee = tan" (ап х - сох) + c 


-4g +2 25 34. Let f(x) = ах? + bx + с 


Pur Given f(0) = f(1) = -3 = 370) 


- 
+ 


-4Р-4- JE On solving, we get 
бар а=1,Ь=-1,с=-3 
2 


-4 -4+6 à Thus, 1 = | ре dx 
Pie +1) (x - DG + x + 1) 


| 
| 
| 
| 4(Р — 1) 6 р Қы ee =. 
| 
| 


- 
+ 


PRD. РЕТ `@- DG exl) 
A Bx + С 


1 1 = 
1 +6 dt x-1 2 
2 Е pa 7) : ) (ex D 


Solving, we get 


2 1 
а || А--1,8-2,С-2 
Ї 


The given integral reduces to 


2 -1 
(1-2 - вап ©) жс ах £ 2x + 2 
(х-1) до РА. 


= зшх — 2созесх – бкап (яах) tc 


d = xd 2x + 1 


зз. |-- 6 = ЖИ x paw 
sin’x + cosx 
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4 
= -loglx — DI + 10502 + x + 0|-1--5-- = | eae 
x +x41 sec^x — 3tan?x 
= log (x +х+ 1) ах d+ tan^x)sec^x d 
= = Х 
@-) (x + т] + (3) (1 + (ап2х)2 — Жап 
2 
E m (1 + P)dt 
X +х+ 2 RIS + "| 2 5 
= lo + tan + с (Еј = 
| 8-0 1758 43 
Е | f+ ја 
Integer Type Questions fer ei 
1. The given integral is 1+ 1 
= | г 
[ess + cos 2x d = | Бане тан dt 
aX Ё d 
2cosx – 1 | + ]-1 
г 
2 
2cos x + cosx — lg 1 
2cosx — 1 1+ E: 
= | eee же 
(2cosx — 1)(2cosx + 1) E 1\2 
dx (: + 1| +1 
2cosx – 1 


= | совх + Бах 


an^: - I) +c 
= sinx+x+c D. 
= (ап (tanx – cotx) + с 
Clearly, A21, Bz1 


Clearly, L = 1,M=-1 
Hence, the value ОТА + В + 3 = 5. 


2. The given integral is Hence, the value of + M +4 = 4. 
Ах 4. Тһе given integral is 

NE 3 

sin'x + cos x х+1 

| Ах 
[ dx х +x 
(sinx + cosx)(1 — sinx cosx) Е = | х+1 dx 
х(х2 + 1) 


(sinx + cosx) | 
ах ах 
+ 
(2-1) хо2+1) 


= 
d + cosx) (1 — sinx cosx) 


- 2] 2 (sinx + cosx) 
x 
ІСТЕ + a) 3” (2 – 2sinxcosx) = tan + Liog|— +c 
2 2+1 
шх + 
ЖАЛ ШНЕК итгээд Clearly, L = 2, М = 2 and N = 2 
3 sin(x + 2) 3 (1 + (sinx — cosx) 
43 3л 2 Hence, the value of (225229 =2 
= -3 08 ШЕ + 22 t jtm (sinx + cosx) + С 
5. The given integral is 
Clearly, L = 3, М = 8, N=2 and P=2 | sinx а 
Hence, the value of + М – N- Р = 7. sinx + cosx 
3. The given integral is =i 2sinx | p: 
dx sinx + cosx 
біпбх + cos°x ЕЕ + cosx) + (sinx — cosx) 
ах sinx + cosx 


1 — Зѕіп2хсоѕ2х 
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Р Ч (созх — віпх) dx 


sinx + cosx 


= E - loglsinx + cosxl) + c 


1 1 
Clearly, А = = and B =-- 
early 2 an 2 


Hence, the value of A + B + 1 is 1 


2 
6. The given integral is fe 


(2х + 3): 
Let 2x + 3=1 
= 2dx= dt 
> dx = а 
2х= 3-і 
-32-t 
E 
2 
41:55 
(2х + 3) 
wel 
оО 
=! 2 dt 
_ 13-9 
Tg E 
ape “+9, 
ê 
“1 6 9 
ц 
Зи! 9 
1 [(; toge - =] + tc 
_ 1 _ БУТ. 
= IG +3) - log@r + 3) - > 
_ GB + 2x) 1 9 
= Т + 471985 + 2х1 – 8(2х 43) tc 


Clearly, L - 8 and М--8 


Hence, the value of + М +4 = 4. 
7. We have, 


dx 


| 3x + 2x 
хб + 255 + x4 + 205 + 2х2 42 


= | 3x + 2x dx 


1+ (38 + 1 + HHA) 


= | 32 + 2х 
1+? +х EY 


= гап (х.х + 1) + с 
Thus, L= 1, М=3, М=>, Р= 1 апі О = 1 


Hence, the value of + М+М + Р + О = 8. 


4 
COS X 
8 


dx 
sin®x(1 + собх)?? 


со8 х соѕес2х dx 


(1 + cox)? 


2 [fu 
(1 + Py? E 
--1| 5а 

(1 +f 2)» 


where cotx = t 


Put (1 + 7) = у 
= 574 = 5у ду 


--10 + собх)25 + 


E ig t P. зээ 
2 tan>x 


Thus, L = 2, М = 2 ad N=5 

Hence, the value of L+M+N=9 
Baa 

В+1 27 


9. Now, 
OW. y 


=3 


Put (1 + х2) = P 
2^ = 3f! dt 
32 _ 62 
га 
im: 
Thus, the given integral reduces to 
6 sí (P – 1-82. Ра 


6[,6 3 7/2 
ш-|(Р-21 ғ а 
ar +1) 


6 ( 192 13/2 , IN 
=—-—|( 7-2 tt ^dt 
Jr ) 
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6 pi? 2152 В? 
E 87 (15/2) 1 (92) 


2(1 + 92152 
(15/2) 


ё (1 + хорыг 
2 | 


(1 + ??у?? 
(21/2) | Ы 


(9/2) 


a (4 + yan 8 8 zu + 5252 + ad + eer % 


Clearly, L = 4, М = -1 and N = 4 
Hence, the value ОТ1. + М + М = 7 


10. Do yourself. 


Qustions asked in Past IIT-JEE Examinations 


1. We have, 
| ах 


1- cotx 
= [| sinx Ja 
sinx — cosx 


xij стана о 


= (22° — cosx) + (ѕіпх + ema 
x 


2sinx 
dx 
sinx — cosx 


sinx — cosx 


5 ait „бш + сое) 5 


sinx — cosx 


= 36 + loglsinx — cosxl) + c 


2. We have, 
| хах 
1+х 
= I 2x dx 
2" 11 + 02): 
siya 
ОУ. 
= 1 tan" (9) + с = a tan! (x?) tc 
2 2 
3. We have, 
xX dx 
(а + bx) 
Put a+bx=t 
1 
=> а= -а 
цэг 
1-а 


Thus, the given integral reduces to 


с 


с 


(57 


1 
—dt 
Р “> 
2 
t- 
жей : 227 
p? P 
2 2 
wl t Лажа у 
p? р 
1 Эф а 
НТ | ESL 


2 
58028 
1 


E EIC + bx) -2alogl(a + Эх) — 


E l | – 22105 |1 
b 


2 
(а + E 


4. We have, 


ZEE 
Е 4(-cos(*) + sin(2)) + с 


5. We have, 
2: 
X 
dx 
E -x 
T= Ё 2; 
( 7 ) x –2та, where 1-х-Р 
= ja - ?yar 
= aja - 28 + far 
5 
=-(r-2P +E] +c 
3075 
imi 
2 Да ху? 20 xh + * 2 


6. We have, 


| e + sinx)cosx dx 
= Пезе-япх + sinxcosx) dx 


= ІСІШ + sinxcosx) dx 
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| | малч 
= || x-sinx + —— Јах 
2 
= х| sinxdx + | совхах mm +c 
; cos 2x 
= —xcosx + sinx a к +c 
7. We have, 
[e(—À јах 
(x + 1) 
= | х(х4-1-2 
= |е 
(x + 1)? 
-|е ! + == 5 ах 
(x + 1)? (1 +x) 
е 
= „+С 
(x + 1) 


8. We have, 


J dx J dx 


Pot + 1) 3 (I M ЭГ 


Let x = соѕ20 


> dx = —sin20d0 
= | (Е986, sin (26)a0 
1 +cos@ 


x 2sin(0)cos(0)d0 


o 
=. 
3 

| 


~ 
Ф 
— 


| 
A 
— 


x sin[ 2 оз 2 |cos (6946 


e 

9 

о 
—~ 


= 4] sin? 


= 2 f(2sin?(2))cosco)ao 


ю|Ф ТФ | 
өші Без 


n 
= 
Б 

а 


Joos (0)а0 


= 2fa - с080)со8(0)40 


= 2 (сов0 - cos20)d0 


1 + cos20 
2 


Е оо | шө) 
-2|| на Цө 2220 кс 


= (2510 — (0 + sin20 cos@)) + c 


= 2] Цс6- |4 


= WI —x - [(cos (x) + ук NT- x)] + с 
10. We have, 


sin Vx — cos М 

mer => ах 
sin VX + cos үх 

sin Wx — [2 -sin Wr) 

- т ах 


2 


= 2 (28in- ve - >) 
= 4 | (sin лэх = Jax 
= 4 | Өмл2ө)40-- [ах 


= EIU яш(20)40 + | | 22529146 -fa 


where x = $120 


ze 0cos20 , sin20 
= + 


2 4 х+с 


4 sin (АИ — 2х2) Vx V1 -x 
= т 7 + 2 х+с 


É 2 (-sin ди – 28) + WENT — x) —x + 6 
11. We have |55054) 
Sin X 


и j3 E 2sin”x у 


sinx 
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1 
= || dx 
J ѕіп2х —2 
= | \соѕес2х —2 dx 
= J Vcotx —1 dx 


Let cotx = sec 


—  —cosec’xdx = secÓ tan0 ад 


geca ѕесӨ tan 40 


совес х 


_ ѕесӨ tan@ 40 


1 + cotx 


TN зесд нэ 40 
1 + secux 


тр ~ ад 
cos“ + 1 


Ш (ап0- sinO 


5 ад 
cos“ + 1 


біп20 


соѕ0(соѕ20 + 1) 


A sin?0- совд d 
соѕ20(соѕ20 + 1) 


2 
= = эхэ. а, where sinO-t 
а — (2—7) 
2 
--| "uv 
Pod 3) 


| 
—À 


( 
2 1 
dt 
Г med 


еш у (Ен 4% 


= (ее E + 
242 Си+уз 2 +1 
where 1 = sin@ 
12. We have, 
| санх + Ncotx)dx 
2 Їнэ + *) 
Ntan x 
2 
2 | + | 2 di 
БОЛГОЖ 


= Van! (7 tan - 2 +c 


13. We have 


+6 
tel де“ + oe 


Де“ + 6e * = т(де“ — 4e *) + и(9е + 4e?) 


-Х 


Comparing the co-efficients of е and е”, we get 
nb ando E 
9 2 
Solving, we get, 
п = 35/36 and т = - 19/36. 
The given integral reduces to 
ATTE 326 + ee 
— де 
= E + 52102197 - 4е | + c 
2х 
e 19: P 35 log де“ —4 Р" 
36 36 i 
= E + se 4| - > log Іеї + с 
19 Se 
T 51 де“ — 4| + 
Iss 36 - pene as) ee 
= -is + Bogle” 241456 
1-4 , 1980 + сй 
14. з 14 * 
x NX +X 
= 1 + 1, (say) 


dx 
Now, I, = J ПЕ 1/4 
X TX 
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11 
= ГЄ ары эр? 
far 
Га 
1-1 
(P1) 343 
= 12 | == | 47 
| 1-1 
ЕД аба Рай аа оне а 
1-1 
8 7 6 5 4 3 
ГЭЖ Л ЖАСЫНА; 
= 12 logit + 11 
| ee E 
log(1 + x! 
Dane tes 23 
Х Tx 


log(1 + f 
- с ЕЕ аш Ра, where x = 7° 
CET 


3 
tlog(l + f) 
= ———— ————— (і 
6] t+1 4 


- 6 [© -1 + ова +9, 


1-1 
_ qe - Dlog(l +A  log(l4 Д 
E і-1 (1-4) 


- efe - 1) log(1 ro- SEC ја 


((+® 


= 6 


ribus 
| 2 
ТЕ an [35 


-6(log(1 + 0 + с 
Po 
= 6102 (1 + 16 в + 1 – 105 (1 + 2 


| == 30 + 6 
1 + 1 


4 
3 
= 6log(1 + 20 = 5 +t- log(1 + 2 


+Ј(22 + 51+ 5 + Je 
1-1 


ВР 
= 6log(1 + 1) 4754-10 + f) 


QS T Es + 5t + log(l + Ы 


where 1 = x". 


15. We have, 


I= cos 26log 52 +n) 


cos 0 – sin 0 


tds (5056 + sin@ 
cos 0 — sin@ 


ТЕ (20)40 


-4|надө)-(2088- sin@ | 5 Е + $10 Jao 


cos@ + sin@ cos@ — sin@ 


216 (5059 + Sne) лы 


cos@ — sin@ 2 


E ој а о + cos?0) -40 


cos?0 — sin? 


(=) Sio Е + T [uns | 
2 cos@ — sin@ cos (20) 


[ES 5216 Е + 2n] 
2 в cos@ — sin@ 


Flog|sec(26)| tc 
16. We have, 


3 
es x+ er as 
sin^x + sin*x 


cos^x + cos^x 
= |= |созхах 


sin?x + sin*x 
(1 - sin?x) + (1 - sin?x) 


-f sin 2х + sin^x 


| cosxdx 


where t= sinx 


-) 


daed- мет, 


((“ + 2) + (2 – Da 


Pa 


2 — 4t 
Ра > ја 
Pat 


4 
4 
ы цац 
“| 
| 


1 2 Ja 
+1 "Peta 


Р 
1 EF | је 
Pu f XP ul 


= (г- 4ш 2 олат! dc 
= (r- 6tan Ч-2|«с 


= (sinx — 6tan !(sinx) - 2cosecx) + с 


1.158 Integral Calculus, 3D Geometry & Vector Booster 


17. We have, 
х+1 
х(1 + хе? 
шигээ 
хе! + хе? 
= | Tm а Where t = хе“ 
1 +f 
1 
= dt 
- 2: (t+ т 
Sell pete 
хе | 1 
= log + tc 
хе + 1 (хе“ + 1) 
18. Ме һауе, 
| ах 
Væ- pr – q) 
=| dx 
(х - py – "I 
` dx 
эн ДЕ - дүз 
(х-р) 
(x - 4) 
Let = 
(х-р) 
Б = р) 1- (х - 4) 1 
(x - py 
dx dt 


"терен (q – p) 


The given integral reduces to 


1 dt 
nom p) п? 
1 
= х 2М + с 
(q — p) 


2 х-р 
= х2 
(4 – p) d 
19. We have, 


І ах 
(sinx + 4) (зшх — 1) 


201 1 1 
-3 || eis -1) (sinx — ah 
zA 1 
i =. па = p^ 3 =. + no 
1 Lj 1 1 
(1- uh 57 (sinx + a 


је = dt 


2 1 ¢ 1+ sinx Lf 1 di 


x 
5 2 5 2t /2 
COS x ап(х/2) do. 


1 + tan? (x/2) 


-51 (sec? x + secxtanx) dx 


1 sec? (x/2) 
= Х 


57 (4tan? (3/2) + 2tan(x/2) + 4) 


а 
ш-- 5 (tan + зесх) — Е Зэв 
S +t+2 


where ап (5) =t 


and then you do it. 
20. We have, 


ПЕ - sinx 
cosx + зшх 


Je + 2sin2x)dx 


cosx — sinx : 
= 2 [9055 — эш») х (cosx + sinx)? dx 
cosx + sinx 


= 2 | (cos*x - біп дах 
= 2сов(2х4х 
= o (85s) zs 

2 


= sin2x + c 


1-х | dx 
n. JJ SxS 


Let x = cos?20 


= dx = -2cosx(20)sin (20) 


2 1- соѕ (20) T —2cos (20) sin (20) 40 
7411 cos(20) сов (20) 


sin@  2sin(0) cos(0) 
i 1 — " cos(20) 48 
шан (9) чө 
D cosQ9) 4 


(cos (20) – 1) 


(cos (20) d 


= 2 [1 - sec 20546 


E 2(9 = 5 log Бес(20) + tan (20)! +c 


1+1) е 
VX X 


= 2 (сок 20 - 5 log 


22. We have, 


| ах 
(2x – 7)\х2 — 7х + 12 
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- 2| ах 
(2х — TVAR — 28x + 48 
= 2-ах 
"Ox — тохт) A 
- |. where (2x — 7) =t 
= вес (0) tc 


sec !(2x – 7)+ с 


| х. 3x +2 
+ 1У(х + 1) 


[ хе + Зх + 2) 
-[————— dx 
(х2 + Dx 1) 


202 I(x + 2) 
= | а 
(2 + 1)(х + 1) 


ы =: +3) Р 
(2 + 1)? 
sj e 
о? +1)? 
_1 ах 
+2 м. ль 
т ay r+ 2 [oes 
1 dx 
кн жеи pe 
221209 ls 
"Fuge = E 
202 + 1) 2-1 


Let I, = d 5512 
+1)? 


2 2| вес 040 


sec^à 


, Where x = tan@ 


ад 
Б SES 20 


= | ссов20) ад 
= [à + сов26)40 


= (0 + sin + созб) + c 


24. We have, 


| У | 2x +2 | 
sin E ЛЕ ЕЛЕНИТЕ ах 
VA? + 8x + 13 


= pel 2x + 2 
NQx + 2)? + (3)? 


Let (2х + 2) = 3tan0 


(2x + 2) |= sno 


Wx +2 92 


2 5 J(esec^oae 


Thus, | 


3 
- | J(etane – Jtanede) 
3 (бгаад — 102 |5есд!) + c 


( Өхалд – loglV1 + хап20 || + с 


ЖҚЖ Rates 


5 (6tan0) -> 3 Jogi + tan?0) + с 


= (х + КЕН 


3 


- log (4x2 + 8x + 13) + с 


25. We have 


Joe” 4 хэт + х") Ох?" + Зх"! + 6) "qx 


= Jo + xl " х"-1)(2х2" + Зх" + 6)" x dx 


= (er Ys y" + хт-1) (2х3" + 32" $ 6x" 


Put (2Х7" + 33?" + бх") = 1" 


6m (7-1 " yo m + x™Yadx = mt" gt 


m-1 
t 
dt 
6 


шап TE yon + x dx = 
Thus, the given integral reduces to = L fear 
1 | Шы, | 
=> +c 
6\m+1 


1 (Ел + 3х2" + EA) 
6 Tc 


т + 1 
26. We have, 


2-1 


xN2x! — 2x? + 1 


ах 


max 
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=i 


27. We have, 
(РО) = f(F@) 
22 № 
А + foo)" 


X 


(42955) 
Also, (/5/0/) 09 


= Јој) @)) 


2 (fof) 
(1 + (fof) 


X 


“(1 Зат)" 


Similarly, we can write, (/6/0/о-- 


of (x) 


X 


(1 + nx?) 


Thus, [= (БЕГІС: 


= Ja х 


ах 
(1 + их "perm 


- | 72, Where 1' = (1 + nx") 


28. We have 
7-1 
29. We have, 
ѕес2х 


(зесх + tanx) 


итеу oe 

: (1 += пх) п +c 
п(п-1) 

І (1 + их") | + с 
n(n- 1) 
І e'dx І е "ах 

cree + 1 Sper es 
-JEt ie = төзе 
"+1 


ји = Са e'dx 


Let 
= | 
dt 
[I 
1-4 
E 
-| i dt 
Peal 
t 
‘pees 


е“ = t > e'dx = dt 


9/2 x 


5есх. secx 


(secx + tan x)? 


(i) 
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Put secx + tanx = t 


=> secx(secx + tanx) dx = dt 


1 


=  зесхах = a 


1 


Also secx — tanx = 


Thus, secx = 1 (: + Ia 
2 t 


The given intergral (i) reduces to 


( Tar 


1 
| са ВВ 
Рр? 


(secx + tanx) 1 


zd 
2 


1 1) 


а 
й 3/2 


1 1 1 
= 2) (55 + раје 


4 


a FE Е + 
Hi 7972 1112 © 


1 1 


7/2 


7(8ёс х + tanx) 11(secx + tanx) 


11/2 
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1. Whar is DEFINITE INTEGRAL? 


Let f(x) be a function of x defined in the closed interval 
(а, b] and ф(х) be another function such that ф'(х) = f(x) 
for every x in the domain of f(x). Then 


b 
J годах = [969 + cl? = Ob) – (a) 


is called the definite integral of the function f(x) over the 
interval (а, 8). 

Here, а is called the lower limit апа b is called the upper 
limit. 


Notes: 


b 
1. | is read as ‘the integral of f(x) from a to b’ 
2. То evaluate the definite integral, there is no need to 
keep the constant of integration. 
b 
3. Geometrically, | f(x)dx represents the area bounded 


by the curve y = f(x), the x-axis and the lines x = 
a and x = b. 

4. Area bounded means, we shall use, 
b 


| [СОТ dx, when the area lies below x-axis. 


2. EVALUATION or DEFINITE INTEGRALS 


Rules 


1. Simply find the indefinite integrals of the given 
function. 


2. There is no need to keep the constant of 
integration. 


3. Use the limits of integration. 


Definite Integrals 


3. EVALUATION or DEFINITE INTEGRALS BY SUBSTITUTION 


Rules 
1. When the variable in a definite integral is changed, 
the substitution in terms of new variable should be 
affected at three places. 
(a) in the integrand (f(x) will be changed) 
(b) in the differentials (dx will be changed) 
(c) in the limits (old limits will be changed) 


4. GEOMETRICAL INTERPRETATION OF DEFINITE INTEGRAL 


Consider the function y = f(x), where f(x) = 0 for all 
b 
x in [a, b]. The integral | is numerically equal to the area 


bounded by the curve y = f(x), the x-axis and the lines 
x=aandx=b. 


Y 
C 
D 
— 
БЭ А B ts 
Х-ал xxb 


b 
Area of the region ABCD - | Хо) dx 


b 
In general, | Од dx represents an algebraic sum of the 


area bounded by the graph of the function y = f(x), x-axis 
and the lines x = a and x = b. 

The area above the x-axis is taken as the sum with the 
positive sign, while the area which is below x-axis is taken as 
the sum with the negative sign. So, the value of the integral 
may be positive, negative or zero. 


22 
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b 
Thus, | дах = Ај – A, + А - А, + As 


5. DEFINITE INTEGRAL AS THE Шміт ОҒ Sum 


Let f be a continuous real function on [a, b]. Assume that 
all the values taken by the function are non-negative, the 


graph of the function is a curve above the x-axis. 

Y 
A 

= 1 

Есі = 

++ T 

Gc % 

-< > X 
о 

М 


Divide the interval (а, b] into п equal sub-intervals 
denoted by 


[a, a + h], [a + h, а + 2h], [a + 2h, a + 3h], ..., 
[a + (п — DÀ, а + nh] 


Clearly, b=a+t+nh 
=> nh-b-a 
р-а 
> ћ = = 
ђ 
Thus, | feodx 


= Area bounded by the curve у = f(x), 
x-axis and the ordinates x = a and 
хэ. 


= Area of the region PORSP between the 
curve, x-axis and the ordinates x = a and 
х = Б. 


= lim A[f(a) + fla + h) + fla + 2h) +... 
+ fla +(n — Dh] 
= limh > fla + rh) 


= lim 
noo 


= n-1 
(I)E да+ т), 
г=0 
where nh = b – а 
which is known as the first principle of integration. 


6. EVALUATION or THE Шміт ОҒ THE SUM USING 


NEwroN-LeigNiTz FORMULA 


From the definition of the definite integral, we have 


b 
Г/юдах 


lim ЛУ, f(a+ rh) 
ћ—0 r=0 


noo 
2201 (0 yr 
"E > 7 (5) 
re) 
where 
(i) Х is replaced by | symbol 
(ii) 4 is replaced by dx 
(ii) Ž is replaced by x 
X 
б a= fin (2) 
X 
and b = lim (25) 
noo n 


7. PROPERTIES OF DEFINITE INTEGRALS 


Property I 
b b 
[ fond = | уфа 


Proof: Let СА + c] = f(x) 
ах 


> | годах = г60 + с 
b 
Now, | /одах = g(x) + ch 
= g(b) - g(a) 
Also, | fat = g(t) сі) 
= g(b) - g(a) 


Hence, the result 


Property II Я й 
f f@ax = -f| да 
a b 


Proof: Let cae + c] = f(x) 
dx 


= | f@dx = ғ 0) + с 
b 
Now, | feodx = g@) + ch 
= g(b) - g(a) 
Also, -| годах = -ig + с] 
b 


ве 


b-a 
n 


Џ 


2.3 
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= -[g(a) – g(b)] 
- g(b) - g(a) 
Hence, the result. 


Property III : : ; 
J годах = | годах + J foo, 
a<c<b 


4. Їе0) + c] = fa) 
X 


where 


Proof: Let 


=> J f@)dx = в(х) + c 
b 
Now, | годах = во) + cÈ 
= g(b) - g(a) 
Also, | дах = во) + КЁ 
| = g(c) – g(a) 
апа | годах = g(x) + k^ 
= g(b) - g(a) 
с b 
Thus, J кодах + | дах 
= g(c) – g(a) + g(b) - gc) 
= g(b) - g(a) 
b 
= | дах 


Hence, the result. 


Note: In, general, the above property can be extended to 
any finite number of limits. Thus, 


b 
| дах 


сі Сэ с b 
= | дах + | одах + | родах + .. + | feodx 


уућеге а<с, <с,<..<с,<Р 


Property IV Р 
J ходах = | fla – дах 
0 0 
Proof: Let 1= | fla—xdx 
0 
where а =- x = t 
= +f fiat 
0 


by Property П 


= | fo») dx by Property I 
0 


Property V 

b b 

| feo dx = | flat b — дах 
Proof: We have 

b 

| ба + b – хах 


Геј акБ-х-і 


Бу Рторегіу П 


by Property I 
Property VI 


J Ја) dx 


2 | f(x)dx : f(x)isan even function 
0 


0 : f(x) is an odd function 
Proof: We have 
J дах 
0 а 
= | родах + | foods 
-а 0 
Put x = —t in the first integral only 


0 a 
= |да + J food: 


= да+ | родах, Бу Property П 
0 0 


= | К-хуйх + | дах, Бу Property 1 
0 0 


ЕС м. 
2110 0 

[годах + | родах : ҒО) ів ода 

0 0 


2] f(x)dx : (х) 15 even 
0 


0 : f(x) is odd 
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Property VII 


2a Y: : EN = 
- 2] ода : јба-х)= fx) 
: 0 : fQa- x)=- f(x) 
2a 
Proof: Let =] одах 
: 2а 
= J fGodx + | годах 
= 1, +1, (say) 
Now, ђ =| fQa - да 
0 


Put 2a -t = x => dt = -dx 


0 
= a fa — да 


by Property II 


2a 
Thus, /=| /(дах 
0 


а 2а 
ES | дах + | fQa – x)dx 
0 a 


[убода + | Тода : fQa- 9 Ро) 
0 0 


(ода | ода : Оа) р) 
0 0 


2| (хуйх: fQa- x)= ЈО) 
0 
0 :/ба-ж--/0) 


Hence, the result. 
Property VIII 
If f(x) be a periodic function with period T, then 


nT T 
(i) J ТО) ах = п J fx) ах 
a+nT 


(ii) J Ғддах = | Ғодах, 


ПЕЙ, аЕК* 


т ПЕЙ 


(іі) 1 f(x) ах-(п-т) | ТОО dx, 


а+пТ а 


(iv) J Годах = J Тодах, 


neZ,aeR 


b+nT 


v | /дах- | Ғодах, 


atnT 


neZ,a,beR 


Proof: 
nT 


à) LHS = | ах 
0 


ІТ 


=> | fou 
r=1(r-1)T 
-E Јле- DT + stay 


Е Т 
Рш х = (7 — 17 + у = > | fO) dy, 
т=1 0 


since f(x) is periodic, so 


Ф fir- DT + y] = 70) 

= nj fody 
0 
T 

=п| родах 
0 

Graphical Method 
Y 
“o T а мо» 


а+пТ а+пТ 


(ii) J Родах = | Ғддах + | ТОддх + J. Ғодах 
Put x= y+ nT in the last integral only 


0 nT 

RHS = J Јо)ах + J f(x)dx + J fO + nT) dy 
d 
- | sous] Jod | де aa 
{ 
=| 


Ғодах + | ТОдах + | Ғодах 
= | Тод dx + | Тодах + | f GO dx 


nT 
= foods 


from (1) 


T 
=n] (дах 
0 


nT 

(iii) LHS = | feo dx 
mT 
(n—m)T Pu x= y+ mT 


=] fly + mT) dy 


(п-т)Т 
=f f+ mT)dx 
0 


Definite Integrals 2.5 


(п-т)Т 
=| да 
0 Т 
= (п – ту] једах Би) 
0 
а+пТ 
(iv) LHS = | ах 
nT 
at+nT 
-Í /одах + | одах +] /одах 
5 | Тодах + | бдах + | дах 
nT a nT 
= J сах + J fG) dx + J fG) dx 
- J /одах 
b+nT 
V) LHS = | (дах 
аг Мэс 
- -Í лө dx + | Ғодах + | Тс dx 
atnT b+nT 


=] Јодах + | Једах +] foo dx 
- 1 Тодах + j Тодах + | Тс dx 


b 
= | дах 
Hence, the result. 
Property IX 
w(t) 
41 J ‘roa = fiv) VO – fP pO. 
This is known as Newton—Leibnitz Rule. 
Example f: Find 4. [Ё 
Solution: We have 


x* 
4 [ 2 = (e x 4x3 — e x 3x?) 
dx Е 


Example 2: Find — а |] 22) 


Solution: We have 
5 


£ | | 22 = sin! (х5) х 5x* — sin?) x 4x3 
X E 


Example 8: Find 41 cos(t’) 4| 


Solution: We have 


x 
41 сов(?) «| 
dx 3 
= cos(x!”) x бх? — cos(x°) х 3 
Advance Properties of Definite Integral 
Property I e 


If f(t) is an odd function of x, then J f(t)dt is an even 
function of x. 


Proof: Let ^ $g()- j f(0 dt. 
0 
Then gx) = Ї Кора 
0 
Now, g(x) – g(-x) 
= J fat – J float 
=] Код + ! а 
= | fat 
-> g(x) = g(-x) 
=> g(x) 18 an even function. 


Property II 


0 
If f(t) is an even function of x, then Ї fo dt is an odd 


function of x. 


Proof: Let g(x) = | fdr. 
0 
Then ex = | а 
0 
Now g(x) + g(-x) 
= J foa + | уда 
0 0 
= [уда - J fat 
0 0 
= 
> g(x) = -g0) 
=> g(x) is an odd function of x. 


Property ІП: Shifting Property 


b b-c 
() J Ғддах- J Мұзда 


b+c 


(ii) | Јодах = | fæ- одах 


a+b 
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Property IV: Contraction Property 
bik 


b 
© J fodax =k 1 Ух) dx 


b ak 
Gi) Јлда = [ја 


Property У: Reflection Property 

b -b 

Гұюдах- | fc-odx. 
Ргорегіу УТ 


b 1 
| дах = (b – a) | fib – ах + аах 
a 0 


b 
1- | feodx 


Proof: Let 
1 
= (b - a)] fl(b — a)x + ај dx 
0 
put (б-а)х+а={ 
_ dz 
> ах- «Aaa 
When x = 0, then z=a 
and when x = 1, then z= b 
b 
-(-а | fox 
а - а 
b b 
= | f@dz = {одах 
b 1 
Hence, | дах = b – a) J fib — ax + al. 
a 0 


Property VII 


If f(x) be a discontinuous function at x = a then 
2a a 
| дах = f Ua – х) + fla + х)}ах 
0 0 

Ргорегіу УШ 


b 
If f(x) be continuous in [a, b] and | f(x)dx = 0, the equation 


f(x) = 0 has at least one root in (а, b). 
Graph: 


Property IX ў 


b 
If f(x) be defined іп (а, b], then || feo dx < | fGdldx 
Graph: i “ 


Ды. 
b 

Proof: Clearly, || дах! = А - B + Cl 
b 

and [лусојах = (А + B + О): 
b b 

Hence, | /сдах| < | ifooldx 
Property X 


If m and M respectively be the least and the greatest value 
of f(x) in [a, b], then 
b 
m(b — a) < | а € M (b – a) 


Proof: We have 
т < f(x) € M, V x e [а,Ь] 


b b b 
> | тах < J /сдах < | мах 
b 
= m(b – a) < | дах € M(a - b) 


Property XI 


Let a function f(x, о) be continuous for a < x < b and 
с<о<а!ШТ 


b 
Код = | f(x, одах, 


then 


b 
д ? 

ако) af /® Ò EN 

da a да 

Property XII 


If у(х) and ох) are integrable іп (а, b], then 


b b 
dx < V roal 22 


b 
| Ро) g(x) 


Property XIII 


а+Т 
If f(x) be a periodic function with period 7, then | fo») ах 


is independent of a. 
а-Т 


Фа = | /дах 


а 


Proof: Let 


d 
> 24944) 
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E d day 
zen Ds (ае та). ta) 


= f(a + T) – Ха) 
= 0, since f(a + Т) = Ка) 
> ф(а) is independent of а. 


Property XIV 


8. Mean VALUE or A FUNCTION OVER AN INTERVAL 


Let f(x) be a continuous function defined in [a, b]. 
Then there exists a point с е (a, b) such that 


b 
Гах = КОФ – a) 


b 
Therefore, f(c) = | | Хо) ах is called the mean 
- аа 


(5 
value of the function f(x) over (а, 5]. 


9. IMPROPER INTEGRALS 


со 


If f(x) be continuous іп (а, œ), then | f(x)dx is called ап 
improper integral and is defined as “ 
b 


J годах = lim | fear. 44) 


If there exists а finite limit on the RHS of (1), we say 
that the improper integral is convergent, otherwise it is 
divergent. 


Notes: 
1. Geometrically, for f(x) > 0, the improper 


integral | f(x) ах, is the area bounded by the curve 


y = f(x), the x-axis and the staright line x = a. 
Е: b 

2. | дах = lim | feo dx 

з. J feo dx =| Тодах + | дах 


b с 
= lim J уодах + lim | /сдах 


10. Gamma Function 


If n be a positive rational number, the improper 


x 


integral | ех? Ах is defined as Gamma Function and 
0 


is denoted by Г(и), i.e. 
Tin) = | е" x"! dx, where n € Q*. 
0 


Example f. га) = | е x? dx 
0 


Example 2. ГО) = | е“ x dx 
0 
1 
5 


Properties of Gamma Function 
© Td) = 1, T(0) = ee and T(n + 1) = пГ(п) 
Г(5) = 4Г(4) 
= 4х 3Г(3) 
= 4х3 х2 Г(2) 
= 4х3 х2 х1 
= 4! 
(ii) If n €N, then Га + 1) = пГ(п) 
jn 1 
(111) г(2) = үл 
ЫЎ гиг 
(iv) | sin"x-cos"x dx = 2 2 
0 


2 
гии | 
2 


() IG) Td -n2—7—,0«n«1 
Sinn 


11. Beta Function 


The Beta function is denoted by B(m, n) and is defined as 
1 

В(т, п) = | "а х)" dx 
0 

m,n»0 


where 


Properties of Beta Function 


1. B(m, n) = B(n, m), where m, n > 0 


2 Hoan eem od >0 
. drca Mem 
2 хт 
3. B(m, n), = | — — dx, where m, n > 0 
0 а+х" 


12. WaLL''s FormuLa 


If m and n be integers, then 


л/2. 
| sin"x. cos"x dx, 
0 
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(m —1)(m – 2)... or 2)-(n – D(n - 2)... or 2) л 
(m + n)(m +n — 2)... or 2) 2 
where т and n аге even integers 
(т – 1) т – 3)... or 2): (n – Г(п- 3)... or 2) 
(т + n)(m + n —2)...(1 or 2) 


where m and n are odd integers 


Notes: 
л/2 


л/2 
1. а) | sin"x dx = | со8 х dx 
0 0 


п-1”-3п-5 2 
п в 
where n is odd 
п-1 1-3 п-5 317 
ао 


where n is even 


m2 л/2. 

Gi) | sin"x dx = | cos"x ах 
0 0 

Ї 

rí” 4 | 

[es 

о 
Di шэн 
[e 


lever / 
(Problems Based on Fundamentals) 


Evaluation of Definite Integrals 


n2 
1. Evaluate: | ѕіп2х dx 
0 


л/4 " 
2. Evaluate: al 
о 1 + sinx 
ЕЕ” 
3: Evaluate: |= 
0 NX + 2 + Nx 
sinx 


4. Evaluate: | Зо 
0 Sinx — cosx 


2 
dx 


5. Evaluate: | ————— 
1 x( + x’) 


6. Evaluate: | 
7. Evaluate: 


8. Evaluate: | ————— 
0 Sinx + cosx 


2: Rule to evaluate 
л/2 
| sin"x сов х dx. 
0 


(i) For numerator 
Start with as (m — 1) as the first factor. 

Subtract 2 from it and get the second factor (m — 3) and 
continue till the last factor is either 2 or 1. 

Similarly start with (п- 1) as the first factor and subtract 
2 from it and get the second factor (п — 3) and continue till 
the last factor is either 2 or 1. 


(ii) For denominator 


Start with (m + n) as the first factor and subtract 2 from it 
and get the second factor (т + n — 2) and continue till the 
last factor is either 2 or 1. 


Some Important Expansions to Remember 


1 1 1 1 
1. 1 EC 5 .. = 112 
рые 
паран а а 2220 
dae ee m. ug 
? 5 P 8 
чу ЧӨ ds ҮЕ МЕЙЕС; 
ЭЭС САР ТАЖ” 24 


n2 


9. Evaluate: | NK EN 
0 (3sin?x + 4cos?x) 


1 
10. Evaluate: | (1 — хх" dx 
0 


7/2 
11. If J, = | Гап" х dx, prove that 
0 
1 
141 ,5--- 
п п-2 п-і1 
12. Prove that 


Л . 

ПЕШІ 0, when и is even 
ЗШЛХ | dx = 

o \ Sinx л, when n is odd 


л/2 
| 2 
13. Prove that | (54) ад = пл, 
о \ sin 


where п е W 


ах 
о (х2 + a?) + P?) 
1 


15. [ха — x? ах. 
0 


Definite Integrals 


2.9 


16. 


2 . 
sin?x 
PON | 
0 \sin"x + со Х 


2 
dx 


4 


лох? + 1) 


Evaluation of Definite Integrals by Substitution 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


Evaluate: | ———— 

2 Vx —2dx 
Evaluate: 
Evaluate: 


Evaluate: 


Evaluate: 


Evaluate 


Evaluate: 


Evaluate: 


Evaluate: 


Evaluate: 


Evaluate: 


Evaluate: 


Evaluate: 


Evaluate: 


Evaluate: 


Evaluate: 


: | Р COSX ; 


4 


1 


[ха – 
0 


2 


хүрээ ах 


ах 
1 xQ + 1) 


л/2 
ах 


о (2 + cosx) 


л/2 
ах 


0 (2sin?x + соя2х) 
л/2 
је 
0 — 5sinx + sin*^x 

2 . 
sin?x 


WT PONES Jax 
sin'X + cos х 


16 + sin?x 


| 
E 
| 


cos?x 


Цай 


5 


Asin?x + соѕ2х 


| 


Ох + 002 +. + Dv? +х 


с050 40 
(1 + sin@)(2 + sin@) 


(Меапх + Vcotx ) dx 


Баа о vla 


34. 


35. 


36. 


37. Evaluate: | 


Evaluate: 


Evaluate: 


Evaluate: 


dx 


Asin?x + 5cos?x 


sinx + cosx 
тл 
9 + 16 sin'x 


| sin?x 


== 7 Jax 
sin'x + cos x 


1 
(= Јах 


Geometrical Interpretation of Фе Definite Integral 


38. 


39. 


40. 


41. 


42. 


43. 


44. 


45. 


46. 


47. 


48. 


49. 


4 
Evaluate: | (2х — 3)dx 
-1 


Evaluate: 


where 


Evaluate: 


where 


Evaluate: 


Evaluate: 


where 


Evaluate: 


where 


Evaluate: 


Evaluate: 


Evaluate: 


Evaluate: 


Evaluate: 


Evaluate: 


2 
J 
-2 
Јо) 
2л 
! 
0 
f(x) = зїп (sinx). 
2л 
| 
0 
2 
| 
=> 
Тод 
1 
І 
-1 
Ро) = (bd — 1, 1— Ixl} 


л/2 


| [sinx ЗЕ: е 


л/4 


| 
[ 


on O0 о 


Un 


оо 


Ро) ах, 


= min(x - [x], - x [-x]} 


f(x) dx, 


[sin x]dx 


Хо) ах, 


= min {lx — 21, Ixl, Ix + 21) 


ТОО) dx, 


[ха(х — [xp]. 
[х?]ах. 
(хДах 
(хЛах 


[x3 – x + ах. 
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2 107 
50. Evaluate: | [222 – 3]dx 69. Evaluate: | ([sec x] + [ап 1Х)) 
1 0 
2 5 л/4 
51. Evaluate: J Dr - Пах 70. Evaluate: | [sinx + {cosx + (tanx + secx)}]dx 
0 
52. Evaluate: | [x] dx 2 
J p 71. Evaluate: | [sinx + 2x ax 
10 л/4 Л, 
23) Evaluate J Б; Definite Integral as the Limit of Sum 
10 Q. Evaluate each of the following integrals from the first 
54. Evaluate: | [x + 2]dx principle. 
0 3 
2 72. | хах 
55. Evaluate: | [2x + 3]dx 0 
0 2 
2 73. | дах 
56. Evaluate: | [3x – 2]dx : 
0 
И 74. | G2 + х + 2)dx 
57. Evaluate: | (х) dx 
0 
75. | "ах 
0 0 
58. Evaluate: | (x[x])dx E 
У 76. | sinxdx 
e logx Ё 
59. Evaluate: | ЕЗІ 2 
! 77. | (2x + 3)dx 
л 1 
60. Evaluate: | [2sinx]dx 2 
0 78. | Ох? + Dax 
л 0 
61. Evaluate: | [2sinx]dx : 
| шээг 79. | ө? + Зх)ах 
0 
л/3 : 
62. Evaluate: J [V3 tanx] dx 80. Je — 5x + 4)dx 
0 
1.5 : 
63. Evaluate: | (sin[x] dx 81. | 02 - дах 
0 
102 2 
64. Evaluate: J Гап“! x]dx 82. | (3x3 + 2)dx 
0 
2пл 4 
65. Evaluate: | [sinx + cosx]dx 83. | (2х3 - 3)4х 
0 0 
57/12 1 
66. Evaluate: | [tanx]dx 84. Ге ах 
0 0 
1 1 
67. Evaluate: | BE + ЕЗІ 85. Ге» + e)dx 
-2 2 0 
2 b 
68. Evaluate: | (м + E + 1] + E + 21а 86. | cosxdx 
0 a 
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2.11 


(Q.No. 77 to 86 for Board Exams Only) 


Evaluation of the Limit of Sum using Newton-Leibnitz 
Formula 


Q. Evaluate each of the following limit by N-L Formula. 


87. 


88. 


89. 


90. 


91. 


92. 


93. 


94. 


95. 


96. 


97. 


98. 


99. 


100. 


101. 


102. 


103. 


104. 


105. 


| | 1 1 1 
lim + + 
n>» |п+] n+2 n 


гі 
+ — 
2п 


ing | em Oe Ші 

na" n үсіп? па n? + (n - 1 
li 1 gom 2 ope == 
ле ЕТ ы СОА п? + (2n – 1)? 


Qood | 1 | 2 
tim [т + 1+; +... 


Яо 


: 1 1 1 1 
lim + + +... + 
B Мапа -4 \4и?-9 z7] 
lim po eme 1 
noo т+1 

n 

lim (2 +1 n+2 Te l 
no n? + 12 т + 22 ` n 
lim 1 1+ 1 + | + +L 
n МИ 42 43 Xn 

1 \1/п 

lim (5 

n>% \и 
2 2 2 уп 

lim E " |! + 2) + 4 (1 + =) 

nuam n n n n 


i 1 1 1 1 | 
lim + ” 
n>» Ай n+1 п-2 4n 
1 n? n? 1 
Шп + "Mos OL Ho 
n> |n n+ n+) 8n 
lim [7 +1 n+2 n+3 pong 3 
no 2 + 12 n + 22 n + 32 е 5n 
lim n t n? + n? 
п n? р 132 "E " 22372 "E +(n- "E 


| 2 3? 1 
T" d 
nOn Im wd PAP onm» 2n 
EE ITI E EP 
Jim ll 


n'41 


МТ + N2 + NB +... + 247 


nnn 

b ——— — 
па + 1 na+2 
І + І + 
“пп + 2 


| 


1 
+= 
xm 


: 1 
106. Jim X (>) 
2n 1 
107. lim 
ne LÀ 22 a r 
108. lim Y (===) 
"Э© r=1\ Vn? + 3rn 
109. lim У | уп 
по ra1\NF(3VF + 440) 
4 10n 1 
pude Xu) 
11. lim X 


n 
qr 215 + пум? + x 


Properties of Definite Integrals 


Property III 


Q. 112 to 128, Evaluate each of the following integrals. 


4 
112. | ix — 24 
0 


4 
113. | (а + le — 2ђах 
0 


3 


114. | (lx 21+ bd + lx- 20dx 
Z3 
4 

115. | (х= Ut lx- 21 Ix – Зђах 
1 
3 

16. | lx? — зх + Мах 
0 
3 

117. | i? – 4ldx 
23 
л 

118. | Isinxldx 
0 
л 

119. |Пііпхі — Icosxlldx 
0 
3/2 

120. | їхяп лхїах 
-1 
27. 

121. | ви (sinx) dx 
= л/2 


е 


122. | поэмах 
l/e 


100 
123. | [tan x] dx, where || = GIF 
0 
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124. 


125. 


126. 


130. 


131. 


132. 


133. 


134. 


135. 


136. 


137. 


138. 


139. 


140. 


1/2 
| (аш ах 
0 


| EE + cos()] + Це 


V3 

tan! Gee | ах 
0 х 
л/2 


„| (сова + біпілі)4х 


. Let f(x) = max {x + Ixl, x – [x]} where [,] = GIF, find 


2 
the value of | f(x) dx. 
22 


1 
| [x[1 + sinzx] + Пах, where [,] = GIF. 
-1 


For x > 0, let Јо = | 


dt. 
1141 


Find the function f(x) + f (4) and show that 


fe + У] = = 


Here, Int = log,t. 
sin?x соѕ2х 


Prove that | эт") + | cos! 7) = ^ 
0 0 
2 
Evaluate: | 52 + 2x — Зах 
0 


Evaluate: | llogxl dx 
l/e 


107 


Evaluate: | ([sec"! x] + [cot ! x])dx 
1 
2л 


Evaluate: | (сог! х) dx 
-m2 
2 
Evaluate: | [2х2 - 3]dx 
1 


л 


Prove that | Пета! — Icosxlldx = 42 — 1) 
0 


2 
Prove that | [3 -x4 Пах= 2-2) where [,] = GIF 
0 


5л 
12 


Prove that | [tanx] dx = 2 
0 


141. 


142. 


143. 


144. 


102 


Prove that | [tan!x] dx = 102 – tan(1) 
0 


Prove that 


1000 ^ 
Prove that У, | ез ах = 1000(e – 1) 


Prove th. 


Property IV 


145. 


146. 


147. 


148. 


149. 


150. 


151. 


152. 


153. 


154. 


155. 


156. 


Evaluate: 


Evaluate: 


Evaluate: 


Evaluate: 


Evaluate: 


Evaluate: 


Evaluate: 


Evaluate 


Evaluate: 


Evaluate: 


Evaluate: 


Evaluate 


п=1п-1 
їапх сох 

at | -dt + = 
Ve (+f) 1 #1+7) 


NES 
sin"x 
Jar. 


sin"x +cos”x 


14 | [х2] | | 
о | [хе – 28x + 196] + [х2] 
ах 


о (1 + х)8 + х2) 


Л 
4 
Í logd + tanx)dx 
0 


2х – 1 
жещ 


1 
{| tan! | 
0 


1+х-х 


| cotta -x + xax 


: J по (+ - Јах 


о 
т 
— 
+ 
~ 
2D 


- 


| ха = худ Вах 
[0] 


л 
х 
J (5 + a^ 


л/2 
Í соѕ(лѕіп2х) dx 
0 
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157. 


158. 


Q.No. 


NN 1 

Let M = | — dt and N=] e 105(1 + дах. Prove 
91%! 0 

that М + N =e x log 2. 


A2 о 
| соѕ nx 


Let a, = - 
sinx 


dx. Prove that a, - aj, аз - dp, 


ад — аз are in AP. 


159 to 181 Evaluate each of the following 


integrals. 


159. 


160. 


161. 


162. 


163. 


164. 


165. 


166. 


167. 


168. 


169. 


170. 


171. 


172. 


біп 2х 


біп 2% + cos 


log(tanx) dx 


тат 2 nlia 2 моја Cvwily 


105(1 + tan tanx)dx, Ө € (0. 5) 
л 


If | logsinx dx = k, find the value of 
0 


7/4 
| 1ог(1 + tanx)dx. 
0 


авы 
+ 3sinx 
J log | 4+ ых | iss 


ЕЕ — cosx |4 
1+ sinx cosx 


ха = х)"ах 


а 


| sin |4 
1 + соз х 


CQO Oen о— сің © 


| 1 1m | ах 


| xsinx cosx 


RE я ја 
sin'x + cos x 


cot! (1 — x + x))dx 


tan ! (1 — x + x2)dx 


тээ. oc ocwua ota 


173. 


174. 


175. 


176. 


177. 


178. 


179. 
180. | 


181. 


182. 


dx 
о (14 x9 + x2) 
n2 
| ах 
Ntanx cotx 


0 
л 
0 (aoe соѕ2х + Б25іп2х 


је 


—> 


1/2 


| 2sinx х cosx 
glsinx] 

л 
| xlog(sinx) dx 
0 

2л 

xsinx?"x 

For n > 0, СЕТ 

0 sin^x + cos^'x 


dx 


n2 
COSX | 


0 n + sinx + cosx 


n2 


(22: |e 
о 1+ sinx 


‚ prove that 


a 55 
х“совх 
о (1+ sinx) 


[лод - (SEO + fa» 
If lim 4 
t- a) 


1-а 
the maximum degree of f(x) is 1. 


= 0, prove that 


Property V 


183. 


184. 


185. 


186. 


187. 


188. 


Evaluate: 


b 
fe) 
J за +flat+b— 5) x: 


Evaluate: 


о t——, UA 


[x^] d 
[х2 — 16x + 64] + [х2] : 


s) 
1+3 

716 
Evaluate: | | 


—> 


Evaluate: 


N 


л 


2 
Evaluate: | [so Jax 
253114 


и | 


1/3 Е a 
-1N3 


os! 
15 or (s 
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189. 


190. 


191. 


192. 


Q. Evaluate each of the following definite integrals. 


193. 


194. 


195. 


196. 


197. 


198. 


199. 


шу X 


163 4 
| | dx, find К 


1-х 


0 
Let f be a positive function and 
k 


n =| ва - а 
1— 


k 
I, = | Гоа – x) dx, where 22-1 > 0, 
1-6 


211 
find —. 
1, 
ЫТЫ хвіп(х2) 
Evaluate: 7 5 
Мо \ ѕіпх + sin(In(6 — x^) 


л 


Evaluate: If 7, = | HE s dx, n е №, 
= A + лЭяшх 


find the value of 
221 22210 
0) È Тэн (1) > 1м 


1/4 4 
1- 
Evaluate: | 0-5 2 Ja 
0 1+х 


If f(a + b — x) = f(x), prove that 


b b 
[јој = 4 = | кодах 
10 [х2] 
Prove that dx = 3 


4 [x? — 28x + 196] + [х2] 


3л/4 а 
Prove that | | Е | 22 
л/4 


л/2 
Prove that | (теш =1 
-л/2 


л/2 4 
Prove that | = = 1 
snx 


-m2 e 2 


100 


Prove that | шу 


-m dps 05 
3) ах + Ind50- 5 


For any ¢ in R and f be a continuous function. 


1 +соѕ27 

Le = | xf(x(2—x)dx 
sin?t 
1 + cos?t 

andI,= |  f(Q-x»dx, 


sin’t 


1, 
prove that — = 1. 
1, 


X 


e 
1 +е 


200. If f(x) = ~ and let 


Ха) 
1-1 хаха —x}dx and 
fca) 
Ка) 


ђе] за - эк, 
f(-a) 


-а 


1, 
prove that — = 2 

1, 

Ал 


201. Prove that | sin? хах = 0 
0 


2л 
202. Prove that | cos? хах = 0 
0 


Ргорему УТ 
n2 


203. Evaluate: | sin? хах 
-л/2 
л/4 


204. Evaluate: | х tan! хах 
E 


2 . 
205. Evaluate: jJ log [IL dx 


2 
206. Evaluate: | x(x — D – 2) 4х 


0 
207. Evaluate: 
2014 
[(х—2010)(х— 2011)(x— 2012)( — 2013)(x 
2010 
208. Find the value of 
(à 2013 _ 3,2011 , 5,2000 _ 712007 | 1007 ” 
4 cos?x 
sin, 


209. 1670) 5-5 5729 
x -Х + 1 
2010 
Find | Гоах 
-2010 


210. Find the value of 


10 
Ї (гаад, + (20137 | , 1007 |ах 
20 | + ом 


2 2 
21. Гег кој =| ЕЈ дэл! 


e -1 
1002) 
Find the value of | f(a)dx 
ind/2) 
212. Find the value of the integral 


0 


Јр + 332 + Зх + 3 + (х + Deos(x + D]dx 
-2 
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213. For any real number x, let [x] denotes the largest 
integer less than or equal to x. Let f be a real function 
defined on [-10, 10] by 


ПОР | Шы 


1+ [х| -х 


: if [x] is odd 
: if [x]is even. 
Find the value of 


> 10 
T x | ТОдсов(лх)4х 
10 io 


214. Find the value of 


5 


Гв 

1 

л 

: 2x(1 + sinx) 

Find the value of | P Yr dx 
-л\ 1+ сох 


р(х – 2)(x - 3x - 4)x - 5) dx. 


215. 


216. Find the value of 


лі 3 
л + 4x 
-л/3 E - cos Ia L 
3 
217. Find the value of 


1 


-1 Х 
| (ап 
| | + x7 


-1 


О. Evaluate each of the following integrals. 


л/2 


218. І Hf) + -ХОН x Hew – g(-x)}dx 
-7/2 
1/3 4 
219. | сок | 2 ја 
Ав 1-х 1 + х2 
TD 
220. ] log(5—* | sin^xdx 
log3 £ 
221. | tan | = je: 
log(1/3) е +1 
M 2 
222. | (== Jax 
-m- 1 +а 
1/2 
1? /x-1/\ 
223. == | | | 2| ах. 
| les T" x ae 
л/2 
224. | sin (log(x + V2 + 1)) ax 
-7/2 
1/2 1 
225. 1 = x)| 
5 2) |м 4 og {+ ILE 


226. 


227. 


228. 


229. 


230. 


231. 


232. 


233. 


234. 


235. 


236. 


cosx х log | — х) ах 
-1/2 | 1+х 


{| sinx cos!!x dx 
-1 


| біп 013, dx 


-1 
4 
Го 
2 

2011 


| [œ – 2007)(x - 2008)(x - 2009)(x - 2010) 
2009 


DG - 2) - 3x — 4)(х - 5)ах 


(x – 201D)(x - 2012)(x — 2013)] dx 


If n € N, prove that | (DP! dx = 0 


Prove that 


ЕСЕ: deci] D 


dx 
A 3-1 


Эг 


2 
| 002012 + 2013x + 20142 
-2 


– N2012 — 2013x + 2014x?] dx 


COS X 


sinx : -2€ x€2 


x: à 
: otherwise 


If f(x) = | 


3 
prove that | Јајах = 2 
-2 


1/2 


Prove that | 


[reos 2 
-1/2 


ІШ 


= | (луд + 42 - 8) 
л? 
Prove that 
: ыг Эр 
л | хвіп2х-віп (5 x cosx) 8 
dx = 
2x —- X 2 


Л 


Ргорегіу ҮП 


237. 


238. 


239. 


240. 


л 


Evaluate: | sinxdx 


л 


Evaluate: | cosxdx 
0 


л 
| со Py dx 
0 


Л 


Evaluate: | (sin*x + соѕ?х + tan’x) dx 
0 
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n2 
241. Evaluate: | log sinx dx 
0 


Л 


242. Evaluate: | х log(sinx) dx 
0 


л/2 
243. Evaluate: | sin 2x log(tanx) dx 
0 


л 


244. Evaluate: | хах | 
0 


1 + cos О-5іпх 


л/4 


245. Evaluate: | log(sinx + cosx) dx 
-7/4 


л 
246. Evaluate: | езШ ы. 
0 3sin^x + 4с08 х 


л 
247. Evaluate: | ээс је 
0 11 + соѕ х 


1) ах 


xu Қ 


248. Evaluate: | log(x + 5 
0 х 


1 
249. Evaluate: If 1, = | x! $(1 — x)! dx 
0 


1 
and ђ = | 1006 (1 — 20141006 gy 
0 


I 
Find the value of 2204 x [2] 
1 


О. Evaluate each of the following integrals. 


250. | logd + tanx)dx 


logx 


V1 — х2 


252. | log(1 — cosx)dx 


dx 


o= Ot =|4 


0 
А 1ү dx 
253. | 1 Le. 
| өх й 3) 1+2 
л 
254. | = dx 


0 1 cosx 


Property VIII 
4007 


255. Evaluate: | VI — cos^x dx 
0 
1000 


256. Evaluate: | e V ах 
0 


20007 


257. Evaluate: | | ох - | 
0 1454 


1007 
258. Evaluate: | {2x}dv. 
0 


л 


259. Evaluate: | Isinx + cosxldx 
0 


1007 
260. Evaluate: | (Isinxl + Icosxl)dx 
0 


100л 
261. Evaluate: | (Isinxl — Icosxl)dx 
0 


504л 


262. Evaluate: | Icosxl dx 
-5037 


5003 гт B 
263. Evaluate: | | = ах 
0 2 
1 


264. Given | S at = а, 
o l+t 
prove that 
4л sin(7) 
2 


----- |dt2-a 
41-2 20) | 


1 


Ї 
265. If | —— а = 
65 [те а, 


prove that 
b 


2-5 
PINCH RD 
266. If F(x) be a periodic function such that 


| dt = –ае ". 


F(x) + F(+ + 2) = 10, 
201 

find the value of | F(x)dx 
0 


507 л/2 3 1 
267. If | (sin*x + cos*x)dx = | (5 +2 соз) dx, 
0 0 


find k. 


x 


268. If g(x) = | сов! dt, find the value of g(x + л). 
0 


Q. Evaluate each of the following integrals 


20147 
269. | VI cos2x dx 
0 


2012 
270. | “Мах 
0 


Ал 
271. | |созж ах 
0 
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272. 


273. 


274. 


275. 


276. 


278. 


280. 


281. 


282. 


283. 


284. 


285. 


286. 


287. 


288. 


289. 


290. 


10л 

| валах 

0 

[x] 

| ах, where [,] = GIF 
0 


Ал 
| [sinx + cosx] dx 
0 


37 


1 zsin(zlogx) 
1 


| NI + cos2x dx 
0 


107/3 


] шахах 
0 


1997 


1- zt 
—— —— | dx 
ПА 
20л 


| Icosxl dx 
-20л 


100 
| sin@ – ах 
0 


20147 
|| dsinal + Ieosxl) ах 
0 


20147 
|| dsinal — lcosxl) dx 
0 


плу 


Prove that | 
0 


Isinxldx = (2n + 1) — cosV 


2nz 


Prove that | [sinx + созх] Ах = -пл,. 
0 


2л 
Ртоуе that | sin? (100x) dx = л, where [,] = GIF 
0 


10л+л/3 
Prove that (sinx + cosx)dx = УЗ - 1 
107+ 7/6 
tant- , se 
Prove that | 5 ах - 2 Я 
ol + (х – [x]) 32 


where [,] = GIF 


Let F(x) be a non-negative continuous function 


defined on R such that F(x) + P(x + 1) = 3, ргоуе 
1500 

that | Ро) dx = 2250. 
0 


291. 


292. 


293. 


If for every integer n, 


nl 


| дах = т, 


0 
4 

prove that | Јајах = 19 
-2 


n2 n2 
If | sin"x cos"x dx = К | sin” хх, 
0 0 


prove that k = 2°”. 
л 3л 

IfM= | f(cos*x) dx and N= | f(cos?x)dx, then prove 
0 0 


that N 2 3M. 


Property IX 


294. 


295. 


296. 


297. 


298. 


299. 


300. 


301. 


302. 


sinx 


d е 
Let gE =, х > 0. 


4 sin? 
it J = ~ dx = F(k) – КО), find k. 


1 


Find the equation of the tangent to the curve 


Find the interval where the function 
x 


ТО) = | e' (t — 1)(t — 2) dt is strictly increasing. 
0 


Find the point of maxima and minima for the 


x 


function f(x) = J га + DE - 2)dr. 
0 


Find the point of inflection for the curve 
fe) = e(t - IP - 2)? dt 


Prove that the equation 


sin?x 


у = | sin ! Jf dt + f cos ! tdt 
110 110 


sin?x 


is a striaght line parallel to x-axis, where 


Л 

0<х<® 

“у 

2х y 

If F(x) = | N5 — Запа dt + | sinat, find F’(x). 
x 0 

Let f(x) = | V2 — f? dt. Find the real roots of the 

1 


equation x? — f'(x) = 0. 
2 


If f(x) = | cos vi dt, the value of f'(1) is ... 


yx 
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1 
f | Риба = 1 – sinx, хе (0. 2) find the 


303. 
value of f [5] 
МЗ 
304. Let f:(0, го) > R and F(x) = | ка 
0 
If F(x’) = x°(1 + х), find the value of f(4). 
р 
305. If | х/(дах = 205, find the value of ЛА) 
s 5 25 
306. Prove that the value of 
sin?x cos?x 
| біп ! Vt dt + | соғ Xf dt is Z. 
0 0 4 
х 1 
307. If | Кра = x + | “04, prove that the value of 
0 x 
ТА) is 1/2. 
308. Prove that the value of 


x+y 


a a 
: T 4-2 E 2 
lim ~ |J erar | са | = em 
x90 X y 


Advance Properties of Definite Integral 


309. (i) Prove that F(x) - | log p ја is an even 
functi 0 1-1 
unction 


Gi) Prove that F(x) = | | ! 


+ Қы ја is an 
+ 1 
odd function. 


(iii) Prove that the function 


10) = | сіп (log (102 +1+ х))ах is an even 
0 


function. 


(iv) Prove that the function 
x 


Ја) = | (сов (віп (ов (42-41 + 1)))) at is an 


0 


odd function. 
x 


(v) Prove that the function g(x) = | f(t) dt is an 
0 


even function, where f(x) satisfies the relation 


f(x + у) = feo + 70). 


л 
310. Evaluate: | біп 0х соз°°хах 
0 


1 
311. If fe) = | а, x > 0, prove that 
0 


e 


1 @+ 0) 


4-6 [Их+а) - ЈА + ај. 


312. 


313. 


314. 


315. 


316. 


317. 


318. 


319. 


320. 


321. 


322. If 


323. 


324. 


-5 2/3 
2 2 
Prove that | ee +5) dx + | ey dx = 0. 
4 уз 
л 


2014 


Prove that | sin? Hy cos? qy = 0. 
0 


| 
Evaluate: | Ісоѕлхі dx 
0 


1 
Prove that | Isin2zxl dx = 2 
0 


Prove that 


3/2 


| Ixcos лхіах 
-3/4 


-57/12 А 
sin, 


Evaluate: | Jax 
-m12 18112014 + сову 


—л/ 2 


sin 
Prove that | 5 5 . 
-л/3 cos^'x + sin^"x 12 


"Хх л 


—л/3 23 3 
sin x + cos x 
Prove that "ONG UL 2 d m 
-al6 sin х + cos хах 
sint 
1-1 


1 
Given | dt = а, 
0 


prove that 


sin(t/2) 2 
a2 dm eque 


| Isin(2x)l Ја 


Isinxl + Ісовхі 


л 
Find the value of | 
0 


j sin(x — a)-cos(x – а) d 
Ес — x)-cos(b — x) | 


а 


b 


| Еп - x)-cos(b — x) 


а \sin(x — a)—cos(x – a) 


find the value of m. 
1 1 

If | ——dt=a, 
J (a us 

prove that 


b 
е! _Ь 


= -ae 
pı 4 –6—1) 
Find the value of 


Р TC 
л xsin 2x sin 2 COSX 


8 
ds 
0 2х- п ? m 
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325. 


326. 


327. 


328. 


329. 


330. 


331. 


332. 


333. 


334. 


335. 


336. 


337. 


338. 


339. 


340. 


Let a, b and c be three non-zero real numbers such that 
1 


| (1+ cos*x)(ax? + bx + c) dx. Prove that the equation 
0 


has at least one root in (1, 2). 
19 


Estimate the absolute value of the integral | a dx. 
lol+x 


10 


Estimate the absolute value of the integral | IA 


5 1+х 


ах. 


3 
Prove that 4 < | Vx? + 3 dx < 443. 
1 


1 
Prove that the value of the integral | “дах Пев ш 
0 


between П, e] 


1 
Prove that the value of the integral | "ах lies 
0 х +16 
іп between [0, 1/17] 
3 
Prove that 4 < | V3 + х? dx < 2/30 
1 
1 
Prove that 7 < | со pm 
6 ид 42 
1 
Prove that 1 < | Vl + ах < 5 
0 
| Ї ах „7 
Prove that — < ши 
Ley 24 
* E -1 
Evaluate | "НЯ ПА 
0 
T (1 +авих) d 
Evaluate J m| Hein) ах, (lal < 1) 
0 1 – asinx / sinx 


2-1 


logx 


1 
Prove that I(b) = | dx = log(b + 1) 

0 
Let f(x) be a continuous function for all x such that 


2 
(foo? = | f). 25661 


0 4 + tant 


dt and f(0) = 0, 


prove that 1) = 95) 


Ргоуе Ша 


7? log(1 + xsin?0) 


fo = J 5 ах, x > 0 = ЛУ +x- 1) 
0 $1170 
Ргоуе Ша 


1 cosa 1 
| mE - Jas = 10811 + cosol, 
0 е^ 


[0 = Qn + 1) л], where а; is a parameter 
Prove that 


f ! + rer) 


Ї ша + beosx)dx = тіп 
0 2 


341. 


342. Find the maximum value of 


2 
| Na + да + хђах. 
[0] 


Prove that the maximum value of 


1 
[а + )@ 23) dx is 5, 
0 8 


Prove that the value of 


343. 


344. 


aZ 
2 


| (sin*x + cos^x)dx is independent of a. 
a 


2 


345. Find the mean value of f(x) = sin^x over (0, Л]. 


Q. Find the mean value. 


1 
e+ 


347. f(x) = 3% on (0, 1] 


346. f(x) = i on [0, 2] 


348. f(X)sin?x on (0, 271 


349. f(x) = Жи 10, 1 
х+х 

350. f(x) = 1 с - оп (0, 1) 
е 


Gamma and Beta Functions 


1 
351. Evaluate: | logxdx 
0 


352. Evaluate: | е х ах 
0 


х 


353. Evaluate: | (iog( І на 


О. Evaluate each of the following integrals. 


со 


354. | e "x dx 
0 


355. | (юе(4)| а 


1 
356. Evaluate: | 3^V1 — х24х 
0 


л/2 
357. Evaluate: | sin’x-cos*xdx 
0 
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Q.No. 358 to 362, Evaluate each of the following 


integrals. 
1 
358. | 3 WE x dx 
0 
n2 


359. | біп хсовбхах 


© 


1 
360. IE V1 x^ di 
0 


1n x 


n2 d a2 
361. | GL x | Nsinx dx 
0 0 


362. | gd 
0 


m2 


363. Evaluate: | sin'x- cos?x dx 


0 
n2 


364. Evaluate: | вш x dx 
0 


n2 


365. Evaluate: | cos’x dx 
0 


л/4 

366. Evaluate: | 8cos^x- sin"xdx 
0 
л/2 

367. Evaluate: | sinfx: cos?x dx 
0 
л/2 


368. Evaluate: | 
0 


sin?x- cos?x dx 


Q.No. 369 to 373, Evaluate each of the following 


integrals. 
n2 
369. | sin°x- сов хах 
0 
л/2 
370. | sin'x- cosxdx 
0 
n2 
371. | sin'x- cos?x dx 
0 
n2 
372. | яш!хах 


0 
n2 


373. | совхах 
0 


lever (M 
(Mixed Problems) 


л 


1. | 1ог(1 + cosx)dx = 
[0] 


N 


о 


> 


сл 


с 


оо 


© 


1 л 
(а) 7108 (b) 2 1052 
(c) -z1og2 (d) none 
1007 
‚ I£ | NT — cos2x dx = 200k, then k is 
0 
(а) 2/2 (b) л 
(с) УЗ (d) N2 
Ал 
: | Icosxldx = 
0 
(а) 4 (b) 8 
(с) 0 (4) попе 
32л 
3 
| (МТ + cos2x) dx = 
0 
3 3 
(а) [202 - ІН (b) (222 + || 
(с) (2 - 45) (4) попе 
. If Юг every integer п, 
п+1 
| годах = т, 
! 4 
the value of | f(x)dx is 
-2 
(а) 16 (b) 14 
(с) 19 (4) попе 
4 4 
. и | одах = 4 and | 3 – дах = 7, the value of 
| 1 2 
J B – fcoldx is 
2 
(a) 2 (b) -3 
(c) -5 (d) none 
100 
The value of | e Fl is 
0 
(a) 100e (b) 100 (e –1) 
(c) 100 (e + 1) (d) none 
If f(x) is a function satisfying f (4) + ху) = 0 Юг 
созесд 
all non-zero x, then | [700] ах is 
ѕіпӨ 
(а) 5100 + cosec@ (b) віп20 
(c) соѕес20 (а) 0. 
2 
If 2/6) + 3¢(4) +1-2, x 0, then | /сддх is 
1 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 


и. | 


2 1 2 1 
(а) -5 1092 + 5 (9) -5 1052 — 5 


(с) 2 log? + 1 


2 (4) попе 


| Е xlogx . 
The value of the integral | Ах 18 
0101 + х2)2 

(а) 1 (b) 0 
(с) 2 (4) попе 
1 
LM 2-1 је: = 
0 1+х—х° 
(а) —1 (b) 1 
(с) 0 (4) попе 

37 

е . 1 
The value of | о 18 

1 
(а) 1 (b) -1 
(c) 2 (d) none 
Let 4. (РО) = £— x > 0. 


4 sinx? 
и] (2 Іш = F(k) — F(1), the value of К is 
1 


X 


(a) 4 
(c) 2 


(b) 16 
(d) none 


Let 4 (ғо) -“-.х>0. 


42 |, 
Та! (35 дас іш = Е® – F(D, then k is 
1 


(a) 15 (b) 16 

(c) 63 (d) 64 
bc 

1 

с 1 Де) = 


b b 
(а) 4 [одах (b) | /сдах 


bc? 


(4) | Ғодах 


2 
ас 


b 
(с) c | /сдах 


If g(x) = J сов гаг, then g(x + л) is 
0 


(a) 800 + g(a) 
(с) 26): g (7) 
n2 


(b) g(x) - g(a) 
(d) ggn). 


| ја БА 

0 \sinx + cosx 

(а) 5 (b) л 
Л Л 

(с) л (4) 8 


л/2 fmm 
ig. | расла E - 
0 sin?x + Vcos?x 
(а) 4 (b) л 
(c) 0 (а) 5 
fa 
19. = 
0 1 + tan?x 
(a) 0 (b) 1 
OE- (а) 4 
л/2 
20. Тһе value of | —— Ін is 
0 ee 2-2 
p(x) + 95 - x) 
Л Л 
2 b Z 
(a) 4 (b) > 
(с) л (а) попе 
m4 
21. J log + tanx)dx = 
0 
(a) 21058 (b) 51982 
(с) 41982 (4) попе 
( 1 ах 
22. log|x + =] x | = 
J | | 1) 1 + х2 
(а) logs (b) mlog2 
(c) 5log 2 (d) none 
л л/2 
23. If J xf(sinx)dx = k | f(sinx)dx, the value of k is 
0 0 
(a) 2 (b) 1 
(c) л (а) 0 
2л - 2n 
24. For n > 0, | реа Jax = 
0 sin""x + сох 
(a) л (b) л? 
©5 (а) 2л 
1 
25. The value of the integral [ха — x)"dx is 
0 
1 1 1 
р EX I RE 
р mee D 650752) 
1 1 1 1 
ы d) 2 ae 
ETTI п+1 (@ ЕЕ —3) 
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26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


1 1 
If x fx" – x)"dx = RJ х"@ х/"ах, then 
0 0 


(a) R=1 (b К--1 
(с) R= 5 (4) попе 
MEA 1 
If1- J ЕНГ then P = J e'log (1 + fdt, where Р is 
(a) Г (b) 21 
(с) elog 2-1 (4) попе 
1 
[лапа -хахдах- 
0 
(а) log2 (b) log (5) 
(с) mlog2 (d) Тор (5) 


мај. 3 
cos^nx 
If a, = | [seems a. then a, — ај, 84-02, 44-04 
sinx 


. 0 i 
are in 
(a) AP (b) GP 
(с) HP (d) none 


If f(x) and g(x) be continuous functions satisfying 
f(x) = f(a — х) and g(x) + g(a — x) = 2, then 


J fg (дах is 


(a) J дах (b) J Једах 


(с) 0 (4) попе 
J foar - (=) + ха) 
If lim |^ Е = 0, 
tx (t = ау 
the maximum degree of f(x) is 
(a) 4 (b) 3 
(c) 2 (d) 1 


If fO) = е, а (у) = у, y > 0 and F() = J f(t—y)gQ) 
dy, then F(t) is 


а 1-е'(1+9®9 (b) (1 +9 


(c) te’ (d) te 
"^. [2- sind 
The value of | 1 vui i 
ыы of | ог + sind 5% 
(а) 0 (b) 1 
(с) 2 (4) попе 


1/2 


The value of | 
-/2 


ШЕ) 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


(а) -i (b) 0 


(c) 1 1 


(а) 2 (1) 


fF: ROR, е: К К be continuous functions. The value 
of the integral 

л/2 

| FW +) (69 – 6(-худх is 
-л/2 

(a) л (b) 1 

(с) -І (d) 0 

ЇЙ [en + Ыр _ 
-w2\ 1+ cosx Е 

(a) л (b) z? 

(c) 0 (d) none 
Е 


| [x + лу) + сов (х + Злл)ах = 
Зл 


T T 
(а) 32 + 5 (b) 2 
А 
л л 
--1 а = 
© 1 (9) 32 
1 
2 
The value of the integral | [cosstog (=) dx is 
1 - Х 
72 
(а) 0 (b) > 
2 
(с) -i (d) none 


The value of 
0 


оз + 332 + 3x + 3) + (х + 1)соз(х + D]dx is 
=> 


(а) 2 (5) 4 

(с) 0 (а) 8 
1 

The value of the integral | log (x + \х? + 1)dx is 
-1 

(а) 0 (b) log 2 

(c) log (5) (d) none 


The function f(x) = | юв (1 + V1 + £ Jat is 


(a) an even function (b) an odd functio 


(с) a periodic function (4) none 


The function f(x) = | log [I ја is 
0 1-1 

(а) еуеп (b) odd 

(c) periodic (d) none 
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f sinx — x? 
is Ц ЗА Jax = 
sinx 
(a) 0 (b) | [= “Jax 
(с) T Е =x Jax (d) T мы 
i а 
44. If f(x) + f(y) = f(x + у) and | дах = A, then 
ІШТЕ 
(а) -2Л (b) 22 
(c) 0 ау 4 
cosx : : 3 
45. If f(x) = | Канык АМАН ciens] ови 
2 : otherwise => 
(а) 0 (b) 1 
(с) 2 (d) 3 
6 
NX 
46. || rers 
И -x+ = | 
а) 5 (b 2 
(еу1 @ 5 
b 
47. If f(a + b — x) = Го), then J хјодах is 
@ (4 b) ль oux e» (£55) [оё 
(с) Е ын | f@dx (а) none 
k 
48. Let f be a +ve function If 7, = J xf(x(1 — x))dx and 


49. 


1, a Аха — x)]dx, where 2k — 1 > 0, 


then J,/I, is 
(a) 2 (b) k 


©» (d) 1 


Ха 
| ҥ = {хха Нах and 
fa) 


fla) 
I 
L= | «А – хујах, then the value of — is 
fCa) h 
(a) 2 (b) -3 
(c) -1 (d) 1 


По [х2] | 
50. The value of Ї dx is 
[х2 – 28x + 196] + [х2] 
(a) 0 (b) 1 
(c) 3 (d) none 
л/2 
cosx = 
xj Gale 
(a) 1 (b) 2 
(c) log2 (d) none 
л/2 
52. Тһе value of | 15 
-л/2 me +1 
(а) 0 (b) 1 
л л 
өз (а) 5 
» J 1+ qos = 
(a) 0 02 
(c) л (d) 2л 
т 2 
54. Тһе value of | ДЕ х іш, а> 0 15 
+a” 
(a) т (b) ал 
л 
(с) 2 | (d) 2z 
55. If F(x) = 5 [а -2Е (0), then F’(4) is 
4 
(а) 32 (b) = 
(c) 32 (а) попе 
9 x 
| вес?гаї 
56. The value of lim 18 
х-0| xsinx 
(а) 1 (5) 2 
(с) 3 (4) попе 
| sin(Nt)dt 
57: dig ee | 
x0 х3 
(a) 5 (b) 1 
(c) E (d) none. 
58. Let f(x) = [V2 — Pdr, the real roots of x? — Р(х) = 
0 are 4 
1 
+1 b) +— 
(а) (b) T 


(с) +2 (4) 0 and 1 
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1 [x] 
59. If (тауа = 1 — sinx, x e (0, 2) then Да) is 67. | (х – рах = 
sinx 0 
(a) 3 (b) 5 (a) (b) 2 [x] 
1 
(c) Е (d) 43 © эрд @ It 
[ 68 | чү h = GIF, i 
60. If | х/сдах = ЕР, then ($) is A ы сэнс 
Й 5 (а) 0 (b) ef- e 
(а) 5 (5) 72 д e+e (d) е-е 
5 
1 4) = 
(с) (а) 5 69. | ШЕШЕН 
sin?x cosx Ve 
61. The value of J sin (Vt) dt + J cos"! (f)dt is (а) 3 (y 5 
(а) - (b) 1 (с) 3 (а) 5 
(с) 4 (4) попе 70. 9. | (9), where [1 = GIF, is 
2 п=1 п-1 
62. If f(x) = 127 — И + 1х — 1l, then J 769 is А е-1 (b) 1000 (e — 1) 
1000 
9 9 
— Zlog2 b Zlog 2 „1900 1000 
XE ШЫ. © 1 @ ло 
9 
(с) -5 - 41982 (9) попе 71. Let f(x) be a continuous function such that 
1 f(x) + f(2014 – x) = 0 for all x [0, 2014], 
63. | o - bp is 2014 
-1 h | 4хоо) 
(а) 1 (9) i у en | 1+ pb 
(c) 0 (d) 2 (a) 2014 (b) 1007 
2 (c) f(2014) (d) /(1007) 
64. | [2х2 — 3]dx, where [,] = СІЕ, then л 
А 72. The value of | —__ is 
(а) 4 0 1 + 2sin?x 
КЕ | (a) л/\3З (b) л 
t (2-42448-1 (с) 2z А ( Bx 
3 5 7 73. The value of | dx, where {,} is the fractional 
ю9-| + 5 + + 8 + ц 
Ё Ё G part of x, is У 
3 5 7 9 (а) 1/3 (b) 5/3 
(d) 15 ү v2 ү Үз ү e 5 
i (c) 2 i (d) 7/3 
65. | [х2] ах = 74. If z #0, then | [arglzl]dz, where |Д = GIF, is 
0 0 
(a) 24 N2 (b 2-2 (a) 0 (b) not defined 
(c) 3/2 (d) 3 (c) 100 (d) none 
2 Isin yl | 
66. J дах = 75. If Ја) = == | СІ then fr) 1S 
0 
(с) (V2 — 1) (4) (-42 —N3 + 5) (c) 4/(л/2) (4) попе 
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76. 


77. 


78. 


79. 


80. 


81. 


82. 


The value of (Бел | 18 
o\sin x + cos x 

(+) e(-2 

9449 0413 
л/2 


The value of | [sin2x- tan"! (si nx)]dx is 
0 


(a) (5 + (b) (- 


| 9% 


л/2 
азшх + bcosx . 
The value of | (ал + Posez) dx 18 
0 sinx + cosx 


2 act 
E 


(с) з 


(а) л/4 
(c) (а + Бул 


(b) (a + Б)л/2 
(d) (a + Б)л/4 


л 


The value of | (1 – х2) sinx-cos^xdx is 
-7 


(а) 0 (5) (z = Еј 
7 2 
© Qr- т) @ (5-2) 
Л 
л/2 2% 
x — n/A)^sinx 1/2\3 : 
и] | ST Sint as = ЛЕ ‚ the value of а is 
(a) 2 (b) 4 
(c) 6 (d) 8 
Objective Questions 
(More than one options are correct) 
л 
The value of | sinmx:cosnxdx, where т, пЕМ, is 


equal to 
7/8 
(4) 0 (b) | xcsin?xdx 
-Л/8 
л/2 1/2 


(с) | віпх/(совдах _ (à) | dx 
-7/2 -1/2 


л 


The value of the integral | xf(sinzodx is 
0 


(a) E | f(sinzodx (b) 2 | f(sinzxoax 
2 0 4 0 
л/2. 


7/2 
(с) л] Гвіпдах (d) л | f(cosx)dx 
0 0 


83. 


84. 


85. 


86. 


87. 


88. 


89. 


b b 
It де) = | буг (да, where f, g, h are 
non negative continuous functions on (а, b], then A(t) 
is 
(a) 1 (D a-b-t 
(c)at+b-t (d b-t 


х/1 
| й | x > 0, then 
1 2 


1 +1 
(а) 1, - 1, (b 1 >1, 
(с) 8 (d) 1, = 7/4 — tan !x 
tanx cotx 
The value of | 1-2 + ai z | is 
Ve \l+t Ve 11(1 + 1) 
1 
(um (b) 1 
2 + tan^x 
1 
2 
(с) л/4 (а) 2] (25 У 
ANERE 
1 
dx 
f=] | | then 
о\1+х”? 
(a) Т> In2 (b) Z < In2 
(c) I < m4 (d) Т> m4 
n4 
If 7, = | (ап “хах, then 
0 
1 
1 + 1,» = 
(а) п һ-2 n-1 
1 
(b) La +l = Cn 
1 1 
(с) < 21, < ——, пеМ(21) 
п+ 1 n-1 


(4) Са + L)(n + 1) -1 
л/4 

If 7], = | (ап “хах, then 

(а) 1, ЕЕ = 1/6 

(b) Ло + Ig = 1/9 

(0) 1, + 1) = 2/99 

(d) Ig + 21 + Д, = 20/99 


1 


If 1, - [x7 
0 


I log x) dx, its value can be 
! ; 
(a) EE where К is an even number. 
n 


(b) -——, k is an odd number 
n 
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90. 


91. 


92. 


Lever Ul 


1. 


3 
. Find the value of | (м + Б + i + E + SI 
0 


CDI x k! 
(c) ntt! 
k! 
(D 
пе 
ІҒ |. cot tanx)dx i 15 ——, then [1$ 
-27 
(а) 3 (b) 4 
(с) 6 (4) 7 
= 
The value of the integral um лт ,is 
0 \а2соѕ2х + D?sin?x 


1 БТ; 
(а) рі (2), a>0,b>0 


(b) Lun (2), a<0,b<0 


(© @=1b=1) 
(d) none. 


n2 nd 
The value of | | — 


л 


7 ја 15 
sin x + cos x 
(a) л/4 
(b) x 
л/4 


€ 2] | 


tanx dx 
(соѕ2х (1 + 2 


«5 


(Problems for JEE-Advanced) 


Let f(x) = (lsinxl - lcosxl). Find the value of 
9л/4 
| | годах|, where [.] = GIF 

0 


1 
. Find the value of | EE + cos(*)| + 12 
-2 


107 


. Find the value of | ([вес“!х] + [tan ах 
1 


= GIF. 
5л/12 


where [,] 


. Find the value of | [tanx]dx. 
0 


7/4 


. Find the value of | [sinx + {cosx + tanx + (sec x)}]dx 


0 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


. Find the value of | 


. Find the value of | [зїп (cos) + cos |(sinx)]dx. 
0 


sin (sin) E 
cos(cos x) 
= d: 


. . -1 
cos (cosa) | SIN (sin x) 


100 3/m 


. Ёт = | sec (веслх)4х апап- | (вес '(зеслх]ах 
0 0 


find the value of (т + пл + 2 + 4} 
л 4 


Find the value of 


-7 -2 
J хап - 6dx + | tan? + 18x + 75) ах. 
Z3 26 


2nz 
Let 1, = | Isinxl[sinx]dx, where n €N and [] 
-2nz 188 
= GIF, find the value of Х 1, 
n=1 
1 | им || lsinxl 
Пт- | ЭП | dx and п = | ПА | dx, where 
-2 [z m 0 В +1 
Л 2 л 2 


[,] = GIF, prove that m + n = 0. 


Find the value of 


j (sin" 


-1 


xb Я + cos! E - BIS where [,] 2 GIF. 


Find the value of 
Н 2 1 
1 -1 
С1------, t — — ld. 
L ко [coss - i аг (cosx >) ы 
Find the value of П ее к 
(7 + 8cosx)? 


If f(x + y) = f(x) — f(y) for all x and y and 


3 
а = | @- 1)? fe Пах 
1 
1 
апа b = | (х + D? f(x + рах, find the value of 
-3 


2a -b + 4. 


4[, 2 : 
-4у-5 =>: 
Find the value of (Е У )ѕіп (у | ау 
0 


2 – Ву + 1 


апа 0 


Find the value of 5 ИЕ Г 
x” — 2xcosa + 1 


-1 


oe 
1- 


Find the value of J 


Find the value of | | = 2 
0 


1+х 
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21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


32; 


33, 


34. 


1 22. 2 
If m = | Еле and n = [аә 


0 1-х2 0 1+х° 
prove that 8m = и. 


Find the value of 


-1 af 2x 
1Һ8 | COS Б + tan л 
1+х 1-х 
т ах. 
Em е+1 
Sam, 
Find the value of | ipm P 
ЕЛ бф 
л/2 1 tan”! L 
x х ; 
Let 1, -1 (es and I, = jl 5 Jax, find 7. 


І 53 І 2 
Let I, = (= Jax and 1, = J {—*— |а, 
0 Ж-Е 1 0 е“ (2 = х) 
Еп 
find — 
1, 


n(n + 2) 
л | ши = |х 


Find the value of Ss dx. 
0 in| — 
sin( 2) 
x2. 5 
Find the value of | кз ах. 
0 \ sinx 


1 1 
т = |5500 — dx and п = [xa - дах, 
0 0 


prove that a = 2190 


If J Е = 2 find the value of J [ss 


т m2. 
If A = 1522 Ы апа В = | (ы а; ргоуе 
0 


о | (х + 2)? (к +1) 
daba ecl 
ПО 2 


5, 2 

If - а 

По + а?) (х2 + by + s] | 
Л 

2(a + b)(b + с)(с + a) 


find the value of 


dx 
o + 4)6 + »l 
2/2 
Find the value of | log (а2соѕ2х + Ь25іп2х)ах. 
0 


Find the value of | e 
0 x + 2х + 4 


1 
Find the value of | (E5 a. 
0 1+х 


35. 


36. 


37. 


38. 


39. 


40. 


lever (0 


1. 


2. 


л/2 
. Evaluate: | | 
0 


1 
. Evaluate: | 
0 


. Evaluate: ЇЕ ) іш 


4 
In(1 + x ас 


1 
Find the value of | | = 
0 


Л 
If I, = | Jax, prove that 


Ћао tl, = рупе 


n 


72 (sin?(nx) 
and deduce that | шон 
о | sin^() 2 


+1 


Evaluate 
k +23 + nN ЊЕ +3 +... = 


lim 
dÉ + РВ Com) 


пЭ oo 


. ~ (п—" Ar 
Evaluate Jim | E eos (o) 


1 
п 
Evaluate lim У Јо" - x"*)dx. 
n> 10 


sin@ | 
a^cos?0 + Ь25іп20 


where а,ђек ,а>ђ 


л 
Find the value of | | 
0 


(Tougher Problems for JEE-Advanced) 


B 
Evaluate: In х0 dx 
а \ В-х 


a2 


Let 1 = | (— St )ax 
о \acosx + bsinx 


sinx 


— Jas, where a > 0, b > 0, 
acosx + bsinx 


л/2 
and =] | 
0 


find J and J. 


a 


. Evaluate: [лог (cota + tanx)dx, а е (0, >) 
0 


sin® x | 
sinx + cosx 


dx 
(5 + 2x – 222) + е%-%) 


10 


OX EX 


о M *xsinx 


find (J – I). 
a2 

Evaluate: | (Мах + Усо8Хх) “ах 
0 


0 


Е Л 
. Let 1 = | ur] @ and J = | Шингэн 


(1 -xsinx)? 
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10. 


11. 


12. 


13. 


14. 


15. 


. Prove that 


ЕТЕ) 


Л 
ах л 


о (а- совх) Е 2—1 
л 


| ах Ж 2л 
о (2 — cosx)? 3У3 
7/4 


If I, = | (tan"x)dx, prove that 
0 


-а» 1 and deduce 


that 


1 l 
1,-1, В+ 15 
1 1 


: ЕА.Р 
Т, + 16 5 +1 


л 


Assuming [ log (849)40 = -zlog2, prove that 
л 0 л 

| 6? log (sinQ)d0 = за | "log (V2sin@) аө 

0 0 


If 7, = | (e*x""'logx)dx, prove that 
0 
IL- Qn + ап, = 0 
1 А 1 1 

If af(x) + bf(-x) = х = Sinlx – +) find the values 

2 
of | дах (a + b). 

12 


16 Ё со8(2х) — a 
— ах 


Evaluate: 
valuate: | 2809 


Evaluate: 


КЕ 5 E 
І [Е +x°42x7 + xtan?x + х25іп?х + tan lx) +1 


ах 
8 xo + 3x4 + 3x7 + 1 
Integer Type Questions 
. If the value of the integral is of the form 
л/2 63 
| біп хах = 2-я, 
0 А 
find the value of В - A. 
n2 
LM 
. If the value of the integral | со8 хайх = z 
0 Р 


find the value of + M +Р- О. 
n2 n2 


2181, = | log(sinx)dx and Ь = | log(cosx)dx, find 


0 0 
the value of 7, — 1, + 5. 

1 л/4 
10811 + x 
в ах ала М = | 102(1 + tan@) 
0 lx 0 


ад such that L + M = 2108, find the value of 
A+B + 3. 


10. 


11. 


12. 


13. 


14. 


15. 


. Let I= | e "x"? dx such that 1 = 
0 


. Let M = 


М 


З x (лм, find the 


-х 
L 
value of + М +N. 


1 


| min {lx + Il, Ixl, lx - Шах and 
-1 
10 
N= | min{—x – [-x], x – [x]}dx. Find the value of 
-10 


2М + М +2. 


-2 4 
. Let M = | СОМ dx and N = J [x + Пах, find the 
-2 0 


value of М + М - 1. 


3 4 
. Let =] (x - 1 + Ddx and M = | 1х — 214, find 
2: 0 


the value of Za - М) 


3 3 
. Let = J flogixl]dx and М = | [logx|dx, find the 
1 1 


L 
1 f — : 
value о мі? 


2л 107 
Let А = | [V2sinx ]dx and В = | [sinx + cosx]dx, 
0 0 


find the value of 5 


Evaluate: 


li | 1 1 1 1 1 
im F SE add = 
по мт 420 Зп  N4n 2п 


Find the value of 


| дах 
0 Where [] = GIF 
10 | {,} = ЕРЕ 
[дах 
0 
| [ [x"] 
Find the value of | ах. 


2 | p? — 20x + 100] + [x7] 


1 т 
If | Хайх) = EX m, пе, find the value of 
д 


cuv. 
(m + n). 
| а 
If a -ай2-л ас 
КЕТТІ ЕТТЕ 2 


where а, b, се М, find the value of (a + + c). 
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Comprehensive Link Passages 
Passage I 
For the integral, 


a 


Грдах- 


-а 


2| (хуйх: fx) = f(x) 
0 
0 : fx) =- f) 


From the above concepts, give the answer of the following 


questions. 
-10 


1. the value of the integral | Ч 
10 


2 +541) «кі 
1 2 


X 


(a) 2 (b) 0 

(c) 1 (d) 4 
5 “Тур! 2 

2. The value of the integral | E — х eT л 

-5\x -x +1 tan (x^) 

dx is 

(a) 2/5 (b) 3/5 

(c) 0 (d) 4/5 


3. The value of the integral 
0 


оз + 3x? + 3x + 4) + (х + 129 + D]dx is 
-2 


(а) 2 
(с) 4 
4. The value of the integral 
-1 
[ 102 + 6x? + 12x + 10) + (х + 2)соз(х + 2)]dx is 
-3 
(a) 0 
(с) 4 
5. Тһе value of the integral 


(b) 0 
(d) 6. 


(b) 2 
(d) 10. 


4 
По- D-26-3)6- 4) – 5)} dx is 
2 


(a) 0 
(с) -2 


(b) 2 
(d) 1 
5 
6. The value of | {(x — 2)& – 4)(x — 6) .. (x — 48) 
49 
(x – 50) ... (x — 96)(x — 98)}dx is 
(a) %0 (b) 5050 


(c) 650 (d) 420 
. The value of the integral 


К} 


0 и (42 + + 1 — №2 —х+1) 


dx 18 
-10| їов(с + Vx? + 1) х (1-4) 
(а) 2 (0) 4 
(с) 6 (d) 0. 


8. The value of the integral 


Ї (x + Dtan(x + 1) 


+ (х + Dsin(x + 4 – ах is 


2 5 ++ 
(а) -2 (5) 2 
(с) 0 (4) 4. 
9. The value of the integral 
л/2 
| (sin(sinx) + xcos(sinx))dx is 
-7/2 
(а) 0 (5) -л/4 
(с) л/4 (4) л/2 
10. the value of the integral 
л/2 
. [2-1 X х : 
| са [= | + X + 2% 15 
=?) 2* +1 2012*-1 2 
9% 
b 
@ 125 (b) 0 
2012* 
а d) 64. 
(1682012 (8 
Passage П 


За 


For the integral | /сдах - ж : fQa -x)= f(x) 
: 0 :РОа- x)=- f(x) 


From the above concepts, give the answer of the following 
questions. 


2л 
1. The value of the integral | sin? Py qx is 
0 
(a) 0 (b) 256z 
(с) 5127 (а) 10247 
л 
2. The value of the integral | cos? y ax is 
0 
(а) 2567 (b) 0 
(c) 10247 (d) 20487 
4л 
3. The value of the integral | tan? ?y qx is 
0 
(a) 0 (b) 128л 
(c) 5127 (d) 1024z 
| t Лов (2 + 2x) 
4. The value of the integral | —— ax is 
0 1+х 
(а) ЭЛ цор (b) 8 192 


(с) л 1052 (4) л 1052 


л 


5. The value of the integral [лог (sinx)dx is 
0 
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10. 


11. 


12. 


13. 


14. 


(a) -log2 (b) 71082 


(c) -71082 (d) zlog2 


л 


. The value of the integral J log(cos.x)dx is 
0 


(a) 0 (b) 4 192 


(с) x: log? (а) ад log? 


л 


. The value of the integral 15-22 5-5 dx is 


2 


2554 
л? 
Боож b) === 
e) 242, ©) $8 
л? л? 
I с d) —— 
055 oza 


. The value of the integral j РО) + fü – 20) x {(g@) 


– g(1 — x)}} dx is 
(a) 0 (b) 1 
(c) 2 (d) 3. 


2 
. The value of the integral Лов (= ја 18 
0 2-х 


(а) 1 (b) -1 

(c) 2 (d) 0. 
1 

The value of the integral | ([x] - [1 2 xDa (x - [х] dx is 
0 

(a) 0 (b) -2 

(c) 4 (d) 6 


The value of the integral 


2 

jo + DQ – x)3 - x)}dx is 

0 

(a) 0 (b) 62/15 
(c) 38/15 (d) 76/15. 
The value of the integral 


4 
По — 12x? + 78x – 124) dx 18 
0 


(a) 0 (b) 125 
(c) 625 (d) 2525. 
The value of the integral 


4 
02 + 41 + Lx? — 161) – (Lx? — 8х1 + Lx? — 12x + 321} 
0 


dx 18 
(a) 0 (b) 256 
(c) 512 (d) 1024. 


The value of the integral | Пе нэ | 15 


е7 + ех 


(а) е? 
(с) e 


-1 
+ 1 


(b) 0 


(а) е? 


2 
15. The value of the integral | (-1) “х is 
0 


(a) 2 
(c) 8 
Passage III 


For the integral | f(x)dx = | Ка – дах. 
0 0 


a a 


(b) 4 


(d) 0. 


From the above concept, give the answer of the following 


questions. 


1. The value of the integral Ї 


(а) а/2 
(с) а/8 


2. The value of the integral | 


(а) 5 1082 


(c) л1002 


n2 
3. The value of the integral | | 
0 181 x + cos x 


2 
Л 
(а) 16 


2 
(о 2 


Јо) 


(5) а/4 


(а) а. 


of) + а – 


og(2 + 4x + 2x2) 


ao is 


| 
0 


(1 +x’) 


(b) —zlog2 
(d) -Z 1022 
2 


(b) —- 


(4) 


32 


xsinxcosx 
4 


ја 15 


ја 15 


2: 2 
4. Let = | &xlog(x (2 – x)))dx and 1, = | (log (x(2 — х))) 
0 0 


dx, then 1/1, is 


(a) 2: 
(c) 4: 


1 
1 


Matrix Match 


(b) 1:1 
(d) 2:3 


(For JEE-Advanced Examination only) 


1. Match the following columns: 


Column I Column II 
о | log(tanx)dx ie -2 982 
m а РА 
0 
© ІІ (R) 212 
ы ІШ O50 
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2. Match the following columns: 


Column I Column П 
NIZ P) |7/2 
es | біп хах ен 
0 
л 
2 | cos ax 201) 
0 
107 
© | ап dx ЕЛ ЕЕ 
0 
ЕМЕЛ > $) |л/2013 
(р) sin x dx a 
0 
3. Match the following columns: 
Column I Column П 
А) | 15 Р) |5 – \2 – \3 
(А) | ах (Р) 
0 
В) |; 2242 
(В) fr 28 (О) 
0 
2 
С АСЫН 
(О Jee + цах ®) 
0 
(D)| { (S) 52-1 
[2х + Пах 
0 
4. Match the following columns: 
Column I Column П 
AS P 
9 | sin" x dx e 63 x Вл 
0 29 
(В) Т шү (Ot е 
1 sin хах 693* Л 
n2 
(C) | cos!?xdx (R) = х Кл 
D SEPA 
(р) |” (S) |5 x 27 
J сов 3х4х 3003 x NT 
5. Match the following columns: 
Column I Column П 
(A) [es (P) |0 
1 
J 2 1+ Je 
B)? ОРЖ, (0) 2 
J sin log 
2 2 ар 


л/4 
С В) |4 
© | tan[log(x + Вх? + 1)|4х (B) 
-л/4 
(D у a x (S) |1 
а 
1 1 E» + т) i 
6. Match the following columns: 
Column I Column II 
А) |} Р) |В(т, 
аре 
0 
(B)| х”: 4451 СО) T) 
DUE UE | 
(C) | Г(т) Г(п) (В) | ут 
ТЭЭ ТТЫ т,п»0 
Г(т + n) 
DS S) 10 
шу | e™x" ldx 2 
0 


Questions asked іп Previous Years’ 
JEE-Advanced Examinations 


1. Let f:R-R and g:R-R are continuous functions. 
The value of the integral 


л/2 
j : (00. +f (8 (х) – &(—х)]ах is 
(а) л (b) 1 
(c) 0 (d) None. 
[IIT-JEE, 1990] 
л/2 л/4 


2. Show that | f(sin2x)sinxdx = N2 | f(cos2x)cosdx 
0 0 


[IIT-JEE, 1990] 
3. Prove that for any positive integer k, 


sin 2kx 


- = 2[cosx + соѕ Зх +... + соѕ (24 – 1)x] 
sinx 


л/2 
Hence, prove that | sin(2kx)cotxdx = р 
0 


[IIT-JEE, 1990] 
4. If f be a continuous function with [бас as 
0 


|] — со, show that every line у = mx intersects the 
x 


curve y? t [КТ = 2) 
9 [IIT-JEE, 1991] 


л | xsin(2x)sin ( 5 cosx) 
5. Evaluate: dx 


0 2x- л 


[IIT-JEE, 1991] 
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6. 


10. 


11. 


12. 


13. 


14. 


The value 2 Z je 18 


@ 2- log " (b) 24 log( 2) 
15 


(c) 2 + 4log >) (d) 2 — tan” (2) 


[IIT-JEE, 1992] 


л 


. The value of | d- x’) sinx-cos^xdx is 


4, 
NE 

(d) (5 = эл | 
[IIT-JEE, 1992] 


(a) 0 


(c) Ол- r°) 


1 
. The value of [И — мах is 


al 
@ -2 
(c) 2 


(b) 0 
(4) 4 
[IIT-JEE, 1992] 


1 
. The value of | Isin(2zx)ldx is 
0 


(a) 0 (b) 


aly glo 


T 
(с) + (d) 
[IIT-JEE, 1992] 
Determine a positive integer n € 5, such that 


1 
Гес-1)уах = 16 — бе 
0 
[IIT-JEE, 1992] 


n2 
The value of | = Jax 18 
01141аг7 
(а) 0 (b) 1 
л л 
(07 (а) 3 


[IIT-JEE, 1993] 


| Y at 2X #07 +1 
Find the value of | 2 i dx. 
@ + 07-1 


2 
[IIT-JEE, 1993] 
3/4 " 
Find the value of | | Jae 
лл \1 + sing 


[IIT-JEE, 1993] 


: 2 
sinx — x : 
| ја 18 


1 
The value of | 3214 


-1 


(а) 0 


(b) jj (sine Je 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


Перм 82 b 
—X Sin x X 
© 21: E ЭГ Ф || 3-1і Jax 
[IIT-JEE, 1994] 
плу 


Prove that | Isinxldx = 2n + 1 — сову, where neZ* 
0 


andO € V & л. 
[IIT-JEE, 1994] 


NX ја 


Find the value of j li = 
V5 —x + Nx 


[IIT-JEE, 1994] 
3л 


The value of | [2sinx]dx is 
0 


а) -7 
57 
(с) = (4) -2л 
[IIT-JEE, 1995] 


ш/о) = Asin(£*) + в, /(1 | = 22 and 


1 
| ТОдах = 2 then the constants А and В are 
0 


2 3 
(a) b) = & = 
4 8 32 
(c) 0 & T (d) E. & = 
л 
1 [IIT-JEE, 1995] 
| (ара 
Evaluate сок | ы | ах 
d | => dd 
КЕЗ 


[IIT-JEE, 1995] 


л 
Lbs [| - cosnx 
0 — cosx 


integer, show that U,,, + О, = 2U,,, 


Jax, where n is a positive 


л] 
Hence, deduce that | 


PN 0 
Юн Шығ 
0 


«1120 2 
[IIT-JEE, 1995] 


If for non-zero x, af(x) + of (=) = 5 = 


—5, where а 
2 

+ b, then | /Сдах =... 
0 


[IIT-JEE, 1996] 


2л . 2n 
хэ х 
For n > 0, evaluate | Ээ | 
о \sin”x + сов "х 


[IIT-JEE, 1996] 
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23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


з1. | 


32. 


| г [2x(1 + sinx) 
Find the value of | se SER dx 
-л\ 1 + соѕ х 


ШТ-ЈЕЕ, 1997] 


37 
е . 1 
The value of | Eus dx is 
1 
[IIT-JEE, 1997] 
Qesin( x? 
Let dfe» = A easel 3m = F(k) 


- F (1), the values of К is/are ... 
[IIT-JEE, 1997] 
Let a + b = 4, where a < 2 and let g(x) be a dif- 


d 
ferentiable function, If Z > 0 for all x, prove that 
x 
a b 
[есдах + [| е сдах increases as (b — a) increases. 
0 0 
[IIT-JEE, 1997] 
If g(x) = [оо tdt, then g(x + л) equals 


(b) g(x) – g(a) 
(d) g/g (п) 
[IIT-JEE, 1997] 


(a) g(x) + КС 
(с) 6 (9-5 (п) 


x 1 
If | (Фа = x + | гђа, the value of Ја) is 
0 x 


(a) 1/2 
(c) 1 


(b) 0 
(4) -1/2 

[IIT-JEE, 1998] 
Let f(x) = x — [x], Юг every real number x, where 


1 
[x] is the integral part of x, then | f(x)dx is 
4 


(а) 1 
(с) 0 


(b) 2 
(а) 1/2 
[IIT-JEE, 1998] 


1 


1—х+%х 


1 1 
Prove that | кап“ | „ја = 2 | tan xd 
0 0 


Hence or otherwise, evaluate the integral 


1 

Гапа — x + хђах. 
[IIT-JEE, 1998] 
37/4 

dx 

ла 1 + cosx 
(a) 2 

(с) 1/2 


is equal to 


(b) -2 
(d) -1/2 

[IIT-JEE, 1999] 
If for a real number y, [y] is the greatest integer 
is less than or equal to y, the value of the integral 
3л/2 


| 2sinx]dx is 
7/2 


33; 


34. 


35. 


36. 


37. 


38. 


39. 


(a) -л (b) 0 

T T 

(с) 72 (4) 2 
[IIT-JEE, 1999] 


е5 
e €95* + Ра Ї 


[IIT-JEE, 1999] 


л 


Evaluate the integral Ц 
0 


x 


Let g(x) = | ко, where f is such that 5 < 10 < 1 
0 


for t [0, 1] and 0 < ко < 5 for te [1, 2], then g(2) 


satisfies the in equality 


@ -5580)<5 (91<;0<3 
©5<8055 — (2<40<4 


[IIT-JEE, 2000] 


itj sinx :1хЇ«2 Р 
2 : otherwise 


the value of 


3 


| feo dx is 
22 


(а) 0 
(с) 2 


(b) 1 
(4) 3. 
[IIT-JEE, 2000] 


2 
(ое. 
The value of the integral | — |4х is 
е 


(а) 3/2 
(с) 3 


(b) 5/2 
(а) 5 
[IIT-JEE, 2000] 


For x > 0, let Ға) -Ц un 
oc 


| dt. Find the function 


1 1 1 

fe» +¢(4)and show that show that f(e) ШЕ 25: 
Неге, Int = 109,7 

[IIT-JEE, 2000] 


The value of | ээ x) is 
1+ 


(а) л 
(с) л/2 


(5) ла 
(d) 2x 

[IIT-JEE, 2001] 
Let f:(0, оо) ЭК and F(x) = | f(0dt and FQ) = x? 
(x + 1), then f(4) equals | 


(а) 5/40 
(с) 4 


(b) 7 
(а) 2 
[IIT-JEE, 2001] 


2.34 


Integral Calculus, 3D Geometry & Vector Booster 


40. 


41. 


42. 


43. 


44. 


45. 


46. 


Let f(x), x > 0 be а non-negative continuous func- 
x 


tion and let F(x) = Гғада, x > 0. If Юг some с 
0 


> 0 Дх) < cF(x) for all x 2 0, show that f(x) = 0 
for all x = 0. 


[IIT-JEE, 2001] 
Let f(x), | V2 – Ра. The real roots of the equation 
1 
x? — Род = 0 are 


(a) +1 
(c) +12 


(b) +12 
(d) 0 and 1. 

[IIT-JEE, 2002] 
Let T > 0 be a fixed real number. Suppose f is contin- 
uous function such that for all x in А, f(x + T) = f(x). 


T 3-3Т 
If = | f(x)dx, the value of the integral | /(2х)ах is 
0 3 


@ 31 (b) 21 


(с) 31 (4) 61 


ШТ-ЈЕЕ, 2002] 
1/2 


1-х : 
Тһе уаше of | ([x] + (i Т d dx is 
(a) -1/2 (b) 0 
(c) 1 (d) 2In(5) 


ШТ-ЈЕЕ, 2002] 


1 
If т, п) = | "(1 + f)"dt, the expression for Кт, n) 
0 


in terms of Дт + 1, n + 1) is 


2 


4 n 
т+1 m 


+1 


(а) 


1т-1,п-1) 


п 
Dy] ramen) 


2" n 
ео 


(с) 


(d) —L. та 1, n— 1) 
п + 1 
ШТ-ЈЕЕ, 2003] 


Let f(x) be an even function, that 


л/2 л/2 
| f(sin2x sinxdx = V2 | f(cos2x)cosdx 
0 0 


[IIT-JEE, 2003] 


prove 


xil 
If fo) = |. e? ar, f(x) increases in 
(a) (-2, 2) (b) no value in x 
(c) (0, со) (d) (=, 0) 


[IIT-JEE, 2004] 


47. 


48. 


49. 


50. 


5]. 


52. 


53: 


54. 


2 


t 
If f(x) is differentiable and одах = ЕР, 
0 


/ (=) equals 


then 


25 
(a) 2/5 (b) -5/2 
(c) 1 (4) 5/2 
[IIT-JEE, 20041 
The value of the integral ] : dx 18 
0114 

л л 
(291 OG =) 
(c) —1 (d) 1 


[IIT-JEE, 2004] 
Let f(x) be a differentiable function defined as 
f: [0, 4] К, show that 


0) 8f(a)f(b) = (ҒӘР - (ОР, 
when а, b є (0, 4) 


4 
Gi) | f0ddx=2[af(o2) + Bf(B2)], where 0 < o, B<2 
0 


[IIT-JEE, 2004] 


л/3 43 
Find the value of | аг dx. 
2 


-л3|2- cos іі + 3] 


[IIT-JEE, 2004] 


If y = | 
W116 


совхсов (70) 46, find у (8) 


1 + 912 (30 


А ШТ-ЈЕЕ, 2004] 


По + 3x2 + 3x + 3) + (х + 1) сов(х + ах is 
-2 

equal to 

(а) -4 (b) 0 

(с) 4 (d) 6. 


[IIT-JEE, 2005] 


1 

rf ШІ Sigina then A equals 
(а) 1/3 
(с) V3 


(b) 1/93 
(а) 3 

ШТ-/ЕЕ, 2005] 
Find the value of 


л 
J ek ің сова) + 3cos( Тсозл Миха 
0 2 5 


[IIT-JEE, 2005] 
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1 
ja - x50)100 4, 
55. Find the value of 5050 x T 


ja - худ ge 
0 


[IIT-JEE, 2006] 


| fat 
56. L= lim |? 5 equals 
хэ x Ж (=| 
16 
(a) 5 ((2) (b) 270) 
© 2712) @ 40) 


[IIT-JEE, 2007] 


57. Match the following columns: 


Column I Column II 
ү 92) 
al+x 2 3 
(В) | P (Q) (2) 
0 WI = x? 5 
ej 2 (|, 
LCS 3 
тш (S) |, 
im 2 


[IIT-JEE, 2007] 


58. Let f(x) be a non-constant twice differentiable 
function defined on (—ee, œ) such that f(x) = f(1 — x) 


and r(4) = 0, then 

(a) f'(x) vanishes at least twice on (0, 1] 
„(1 

b) || = 

(5 (2) =0 


1/2 


11. 
Ех + = ах-0 
ol (x чах X 


1/2 1 
@ | fioe" ar = | fa – ђе да 
0 1/2 


[IIT-JEE, 2008] 


59. Let 5, = X; 55-2 and 
kin + kn + k 


T,=> = = } for n = 1, 2, 3, ..., then 
ko m + Ки + К? 
Л Л 
бё ек. Oe: 
343 343 
Л Л 
(c) T, « — (д Т„>—— 
343 343 


[IIT-JEE, 2008] 


60. Let f be a non-negative function defined on (0, 1]. 
f [A1 — (Роа = | да, 0 € x € 1 and 
0 0 


f(0) - 0, then 


[IIT-JEE, 2009] 


61. If 1, = | 


sinnx 
=> 


———— Јах, п = 0, 1, 2, ... then 
(1 + z^)sinx 


10 
(a) 1, = 1,2 (5) > Coma) = 102 


10 
(с) > Com) =0 (d) 1, = La 
[IIT-JEE, 2009] 


62. Let f: RO К be a continuous function which satisfies 
x 


ТО) = | f(t)dt. Then the value of f(In5) is ... 
0 


[IIT-JEE, 2009] 
63. Let f be a real valued function defined on (-І, 1) such 


that e f(x) = 2 + | Vi + 1 dt for all x in (—1, 1) and 
0 


let + be the inverse function of f, then (f -1)(2) is 


equal to 
(a) 1 (b) 1/3 
(c) 1/2 (d) l/e 


[IIT-JEE, 2010] 


жа х) 


1 
64. The value of the integral | | 7 E 15 (are) 
0 ) 


aX 
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65. 


66. 


67. 


68. 


69. 


70. 


(а) (s - 23 
[IIT-JEE, 2010] 


(с) 0 


tind +t 
The value of lim |] | ae!) ај 15 
х 


Ac о f+4 

(a) 0 œ) -Ł 
12 

1 1 

(c) 24 (а) 64 


[IIT-JEE, 2010] 
Let f be a function defined on [-л, л] given by 
: (=) 
sin 
2 


=) 


for x # 0. Find the value 


КО) = 9 and f(x) = 

of = | ТОдах. 
[IIT-JEE, 2010] 

For any real number x, let [x] denote the largest 


integer less than or equal to x. Let f be a real function 
defined on [-10, 10] by 


мо а 
1+ 


[x] x 


: if [x] is odd 


: if [x] is even: 


2 10 
Then find the value of T x | ТОдсов (лх)ах 
10 


[IIT-JEE, 2010] 


d хвіп(х2) 
The value of J = | | = 5 | 18 
Vin2 \ 510 (x^) + sin (In(6 — x^)] 
1 3 1 3 
өн) ШАШЫ 
3 1 (5) 
(с) ш/2) (4) 6 In 5 
[IIT-JEE, 2011] 
Let 7: [1, го) — (2, го) be а differentiable function 


x 


such that f(1) = 2, if 6] ба: = 3xf(x) — x? for ай 
1 


x 2 1, the value of f(2) is ... 
[IIT-JEE, 2011] 
2 5/6 
The value of 2 | ѕес(лх)ах is ... 
103 5, 


[IIT-JEE, 2011] 


71; 


72. 


73. 


74. 


75: 


77. 


78. 


79. 


80. 


b 
if | (769 – 3xdx = a? — 52, the value of =) 


iS .. 
[IIT-JEE, 2011] 


л/2 
The value of the integral | (2 + In( LL )) cos x dx 


18 


(а) 0 (5) = 


TED 


1 


(с) Е + 4] (d) | 


[IIT-JEE, 2012] 
No questions asked in 2013. 
| 2 
Тһе уаше оғ | «| Sa Е ZI TEM 
0 ах? 
[IIT-JEE, 2014] 


The value ot | ЇГ: 2 15... 
1 +е 
[IIT-JEE, 2014] 


| сов2х ов - х ја 
-x 


The value of m 15 


| со$2х. loe m = ја 
х 


[IIT-JEE, 2014] 
The number of polynomials f(x) with non-negative 
co-efficients of degree < 2 satisfying f(0) - 0 and 


1 

| /сдах = 1,18... 

| ШТ-ЈЕЕ, 2014] 
Let f: RR be а function defined by 


fe) = uo 


8 ШЕЛ) 
less than and equal to x. If = | | 


2 where [x] is the greatest integer 

> 
MEAE 

112% + 1 ы 

find the value of (41 - 1) 

[IIT-JEE, 2015] 


га = | (gr) [236 zi 
0 1+: 


takes only principal values, 


1) 
1051 – = |. 
(Ios. + al 1 


| dx, wheretan !x 


find the value of 


[IIT-JEE, 2015] 
Let f(x) = 7tan?x + 7tan$x — 3tan^x — 3tan?x for all 


X ЕР 27 | find the value of 


л/4 л/4 


ol ТОдах 09 | х/одах 
[IIT-JEE, 2015] 
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81. 


82. 


192° 


Let f'(x) = Е. 
2 + sin (лх) 


for all x in R. with (5) = 0. 


2 
Ит < | /сдах < М, find the possible values of т 
1/2 


апа М аге 
(а) т = 13, М = 24 (b) т = 1/4, М = 1/2 
()т--П,М-0 (d) m= 1, M = 12 
[IIT-JEE, 2015] 
The option(s) with the values of a and L that satisfy 
the following equation is(are) 
4л 


| e'(sinfat + сов адаг 
0 


L= 
Л 
| e sinfat + cos‘at)dt 
0 
An An 
ез-1 ез-1 
a)a=2,L= Б) a=2,L= 
(а) ел-1 (8) е^ + 1 


Ал Ал 
=l asa not. 


e e 
е — е + 1 


()а-4,1- 


л 


[IIT-JEE, 2015] 
83. The total number of distinct x є [0, 1] for which 


x 


4 


Р 
| Ja = 24-1 is. 
011-1 


[IIT-JEE, 2016] 


x cosx 
1-6 


ЕС 
2 

84. The value of | | іш is equal to 
л 


[IIT-JEE, 2016] 


1. LEVEL Il (OBJECTIVE QUESTIONS) 


.(a c 2.(d 306) 40 5. (c) 
. (c) 7. © 8.4) 9. (а) 10. (с) 
.() ро 13.(b) 14. (4) 15. (Ы) 


. (а) 17. (о) 18. (а) 19. (4) 20. (а) 

. (b) 22. (b) 23. (с) 24. (Ъ) 25. (b) 

. (а) 27. (с) 28. (а) 29. (с) 30. (b) 

. (а) 32. (b) 33. (a) 34. (a) 35. (d) 

. (6) 37. (6)  38.(a) 39. (р) 40. (а) 

. (а) 42. (а) 43. (с) 44. (с) 45. (с) 

. (а) 47. (6) 48.(с) 49. (4) 50. (с) 

. (а) 52. (4) 53. (b) 54. (с) 55. (с) 

. (а) 57. (а) 58. (а) 59. (а) 60. (а) 
(с) 62. (b) 63.(а) 64. (с) 65. (b) 

. (d) 67. (а) 68. (b) 69. (а) 70. (b) 

. (а) 72. (а) 73. (а) 74. (а) 75. (с) 

. (b) 77. (c) 78. (d) 79. (a) 80. (b) 

. (a,b,c) 82. (a,c,d) 83. (а, c) 84. (a, а) 85. (b, d) 
. (а, с) 87. (а, b, с, d) 88. (a, b, c, d) 

. (a,b,c) 90. (a, d) 91. (a, b, c) 92. (a, c) 


INTEGER TYPE QUESTIONS 
LOD 2D 36: 4 56) 
6. (8 70) 809 9.0) 10.6) 
и. 4 129 13.6) 14.(6) 1509 


COMPREHENSIVE LINK PASSAGES 


Passage I 
1. (b) 2. (c) 3. (d) 4. (c) 5. (a) 
6. (a) 7. (d) 8. (c) 9. (a) 10. (b) 
Pssage II 
1. (a) 2. (b) 3. (a) 4. (a) 5. (c) 
6. (a) 7. (a) 8. (a) 9. (d) 10. (d) 
11. (а) 12. (a) 
Passage III 
1. (a) 2. (a) 3. (a) 4. (b) 


MATRIX MATCH 
1. (A)2(S), (В)-Р), (ОФ), (D)>(R) 
2. (А—О), (B)3(Q), (O—(Q), (0)-3(0) 
3. (A)>(Q), (В)-«Р), (C)(R), (D)—(Q) 
4. (АР), (В)-Х0), (ОК), (D)2(S) 
5. (АР), (В)-<Р), (С)-«Р), (D)>(P) 
6. (АР), (В)-Э(Р), (СР), (0)-(0) 
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HINTS AND SOLUTIONS 


Lever / 
1. We have, 
л/2 
| біп x dx 
0 л0, 
== f sin’ хах 
0 
AT (1 — cos23) dx 
-is- SE 
2 2 Jo 
Л _ 
2: 0) 
2a 
74 
2. We have, 
ЛА 
ах 
о l+ sinx 
Цаг 
x 
0 ELT 
1 + cos(^ x) 
fs 
Ш x 
0 (Л х 
ЕНЕ 
a 
к. 
zd. 2(7 x 
752 J sec (5 2) 
= 1 х | 2tan( 7 all. 
2 4 0 
= лл. 
= ШЕ 3 | 
л 
-Іш)-1) 
-[N2 - D- 1] 
22-42 
3. We have, 
2 
| ах 
54842848 
E 2-х 
о (Ме + 2 + МОС + 2 тауа 
_ +2 - 0) - У) 
0 «+2-x 
2 
== Joe — Vx) ах 


о 


хөр? i ER 


-3 5. ' 
-4(8- 229) 
4. We have, 


n2 : 
sinx 
р 


0 Sinx — cosx 


EE 2sinx 
С 2% sinx = cosx 


<i 2) (sinx — cosx) + (sinx + cosx) , 


sinx — cosx 


1 (sinx + cosx) 
= b 15------:- 
2 (sinx - cosx) 


-3 (x + loglsinx — cos xl) 27 
27 
4 
5. We have, 
2 
dx 
1 ха + x‘) 
2 
х ах 
| x*( + x) 
24 S р 
—]og|—— 
74 +11 
= [вт - s) 
4| °®\т7}) 20512 
ЕТСЕ 
4 25117 
6. We have, 
1 
dx 
ох +х+1 


= 2 ка (2 + | 
V3 МЗ Jo 


= 2. tan! (V3) — tan! Fal 
_2 (л л 

“05-8 

ЗЕЕ 
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7. We have, 
1 
Гхеа« i 
н = x] edx} - | edx 
0 
= (xe - e)l} 
= (е-е) – (0-1) = 1 
8. We have, 
л/2 
ах 
0 Sinx + cosx 
л/2 4 
= № | 2 
9 [sinx + —cosx 
нийг: 
л/2 4 
X 42 | X 
0 x 
sinx( + A 


= 2 | cosec (x + HL 


-421 к 
982 8) 


21083 
9. We have 


л/2 
ах 


0 (3 sin?x + 4cos?x) 


2 2 
ѕес x dx 


0 3tan’x + 4 


n2 2 

_ 1 sec’ хах 
{ап x + | — 

43 


1.33. 4 (‘Sims 
tan 


=-х 
3 2 2 
1 (л 
= —=|- - 0 
о | 
=. 
443 
10. We have, 
jac ora 
-Іе- x") ж 
(e | 
z п+1 п42/0 
a 1 
ntl n+2 
1 


= (n + 1)(п + 2) 


[| 
0 


| 


11. We have, 


1 
1, = | tan" x dx 
0 


tan"? x .tan?x dx 


| 
om- o- oc 


tan” x (sec?x — 1)dx 


1 
tan” 2х.зес?хах — | tan"? x dx 


n-l 1 
z их 3 B L> 
п-1 /o 
1 
> T + 1,2 = m 


Hence, the result. 
12. We have, 
sinnx — sin(n — 2)x = 2сов(п- 1)xsinx 


sinnx  Ssin(n — 2)x 


— Е | = 2cos(n — 1)х 
sinx sinx 
i sin(n — 2 
=> ш = 2cos(n — 1)х + ПИРА 
sinx sinx 
л 
= | Sinn = [eosin = xdr 
о sinx 
sin (п — 2)x 
[snm-2», 
0 sinx 
> 1-0-1, 5-1, =... = ог 


according as и is even ог odd. 
Case І: When п is even 
л 
„== | (8825-0 
0 sinx 
Case П: When n is odd 


л 
ped af (5022 Јах = = ме = 
0 \ sinx 
m2 ov 
13. Let =] Ёл | 48 
о \ sin@ 
Now, 
m2 | .2 2289) 
0- – 10 
S 4 21 sin’ и Е (п ) јао 
0 sin’ Ө 


in(2n — 1)sin@ 

sin (2n | )sin Jae 

sin^ Ө 

sin(2n — 1)0 
ѕіп Ө 


| 
о — а 
N 
—. — — 


ја 
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со 


4 ах 
0 (х2 + ao? + Б?) 


E 1 | 1 1 ја 
(62 – а?) 0 X ar АВ 


(52 Е а?) [a an (2) 5 т" ($). 


E (52 = a’) ES 23 


7 TM а?) (а У) 
о 


E Л 
© 2(а + b)ab 
1 
15. | ха - хах 
[0] 


х(1 – 5x + 10х? – 108 + 5x4 — х) ах 


(x = 5х2 + 108 – 10x* + 5х — x®) dx 


| 
— о--.- o- 


о | 
Сл 
= 
> 


10x* 102 А 5x° x!) 
3 4 5 6 7 


DU UE UNUM а] 
2 34 5 5 
ЕРЕ 
50' 
л/2 я 
16. | =. snes : ја 
0 sin X + COS X 


4 


л/2 , 
2sinxcosx 
- еер ах 
0 191 х + cOS X 


л/2 2 
2 tanx sec” х 
= Lar ee dx 
0 {ап х + 1 


= кап! (кап х)? 


6-9 


ах 
їх(Х + 1) 


3 2 


log 


д +1 
" 
9 


эн 


18. We have, 
4 


x 
25% 


Let х-2 = = dx = ла 
When х = 0, then t= 0 
and x = 4, then t = V2 


Thus, the given integral reduces to 


19. We have, 
1 


f xa – x)? dx 
0 


Let l-x=t>d=-dt 
When x = 0, then t= 1 
and x= 1, then t= 0 


Thus, the given integral reduces to 


0 
= а - 92924 


0 
= [а 2013 _ 2012) 4 
1 


ge pols 
2014 - n3]. 
5.2985 edes 
2014 2013 
1 
72013 x 2014 


20. We have, 


2 
dx 


1 х(х? + 1) 
_ БЕКЕН 
1 x( + 1) 


2 
хах 


128+ 1) 
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Definite Integrals 


Let х =т= 3x ах = dt 
When x = 0, then t= 0 
and x = 1, then t = 1 
221 
73 [2 t(t + 1) 
3E 
3 1-1 
= a 
MEE 
21. We have, 
л/2 
| ах 
о (2 + cosx) 
л/2. 
-[— жн 
0 1- га (5) 
2 
2%------- 


1+ ча? (5) 
p| 
о |3 + ап (5) 
Let tan(7) =t> вес (7) x = 2dt 


When x = 77/2, thent = 1 


and x = 0, thent = 0. 
j dt 
=) 
0 Р - "oJ 
2 ИЕ 
= — tan |- 
V3 ki 0 
Ed 
353 
22. We have, 
л/2 
ах 
о (2 sin?x + cos? x) 
n2 
dx 


o (2 sin?x + cos?x) 


sec?x dx 
о (tan?x + 1) 


Let tan x = 1 => sec?xdx = dt 
When x= 0, then t= 0 
and ae then t = со 
[M 
20 Ра m 


23. We have, 


л/2 


0 Р — 5sinx + sin^x 


24. We have, 


sin2x 


4 


0 оок 


25. We have, 


Ш.А 2 
2 1 
ee 
2V2 
cosx 
т a 
Ге sin x = t > cosxdx = dt 
When x = 0, thent = 0 
and x = 7/2, thent = 1 
1 
Бу 088 
02 - 51+ 6 
1 
к жик н 
от-2)1@-3) 
| 1 1 
= | (—— - dt 
ПЕ EL 
t- 4 
= | ILL zl Бы; 
ре! 98| | 


7 ја 


л/2 . 
2sinxcosx 
- QUU PERI VE dx 
0 181. x + cOS X 
л/2 
= | [scs sec Ч 
ах 
0 tan^x + 1 


Let tan?x = t => 2tanxsec’xdx = dt 
When х = 0, thent = 0 


x = 7/2, thent = со 


mA. 
І ЕЗ + цэл 


о \ 16 + sin2x 

Let sinx — cosx = t 

=> (cosx + sinx)dx = dt 

When x= 0, then Е = -1 

and x = л/4, then t = 0 

Also, f =1-sin2x sin2x = 1 - £? 


2.42 
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0 
dt 


116+1-f 
0 


«i dt 

17у 
t—NIT 

= log 

NIT t+ V17 | 


1 = 
4 


1 0 


26. We have, 


л/2 


1 
= 
0 [es + ===>) 


л/2 
ах 


E о (Ncosx + vsinx)! 


- 2 | 8ёс хах | 2 ах 
о (1+ Мапх)“ 
Ге tanx = Ê => sec?xdx = 214 
When x = 0, thent = 0 
and х = E thent = со 
Е dt 
о (f + 1) 
= 1 % 
3(t + 1) 
well 
3 
27. We have, 
2 
| ах 
о Ax + 1 + у(х + 1)? 
Let (x + D = P => dx = 2tdt 
When x = 0, then t = 0 
and x = 2, then t = N3 
МЗ 
5 | 224! 
ЕР 
МЗ 
= І га 
—DY Ed 
= 2лап“ (oh = 212 - 3) = 
3 4 6 
28. We have, 
nl2 
| cos? x | 
=== | ах 
0 \4sin?x + cos?x 


л/2. 
Е ах 


0 (4tan?x + 1) 


m2 2 
sec’ xdx 


0 (1 tan?x)(4tan?x + 1) 


-| 


о (2+ Tm +1) 


sli +1 m је 


E | 1 1 | 
ВИ 3*4] 


dt 


= $ шт! (20) — tan" 0), 
1/,л Л 
exam T 
3 | 2) 
-Л 
6 
29. We have, 
2 
| ах 
1 (2х + DV) + x 
Let (0х41)-1-224:---14 
Ї 


When x= 1, then = 1/3 
апа x = 2, then ѓ = 1/5 


Xen ei 
741 АТА 2 


dt 
из У] — 2 


1/5 
1/3 


cos! (| 


| 
— 
[e] 
o 
“| 
—_ 
ne 
кее” 
| 
О 
o 
Ф 
АҢ 
—- 
|e 
~~ 
Е 


30. We have, 
4 
| ах 
QXt NX 
Let 
=> 
When 
3 апа 
= | ла 
Qd] 
2 
- [24r 
01-41 


х=? 

dx = 2444 
х= 0, = 0 
х= 4, 1= 2 


2.43 
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= 2(loglt + 1 
= 21003 


31. We have, 


1 21 
хїап х 


о (1 + x)” 


л/4 
0 
л/4 


= | азпда 
0 


= (ij sintdt)™ 


ttant g 
sec т 4 


7/4 


= (- tcost + 51), 
T 1 


aS 


"e 


32. We have, 


| 


(1- өс + sind)” 
1 


af dt 


о (t+ 06 + 2) 


33. We have, 


(Ntanx + Ncotx) dx 


о | 3 


Рш 


Let 


=> 


tan! (х) =1 
dx 


ice 


t4 J cos tdt 


t — sin@ 


dt = cos@d@ 


tanx = р 


ес?хах = 2tdt 


34. We have, 


| 


35. ХҮе һауе, 


Asin?x + 5 соѕ2х 


2 2 
» | sec’ x dx | 
о l4tan?x + 5 


t = tanx 


sinx + cosx 


х 
J | 9 + | 


36. We have, 


m 


л/4 1 
snx + cosx 


О = – 16(sinx — cos x) 


ӨТЕСЕ 


а 


sinx — cosx = t 


1125 — 16r? 
(sinx + cosx)dx = dt 
0 
UN 
Е mic 2 ИЕ | 
4 
_ 40 
TENE: x 1 log 51-4 
ШЕ 
4 
= 1169 
40 


sin2x 


7 a mi 
sin^x + cos^x 


n2 2 
2sinxcosx 


| (а је 
0 sin x + COS X 
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72 
T 21апхвес х : 
= em Aud dx 
Й tan x + x > у= 5 
| а 2 
= : Let tanx-t e - 
nanus о 222 2л” ^ 
= {ап (9 | < = y=-5 
М 
-7 у’ 
2 1 2 
1 А Л Л 
- Hence, the required area = 2 х = х = = — 
37. We have, || 1 * Jas 2.272 
о ИЕ +x 41. We have, 
1 
1-x 2n 
- | ах Я 
0 | ЛЕ =] J [sin x] dx 
1 1 
£ І ах Ц хах | 4 
9001-21 ou-x 
f(a) | 
x 2 2 
- + | а, Let (1-х) = 
154 ЯН ЭГЧ 
= sin |) + (0 2 
шуб : 
2 Hence, the required area = m x -1 = -m 
38. We have, 42. We have, 
4 
| Qx- Зуах 
-1 
= (х? - Зх), 
= (16 — 12) - (1 + 3) 
39. We have, 
уда 
=> 
Hence, the required area = 2 x 5 x2x1z2squ. 
43. We have, 
< -у-1 j Р 
Х”-« =X | g(x) X 
Y 
А 
да ees 1х1 id 
2 2 
Hence, the required area = 4 x 5 = 2 sq.u. ДР TU 
40. We have, 
2л У 
[годах 
0 
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44. 


45. 


46. 


47. 


Hence, the required area 


=4xA 
=4x=x1xl 
= 2 sq.u 
Here, REST 
— 1225 ey 
2` л 
2j " 
= Е - 0 
л/2 А 
Thus, | | ах + [z] =0 
ЛА д 
Неге, О<х<1 
> [x] -0 
Thus, 
1 
| оао — w) 
0 
1 
= | хах 
0 
В РЕ 
2/0 2 
Y 
A 
4 
3 
2 
1 
x’ 
D О 142 \32 
Y 
у’ 


Hence, the required area 


= 1-(V2 – D + 2013 – V2) + 363 – 2) 
= (5 — V2 — \З) sq.u. 


=x 


у’ 


Hence, the required area 


1 \2 1.5 


-Х 


-Х 


48. 


Хх 


1:42 = 1) + 2(1.5 – V2) 
(2 – V2) 5411. 


3.24 


X 


O| 144818 
Y 
у 


Hence, the required area 


= 1-(V2 — 1) + 2-(V3 – V2) + 3(1.8 – V3) 


49. 


(4.4 — УЗ — V3) sq. и. 


50. Now, 


22 -3=15 х= 02 


5 
22 -3= 2 = {= 
X 3 >x 5 


22-3-3-х--3 


7 
20-3242 = 4— 
X X 2 


and 27? -3=5>x=2 
Hence, the required area 


= c» - 1 ids б-а) 


ЕЕ 
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ueg 
- (» (ама ++ 8 +] sq.u. 


51. Now, х-1-0-эх-1 
x-1212xz20)^ 
х-1-2-эх-(3)9 
Ż-1=3>x= (4° 
Хээ ХЭЭ? 
х-1-5-эх-(6)” 
х-1-6-ээх-(7)” 

апа x'-1272x22 
Hence, the required area 
= 0 + 1313 — 2!) + 2. (413 — 313) 
+ 3. (513 — 413) + 4. (613 — 513) 
+ 5. (613 — 713) + 6. (213 — 713) 
- (12 _ (2/9 + 313 + 413 + 513 + 613 їр 1!) 
52. We know that | [x] dx 
0 
1 2 3 n 
= Палах + Га + | dae +... + Í [х]ах 
[0] 1 2 п–1 
1 2 3 п 
= | (бах + | 1у4х + | dx + .. + | (п- Dax 
[0] 1 2 п-1 
=0+1(2-1)+ 23-2) +... + (п – Da-(n – 1) 
-1-24344-.24(1-1) 
n(n — 1) 
| 2 
10 
53. | ах 
0 
_ 10(10 - 1) 
a 2 
- 45 
10 
54. | [x + 2]dx 
10 
= || [x] dx +] 2ах 
1000 – 1) 
= 509-9) 
2 
= 45 + 20 
= 65. 


2 


55. | [2x + Зјах 
0 


2 
= | рх + 3]ах 
0 


2 2 
= | мах + | (Зуах 
0 0 


1/2 3/2 


= | [2x]dx + | [2x] dx a [2x] dx «ji [2x] dx 
0 


2 
+ | Зах 
0 


1/2 3/2 
= =) (0) dx + | (D dx +] (2)ах J (3)dx + 6 


-0-(1-4)2(3-1)»5(2-2)%6 


=(1+2+ 6) 
=9 
2 


56. J [3x - 2]dx 
0 


2 2 
= | Зах – | (2)ах 
[0] [0] 
-10%2%3%4%59-4 
= | 
- (5 а) 


6-4 
=1 


57. | (хуах 
0 


= f (храх 
0 


= J (x - [x] dx 


n 


(x)dx – Ji [x] dx 


-) 

-|5- n(n – ын 
2 

xi 
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2 
58. | үх) х = 
0 


1 2 
ама + | ходах 
0 1 


: | 
ПАЯ 
Ж 2-1) -3 
2 2 
еб 1 
оёх 
59. | 
1 3 
< [logx t logx 
- + а 
аа 


60. | [2sinx] dx 
0 


7/6 52/6 л 


= | Dsinxldx + ! [2sinx]dx + | [2sinx]dx 


0 57/6 


7/6 57/6 
=] (0) dx ый (рах +! (0) dx 


_ (525 л 
- (5; 2)! 


3 
2л 


61. J [2 ах] dx 


7/6 57/6 
= (0) dx e (D dx 2i (0) dx 


71/6 117/6 


+] C Ddx + | TONG C1) dx 


7л/6 


z Е d > E aL D 
„(Ма 2) | 

| 2л л 8л л 

"3 6 6 6 


117/6 


Пл 
PUTA 


је) 


62. 


63. 


64. 


65. | 


2m 107 
з 6 
-4л 10л 
6 6 
= = бл = -љл 
6 
л/3 
| 3 tanx] dx 
0 
л/6 tan 1 (23) 
zi [N3 tanx] dx + 1 [УЗ tan x] dx 
л/3 
+ | [МЗ tanx] dx 
tan! (2N3) 
л/6 tan 1 (23) 7/3 
=] (0) dx + | 04+ | Qd 
tan! (243) 
а (5) - 1] 
= tan 1 
Е 
| (sgnixp dx 
1 
3/2 
= | Dax 
1 
3 
25830104 
(253) 
"P 
2 


| Гап“! x] dx 
0 


tan(1) 102 
= | нап мах + | Пап ах 
0 tan(1) 
tan(1) 102 
= | (бас- | ауа 
0 tan(1) 
= (102 — tan(1)) 
2лл 


[sinx + cosx] dx 
0 


Since it is a periodic function with period 27. 


27. 


= n] [sinx + cosx] dx 
0 


= ШЕТ + ille 


97/4 


=n] [\2sinx]dx 
m4 
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aL ЈА 2) 2) 


цээр) 


= n( л л 2d 

7414 4 4 4 
= –пл 

66. We have, 


57/12 


| гаг ах 
0 
57/12 


Let 1 = | [tanx]dx 
0 


1 2 
= | паз x] dx + | Кап x] dx 
0 1 


3 57/12 
+ | fan ах +] пап хјах 
2 3 


= 0 + (tan!2 – tan! 1): 1 + (кап !3 – tan!2):2 
ЭЛ aan] | 
: + (2 tan 3 |.3 
258 8 бал 13 + tan 
EN E (tan 3 + (ап 2) 
1 
ДХ 
67. | |(1 2510 
| + cos(7*))] x 
-| оаа оаа аа 
= 
=1+0+1 
=2 
68. We have, 
| 1 2 
x 214 
Ци» 315 +] x 
| 1 2 
Let r= J (ta + [s+ 1] + [e + а 
^ 2 3 
1/3 2/3 
= оаа ras] tas 
1/3 2/3 
4/3 5/3 
«хан зак | 5d 
4/3 5/3 
7/3 8/3 
sf edes] Tass] ва 
7/3 8/3 
EN 
-үх8х2 
-12 


69. 


107 
| ([sec x] + [tan x])dx 
0 


secl 
- | (Ізес x] [cot ! x]) dx 
i 107 
+] ([вес“! х] [cot ! x]) dx 
secl 
secl 107 
= (0 + O)dx + | И + 0)ах 


secl 


= (10л- secl) 
m4 
70. | [sinx +[cosx + [tanx + |зехх Шах 
n/4 
Let I- | [sinx + [cosx + tanx + [sex x]]]dx 
0 
Since О<х< ү 
> 1 < secx < V2 
> [secx] 2 1 
> [tanx + [secx]] = [tanx + 1] 
= [tanx] + 1 
=0+1=1 
> [cosx +[tanx +[secx]]] 
= [cosx + 1] = [cosx] +1=0+1=1 
=> [sinx + [cosx +[tanx +[secx]]]] 
= [sinx + 1] = [sinx] +1 =0+1=1 
л/4 
Thus, I= | [sinx +[cosx + tanx + [5есх]]] ах 
0 
л/4 
- | 1-ах 
0 
207 
4 
71. We have 
эй 
[sinx + BE 
m4 T 
Here + <х< i 
> Плох <л 
2 
=> ES « 2x «1 
2 л 
2x 
E: |] -0 


The given integral reduces to 


ШЕНІ 


л/4 
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72. Here, 


Now, 


73. Here, 


Also, 


Now, 


74. Here, 


л/2 
= | [sinx + 0]ах 
7/4 


=0 

a=0,b=3 
nh-b-az23-02z3, 
Јо) = х 


f(a + rh) = f(rh) = rh 
3 n 

[хах = lim hd Кот) 
1 ћ—0 г-1 


= limh-> rh 
h0 г=1 


lim? Y г 

h0 r=1 
- ("© + 2 

h0 2 

: Еш + ”) 
ш |е 

20 2 

ЕН (54 + Д 

uu 2 


0 


а= 0, р = 2 
nh =b -a = 2, f(y = ~ 
Ка + rh) = f(rh) = (rh 
2 
Ггах 
0 
= lim л Lf (rh) 
= limh У (rh? 
ћ—0 т-0 
oq 734 2 
= іт? o) 


= lim /? 
ћ—0 


(4% + Dn + : 


nh(nh + h) nh + 1) 


- lim | = 
2(2 + h)(4 + | 


— йт? 
= іші 6 


ћ— 


| 


15: 


Ка + rh) = Ја + rh) 
(1 + rh)’ + (1+ rh) + 2 = (rh + 3(rh) + 4 


3 
Now, — JG + х + 2)ах 
1 
= lim A X f(a + rh) 
h0 т-0 


= limh > (rh)? + 3(rh) + 4) 
h0 r=0 


| ac + DQn + 2) 
= lim A 
ћ—0 6 
n(n + D) 


j| ns 
Ee. 


: аш + h)(2nh + h) 
lim 
ћ—0 6 


[+ |+) + а") 


__ (32480440) (20+ 
= Jim | 6 + | 2 J +8) 


Here a=0,b=1 
nh=b-a=1-0=1. 


Also f(x) = e", fla + rh) = f(rh) = е" 
1 
Now, | етах 
0 
НИХ Ка + т) 
h0 г=1 


. i h 
=limh>d ен 
h0 т-0 


= lim We +... + gm 
ћ—0 


mnh 
= him [E 


ћ—0 е"! 241 
- lim a(S = 1) 
h>0 (от _ 1 
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76. Here, a=0,b= - 
nh = n/2 — 0 = л/2, f(x) = sinx 
Also f(a + rh) = Кай) = sin (rh) 
л/2 
Now, | sinxdx 
0 
= lim A У, f(rh) 
h0 г=1 
= lim 25 sin (rh) 
= lim (sinh + sin2h + sin3h +... + sinnh) 
ћ—0 
sin(rh/2) sin(n + 1)h 
= lim i x 
һ-э0 \ sin(h/2) 2. 
л 
ча(л4) _. Б % 4 
= ———— ——- x sin 
һ-0 L|sin(A/2) 2 
li 2 h/2 Я (2 >) 
= lim Л х- x sin + 
һэ0 |2 sin(h/2) 4 2 
„ин 
х чп 4 
=1 
77. Do yourself 
87. њи | + 1 ДЕУІ 
пә=|п+1 n+2 п-43 2n 
= Jim, X (559 
= нэ ЗА 
2 п 
B im, n > (5 + >) 
КЕН КЕ 1 
= = У | 
ауып E[ + c) 
1 
= | ах 
0 1 TX 
= logll + xl|j 
= log 2 
88. lim |Z +——— 2 5 
pore | R+ Ë nrt? 
Жыз == а= 
т +(п – ТУ 
п-1 п 
= lim У, | | 
ms yoo n xr 


89. 


90. 


91. 


T 2 
. 1%! п 
іт = У, ЕЛДЕ. 
nee’ 0n cr 


| 1 =! 1 
im > >, VENDENT 
"зең Fo 1 + (rin?) 


1 n n n 


|| 
— 


|| 
3 
| 


] 2151 1 
LL) 
no r=0 \ 1 +(r/n) 


| 
- 
о 
5 
~ 
~ 
кая 
N 


| 
~ 
о 
> | 
N 


| | 1 1 1 
lim + + 
по 0442 1 4-4 42-9 


! 
=: 
В 
Ms 
TEM 
= 
i 


| 
=: 
_ 
i M= 


1 
г=1 | Чи 


+ = 
п? + Qn – 1) 


1 


+ 
van? 
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92. 


93. 


94. 


1 
21 ах 

о 4 — x? 

= szint {X У 

= sin (5), 
27 

6 

li |К ТН 
im 
noo gl 

Т Шы e| 
- lim 

noo И п" 

1 JA” 2yn 3A" пут 
= tim (1) (2) + (5) + (8)'| 
= lim + (£)" 
пэ п Zi Hn 

1 ү! | 1 
= | "ах = = 
0 т+ 10 т-1 
lim n+1 п+ 2 zb 
a9 24 12 qu.» n 
= lim (7 n+2 wed 
now ее ға” п? + п? 
= lim n+r 
ATIS кшй (2 + 5) 
= li 1ў п? + пг 
тани, ЕЛ” 
n (1 + (77 

эш e 

noe rst \1 + (rin) 

1 

1+х 
ШЕ) 
011 + х 
= tan 00 + Тю м + A 
2 в 0 

x 1 | 
= |= + —log2 

| 2-5 

lim ы + 
Jim, = eae = 

p 

= Jim ® (=) 
зе. АЙ n 
= тих (ғ) 
zo 12 1 
= lim - 
Jim 7 | | 
1 
ME: 
0 МХ 


95. 


96. 


= 2/1) 
=2(1-0)=2 
1 \ И 
Let A = lim 
п \ у 


к] n! 
= log А = Jim у ов (2 


мери у; 
= lim log T 


= Jio. toe) 62). 65)) 


|| 
= 
8 
= 
~ 
= 
o 
та 
~ 
А 
+ 
= 
o 
ga 
~ 
=” 
+ 
+ 
-- 
o 
ga 
~ 
sls 
Хо 


| 

om- xL 
йн ы 
o 
go 
я 
8 


= (xlogx — x) 


-(0-1)- lim (xlogx) + 0 
x30" 


=-1+0=-1 

=> log L=-1 
1 

> L=e = 


Let L = lim 
поо 


1 
f loga + dx 
0 
( 


2 2 
1+ Мезезь 
т т т 


toi 1 
э logA = lim ШІ + EIL KA 


= xlogl1 + xl- 2x + 2tan ! x) 


л-4 

= log2 + Z 

082 + —5 

> log A 1082 = Z 
> lo ($)=2-4 
ый 2 


> А = “5 
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97. 


98. 


99. 


lim ( + 1 l Dr 
nO? n+l n+2 4n 
= lim | ! 1 +) 
пэ°е\п+ 0 n+l n+2 n + Зп 
: 3n 1 
= Jim X (+) 
: 1 3: п 
ЭШ м 
s E 
= 1 ao 
m > + T 
3 
af dx 
ol+x 
= log(1 + ХЕ 
= 1094 
= 21002 
li 1 n? n? 
Im 4 Ran Ps 
gene (n1? (8-2) 8n 
2 2 2 2 
2 n n п п 
= lim zt zt = 5 
n>” \(ип+0)” (п+1у (п+2) (n 4 n) 
n n? 
= li 
по „=0 +) 
Я 3 
= tim |I $ |—— 
по | r=0\(n + т) 
= lim | > | 
n>% 17 ,-ol(1 + (rin)? 
1 
= | ах 
old +x) 
1 1 
| "ni 
-1-1-4 
8 8 
: 1 п+ 2 п+ 3 3 
1 цэн +... + = 
шан [5 + ножа поља 55) 
с п + 1 n+2 n+3 n+2n 
BQ Va RAP тат п? + Оп)? 
= lim те 
n? (20 тағ 
j 14 (па + т 
= sim 15 | | 
noo М Zo n +? 


| 


| 


100. 


101. 


ll 
8 
M= 


2 
= (tans + 5 10611 + xi 


tan 12] + i 


2 2 
. n 
Ди: | + i (и? + 27)? Tii 


n 


2 


п-1 т 
ч Шт, r=0 s + E 
23 1 n-1 т 
и о (+ гуп 
па || ИТ 1 
= lim У 
пэ |п “=, ІП 4 e| 
1 
sn dx 
о (1 + 32? 
7/4 2 
вес“0 
= | ад 
0 m 
7/4 


= | (со80) 40 
0 


= (sing)I" 
Ка de 

42 

| 12 2 3? 

lim + 
шиг 4 +23 mp» 
= | 2 22 32 

nsl PAP P3 


| | 
EHE 
тағ 


|| 
8 
| = 
M= 


| 
3 
|— 
M= 
— — 
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102. 


103. 


104. 


| [2+4 + 6+. + 2n 
lim ‚К 


ооз 


lim | ІП 


| 
18 
ale 
Е 
а 
+ 
тЫ 
+ 
сол 
+ 
+ 
IE 


|| 
S 

= 
18 
sl 


|| 
— о + 

я 

> 


WIN 
~ 

2 

N 

С 2222 

> 


WIN 


+ 


хи? 
па п”па-1 na+2 


: Түп п п 
= lim ( + 


| 
Sle 
МА = 


lim = 
n>% N Zo ја + (уп) 


| 
om- 
8 


= (logla + xD 


+ Bus 
па na+1 na+2 


1 


105. 


106. 


107. 


108. 


+ 1 

= ов (2+1) 

: | 1 1 1 | 
lim + +... + 
по | т Nn + 1 мпп + 2 мтМ2п. 
= lim 

n>» (имп + 1 пмп+2 nvn+3 

Га д | 
` пуп+п 


: 1642 1 
= lim = —Ó—— 
dm m (=m 
: To 1 
= lim = У |— 
E dx 
ovl+x 
2 | 
= |-(1 
Е TD 0 
2:3 | 
202 1 
o - 1) 
2n 1 ) 
Jim È (L4 
. 12 n 
=a (==) 
| 2n 1 
aos n | + 23 
2 
= | ах 


in 5 | ! | 


| 
зы. 
15 
8 
3| 
iM 
---- 
~ 
| s 
~ 
= 


| 
= 
5 
A 


= ge Xt os 
лэн Р WIL — (ту 


= 

2 
lim X [=== 
">> r=1 (Yn? + Зун 
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109. 


110. 


111. 


= lim > (===) 
"2> rd Wa? + 3rn 
: 14 п 
ШЕ r=1 \Vn? + 3rn 


= lim A l 
0299 пі МТ + 3(r/n) 


к=з 
NF (3VF + 437)? | 


КЕШТІ nvn 
= lim = у | 5 
nor? UU \r=1 УМЕ + 440) 


– tim ilv 1 
= lim —|X 
n>» N т>, = қ rin) (((7п) + 4): 1 


нь? | 


| 10п 1 
Jim X егі 
EET 1 10 n 
Econ (2-5) 
= fig iE (2) 
ne RM Nr 
; 1 10n 1 
- lim п, 
10 
Nr: 
o 
2 "Ir 2 32 
= |— = = (1 
(4e 5|" = =10) 


lim > 
шил 121 m 


. 1 п? 
= lim = У, 
noo Hn EN с + n) r jp z| 


n 


| 1 

= lim X 
727 ке |(1 + (ппуМот)у + 2 ln) 
1 
-|--- 
0 


(1 + ON + 2х 


| ах 
J 
0(1 + Ме + 1-1 


= sec! (2)-вёс (1) 
T T 
| A) ae 
22055 
4 
112. Let I = J x - 24% 
0 


2 4 
= f x- 21dx + J x – 214 
0 2 


2 4 
--[&-24x + | – 2)ах 
0 2 


(2-5), + (6-2) 
гд 222 
X 2]0 12 X 


-(4-2)-(8-8)-(2-4 


4 


2 


=2+2=4 
Alternate Method 


Y 
-< o 5 4 > X 
4 
r= J lx —2ldx 
0 
-ix2x2«ix2x2 
- 4 sq.u 
113. 
Y 
A 
^— о 2 ERE 
т 
у’ 
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ы 


Let I = J (d + bx — 2) ах 
0 


-2х2%10%60х2-4%8-12 


3 
1-| (x + 214 bd + lx- 20dx 


114. Let 
-3 
Y 
| >-Х 
X 32 о) 23 
у 
1 1 
=2 хх 9+6 +2х5х (4+6) х2 
= 15 + 20 
= 35 sq.u. 
4 
115. Let T= J (= 1+ le — 21 + x- Зђах 
1 
Y 
A 
орос род 
Y 
=2х-х (3+2) х1+-х (3 + 6) х1 
9 
=5 += 
2 
= 19/2 sq.u. 
116. Let 12 = | b? — 3x + 2ldx 


o- о—— 0 


Газу» ae Г — Зх + 2ldx 


р" 
2 


1 2 
= —| (2 – 3x + 2dx + | G2 Зх + 2)dx 
0 1 


3 


-| 02 – 3x + 2)ах 
2 


3 ЖО 
--(£-32 +25] + (2-32 +25] 
32 0 35.2 1 
3 3 
| = зы) 
3 2 
=-2+21-_7 
6 6 6 


> 


117. Let I = | be? – Мах 
4 


aif lads [ie -ades ji - Aldx 
-4 


од Т) (2 -odaje – 4)dx 


-j 
| “L 5 eje] 
- (8-3 


= 71/3 вал. 
л 


118. Let I = J Isinxldx 
0 


л 


= | sinxdx 
0 


= (-cosx)p 
= —(cos Л — со50) 


= -(-1-1) 
-2 


Note: The values of 
2л 
1. валах = 4 
0 
Л 


2. | созмах = 2 
0 


2л 


з. | lcosxldx = 4 
0 


119. We have, 


Isinxl — Icosxl = 0 
> Isinxl = Icos xl 


=> Itanxl = 1 
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Let 


120. Let 


2л 


ШЕ. 
4' 4 
Л 
I = | Ilsinxl – Icosxlldx 
0 
л0, 
= 2f Isinx — cosxl dx 
0 
л/2 1 1 
-2х42 — sinx — —cosx|dx 
я 


7/2 
Ж 221 ШЕ Р “іш 


7/4 


=2V2 | валах 
— луд. 


nA 
= 4V2 | Isinxtdx 
0 


7/4 
= 42 | sinxdx 
0 


= 4N2 (-созх) p^ 


EE 


= 4(У2- 1) 
3/2 


Іш | lx sin тх dx 
-1 
1 3/2 
= | Ixsin zxldx + | lx sin лхіах 
-1 1 
1 3172 


| 1 
= 2| Iksinzxdx + — | Wsinxldx 
0 Лл n 


1 1 37/2 
= 2] xsin zxax аж | хвіпхах 
0 л 
—COS Ло sin zx]! 
-2|x 7. + 5 
л“ Јо 


alk [x(—cosx) + sinx] 
л? 


| 

N 
—— 
alr 
— 


1 
0-1 
2 (0-1)-л) 


3 1 (3л+1 
n 27 


л Tm 


121. | sin! (sinx)dx 


n2 


0 


- | sin™! (sinx) dx 
-m2 


Зл/л 
л 


122. Let 


123. Ге 


124. Let 


125. Гей 


Л 2л 
+ | sin (sinxydx + | sin! (sinx) dx 
л 


л? л? л? 
= —— — — 

8 4 4 
Бин 

8 
I = | Повмах 


- 
I 
~ 


| 
gm- 


logxldx + | Порах 
1 


Ме 


е 


(-logx)dx + | (logx) dx 
1 


|| 
— 


- 
> 
о 


= —(xlogx – Dlie + (xlogx – х)) 


=(-1+2)+1 
DS 


100 
I- | [tan ! x] dx 
0 


tan 1 100 
= | пах + | [tan"x]dx 
0 


tan 1 
tan 1 100 
= | 0.4х-| 1.4 
0 


{ап 1 
= 0 + 100 - tanl 
= (100 - tan 1) 

12 


1-1 (28 Л ах 
0 


біп (1/2) 12 


[2sin'x]dx+ | [2sin Л dx 
0 віп(1/2) 


sin (1/2) 1/2 


O.dx+ | 14 
0 sin (1/2) 


| 
o 
+ 
— 
Nile 
| 
арттты 
Nile 
mam 
= 
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21-12 
Х 
= 1А Е П + cosx] + Ца 


+ = Е П + cosx] + 1]dx 


Л 
-nnll л//2. 
-2 Га» | + Пах 
Е -7/2 
= 2 (-5 + л) +] [х + Пах 
1 1 
Е 2 (2 3 л) +] [x] dx ud 1 dx 


0 1 
=1+ | ах |142 
-1 0 


3 + (-1):1+0 
2-2 


Y 2 
126. Let 1 = | ка 2 ја 


І B 
= | 2tan ! хах + | (-л + 2tan x) ах 
0 1 


2 48 48 
= 2] tan!xdx – | @dx + | (лап !x ах 
0 1 1 


5 43 
= 2| tan ! хах - | (л) ах 
0 1 


© 


=> 


-1 з X Е КЕ 
(xtan »[ | k 2-2) л-00| 


0 


З 2| etai! (3) а фу bigis ој | 
2 0 


-Л(У3-1) 
= a log4 – z(N3 – 1) 
- ae = =) - 1084| 59.0 


m+2tan!x,x<-1 


Note: tan | 2113 2{ап іх,-1<х<1 
1 


—л+2{ап 1х, х> 1 


a2 


127. Let 1-1 (соѕіх + sinl dx 
-л/2 
л/2 
= 2] (соз + sinlx) dx 
0 
л/2 
= 2f (cosx + sinx)dx 
0 
= 2 (sinx — совх)| 2 
=2((1 +0) - (0 – 1)) 
=4 
2 
128. Ге Іш | Б із 
0 2 
1 
= J Б 77 із + |с ЕЗ 
1 
0 


2 


129. Let I = | fœ@dx 
-2 


0 2 


= J Тодах + J Ғодах 


0 2 
= | (x — [x]) dx + | (x + ах 
-2 0 


0 0 2 


- ! (x)dx — | [x] dx + | охуах 
-2 22 0 


0 0 
x сдах – | Мах – | 


2 
[xd dx + | Охуах 
0 


-1 0 
=-2+4- | дах - | х 
22 


-1 
-2-1-2(-1-2)-110-1) 
=-2+2+1+4 
=5 

1 


130. Let 1- | [x[1 + sinzzx] + Пах 
-1 


0 
= | [x[1 + sinax] + Пах 
-1 
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1 
+ [БП + sinzx] + 1] 
0 


0 1 
= | 1ах + х» Пах 
= 0 


0 1 1 
= тах + | [x]dx + | 1.ax 
- 0 0 


|| 
— 


1 
ldx + | [х]ах 
0 


1 1 
= | 1dx + [ 0.ах 
Ё 0 


= 11-СЄ1)] 
= 2 sq.u. 


Notes: 1. If- 1 <x< 0 > [1 + чпилх] = 0 


2. If0«x«1-2 П + sinzx| = 1 


Now, r(4) = J 2e 
Let t=} dr=-4ay 
М 


The given integral reduces to 


1 

E БЫ „ ф 
1 2 

Ж 
[TO „_% 
i 1 1- y y 
_ | 0 

1 УП +y) 
_Г Inf 
714149 


Adding Eqs (i) and (ii), we get 


Іші) ШО 
а сн 1-0 


fo + (4) = | 


а + AnA 


1 (l+ 


(i) 


(ii) 


Thus, 
132. Let 


133. We have, 


_ (іші) 
— 2 


| _ (пху 
(7-2 


sin" x cos?x 


Хо S sin! (Vf) dt + | cos (Vf) dt 
0 0 
Ро) = sin! ( ү віл2х) sin2x 
+ cos! (Усоз2х) (—sin2 х) 


= (зїп! (Isin хі) - cos”! (Icos xl)) sin2x 


- (sin! (sinx) - cos"! (cos x)) sin2x 


sin?x 


c= | sin ! (Vf) dt + | cos (Ма! 
с 0 


x = 7/4, we get 


1/2 1/2 


c= | sin! (Nf) dt + | соя (Nf) dt 
с 0 


1/2 


= J (sin! (Nf) + cos"! (NP) dt 


2 
Пе + 2x - 3ldx 
0 
1 0 
= | id + 2x – 3ldx + | i? + 2x — Зах 
0 1 
1 2 
=- (2 + 2х – зах [G2 + 2х - dx 
0 1 


3 1 2 
-- 54-38 dv + (5 + – з) 
3 0 3 1 


5 (5+1 з) + (3+4 2 (5+1 3) 


| 
~ 
оо 
+ 
A 
On 
25 
ко 
—— 
= 


+ 1 3) 


2.59 


Definite Integrals 


134. 


135. 


136. 


137. 


=2+2 
=4 

Do yourself 

10л 


| ([вес“! х] + [cot !x]) dx 
1 


secl 


= | ([вес“! x] + [cot ! x]) dx 
0 


107 
+ | ([sec! x] + [cot х) dx 
secl 
secl 102 


=Í (0 + 0)4х + | а+оах 


secl 


- (10л- secl) 
2л 
J ([cot xp ax 
-7/2 
cot2 cotl 
=| a ([cot!xp dx + | (сос gee | (сос! x]) dx 
cot2 соп 
cot2 cotl 
= | (ах +] (ax aj (0) dx 
-7/2 cot2 cotl 


= (Л + cotl + cot2). 


We have, 
2 
| (22 — 3]ах 
1 
Now, 22-3 -0-х-0 
22-3-1-х--2 
5 
22-23-22 -È 
X 3 = х 5 
20-323—xz243 
7 
22-23-4 -È 
X 3 >x 2 
апа 22 –—3=5 > х =2 


Thus, the given integral сап be written as 


43/2. 42 
| [22 – Зјах + | [22 -3]dx 
1 437 
8% 8 
+ | [22 – зјах + | [22 – 3]ах 
N32 15/2. 
ҮЛ? 2 
+ | [22 – зјах + | px – Зјах 
з Ур 


V3/2 

zf y ШТІ! oars] (D dx 
N32 

МЗ 477. 

= | (дах +] 2713 (4) dx 

45/2. үз 4772 


= со - 1 xo (e – 2) 
TERE 
0) 


+4.(2- 


= (o (E m Rem [ча 


138. Do yourself 
139. We have, 


[2 — x + Пах 


o- 


1 
= р-а ђах+ | -x+ ах 
0 


1 
2 
+ | рг—х+ Пах 
(S+) 
ТЕ 2 
5+1 
1 [32 | 2 
= | (0)ах + | (ах + | Qux 
0 Зы 
2 
NS + d | V5 + 1 
- | 5 + 212 – 5 
V5 + Ч 
~ | 73 
» P 5) 
2 
140. Do yourself 
141. Do yourself 
142. We have, 
аах 
0 
x) ах 
J ү n(n — 1) 
= 2 
m n(n-1) 
227 270 
п(п- 1) 
£ 2 
соп 
2 
= |n — 11 
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143. We have, 
1000 7 
X | eax 
n=l n=1 
1000 
= | (edx 
[0] 
1 
= 1000 | (е) ах 
[0] 
1 
= 1000 | (e)dx 
[0] 
= (1000 (e), 
= 1000(e – 1) 
144. We have, 
tanx cotx 
1 dt 
1 (rp 1 (+?) 
ау 
tanx tanx 772 
= dt + | , 
КЕ ШЫ 
е y 
Let 
tanx anx 
_ | 1 ; dy 
1 00) е (у +1) 
tanx tanx 
Е | 1 а 
i Lee) e (2+1) 
tanx е 
= | 1 dt + Br 
1 (+) tnx (? 1) 
=| : z dt 
id +?) 
= (tan (D), 
= tan! (е) — tan! (5) 
л/2 an 
145. Let I= (у ax 
0 Sin x + соз X 


л/2 


Also I= | | 2. | 
0 


cos”x + sin"x 

Adding Eqs (i) апа (ii), we get 
m2. 

ES 21- І | sin"x + Sor |а, 
0 \cos”x + sin"x 


(ii) 


146. Let 


-Л 
аа 4 
10 2 
1= | - ша де 4) 
4112-28 196] + [х2] 
-J a =| Р 
о \[14 х2] 
14 
= | (сіне. [a4 - 3] је EG 
о 1 [092] + [14 – xP 


Adding Eqs (1) and (ii), we get 


— 


147. Let 


14 2. 2 
T ГЕ + [04 – 7] E 
[002] + [14 – x 


1=7 
1=] 
0 


л/2 


ТӨШ. ОЕ 


Е sec? 0d0 
о (1 + (tanO) (1 + tan? 0) 


Let х =tan@ 
Ё || ад | 
о M + бапб)“ 


л/2 


- | (— <2 2/4 6) 


сов Ө + sin^0 
n2 
0 | 


біп” Ө | cn 


sin^0 + соз“ Ө 


Adding Eqs (1) and (ii), we get 


148. Let 


д b 23 
21-| Е Ө + ѕіп 2] 
о 45100 + cos^0 


л/2 


= | 40 


~ 
| 
la AJA 


(1 + tanx) dx 


>—& o aA 
— 
— 
+ 
Гэр: 
© 
Б 
— 
кіз 
І 
~ 
— 
ee 
8 
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6| 


149. Let 


150. Let 


(1 Ё LEM) 
1+ tanx 


1 + tanx 


л/4 
! 
0 
л/4 
| ( + tanx + 1 – шал as 
0 
7/4 
! 
0 


| 2 ја 
1 + tanx 


лі. 


ы 


m4 
log2xdx – | log(1 + tanx)dx 
0 


-| 
0 
= 21082-1 


Е a[ x *x- 1) 
- J tan | ТЕ A 


1 
| гаа xax + [лапа – дах 
0 0 


1 
= | tan! хах + | tan! хах 
0 0 


1 
= 2] tan !xdx 


1 
= (хаа! х - ов! +х 1) 
0 


x 1 
2(7 – 5 182) 


(5 - log2) Sq.u. 
1 


1- [cot^(1 -x+ dx 
0 


J tan! | ја 


bau 
2 af х-@ = 1) 
= f tan M Pr jj^ 


1 
Гәп xax + | tan! (1 – хуах 
0 0 


1 
- f tan xdx + Í tan! xdx 
0 0 


1 
= 2| {ап xdx 
0 


1 
= 2(хшг!х У jlogll " xi 


л 
151. Let 1= | 
0 


л д 
- Ц 20x dy | 
0 1 + gianx 


Adding Eqs (i) and (ii), we get 


2-1 (43558 


(1 + 2583) 
л 
=Jdx=n 
0 
= 1-5 
1 
1 
152. L I=} log|—- 1)d 
et [sl јах 


Adding Eqs (i) and (ii), we get 


СЕЕ ӨЛІГІ 
1 
= [ios Dv e 
= су 
0 
-0 


153. Ге I= 


(4) 


(ii) 


(4) 


(ii) 


Due 
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Let x = tan = dx = sec? 040 


ҮЭ log(1 + tan 0) 


0 (1+ tan? 0) 
n/4 

= | log(1 + tan 6) 40 40) 
0 


sec? 040 


7/4 
Л 
= | log(1 + tan(— — 
| ог + tan(7 
те | 


=] log(1 Ы 1 + tanO 
7/4 2 
=] | 2546 


л/4 7/4 
= | 1og2)40 – | log(  tan6) 40 
0 0 


9) 40 


/4 


= | ю2(2)40 — 1 
0 


m4 
> 21-1 108240 
0 
= 21082 
> Іш 51082 


154. Let І-|х(1-хуо3ах 


a-ya- -xdr 


(1 -xE qx 


(2013 2014) dy 


0 
S a 2015 | 
7 42014 2015/0 
==) 
2014 2015 
= (2015 – 2014 = 2014) 
2014 x 2015 
7 [аки x xis) 


Л 
= X E 
155. Let f= J (o _ PL NO, 

Л 

! 

0 


| 1+ оо = J^ 


л 
Adding Eqs is and (ii), we get 


= 


UL Gi) 


ТЕ + sinx 


а 
1 + sinx 


| 
а 


[rius + 2 
Ширэн - | 


1 — sin? x 


|| 
а 


| 
| 


_ ЛБ. - па 7 
0 


COS Х 
л 


л | (sec? x — secxtanx) dx 
0 


л (tanx — secx)y 


= л(1+1)=2л 
> 1-7 
л/2 
156. Let 1= | (asin?x)dx NO, 
0 
л/2 
Ё a ЛИ 
=] сов ліп (5 х) ја 
712. 
= | соѕ(лсоѕ2х)ах 2.64) 
0 


Adding Eqs (i) and (п), we get 
л/2. л/2 
21- | cos (zzsin^ x) dx t | со8(7 біп х) dx 
0 0 
л/2 


= | (соѕ(лѕіп2х) + соѕ(лсоѕ2х)) ах 
0 


л/2 


=] 2eos(F)cos(Fcos2x]dx 
=0 
> І-0 
157. We һауе, 
1 1 
м=||—° |4 
ЩЕ +1 
1 
rp dt 1 t 
= - log(1 + даі 
[eit - mnn eoe 
= (e'logll + 1), – 
> М + N = (е х 1052) 
158. УҮе һауе, 
rae сов nx ay 
о sinx 
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га cos*(n + 1)x 

Then анат | —_ ] dx 
0 sinx 

Thus, a 


п+1 = Фа 


я cos (п + 1)x- cos^nx 
- =] ах 


sinx 


1 = (n + 1)x – 2cos = 
dx 


29 sinx 


1 Ме cos (2n + 2)х — cos2nx 
= | - ах 
sinx 


2% 


2 2 1 
1 Ч 1 sin(2n + 1)x- ша 
sinx 


л/2 
--| (sinQQn + Пхах 
0 


- (sa + Dx Г 


2n + 1 0 
ish 22 
2n + 1 
159. Similiar to 145 
160. Similiar to 145 
161. Similiar to 145 
0 
162. Let I = | log(1 + tan@-tanx)dx, 0 € (o. 5) 


105 (1 + tan 0. (ап (0 — х)) ах 


ог! + tan | tan — tanx | 


1 + tan -tanx 


lo | 1 + (ап20 ја 
в 1 + tan@-tanx 


0 
108 (1 + (ап20) dx — fioga + tanO- tanx) ах 
0 


log (sec? дах — 1 


| 
oo Oo о оф Oo о 


0 
E 21-2 | log (sec Өудх 
0 


=> I = блог (sec 0) 
m4 
1= | loga 


163. Let + tanx)dx 


=| log(1 + ац 7 – x) јах 
= | log( Гол: Jax 


1 + tanx 


л/4 л/4 
= | log(2)dx – | 108 (1 + tanx)dx 
0 0 


2 x 108 (2) - I 
= 21- Tlog (2) 
= I= 510 (2) 
Л 
But к = J log (sinx)dx = —mlog(2) 
0 
k 
Thu, 12-4 
us 8 
г 4 + 381 
510 х 
164. | top |= ee 
> J ot + 2. 
n2 л/2 


= | log(4 + 3sinx)dx – | log(4 + 3cosx)dx 
[0] 0 


n2 n2 
= | log(4 + 3cosx)dx – | log(4 + 3cosx) dx 
0 0 


a 


where | f(x)dx = | Ка — дах 
0 0 


=0 
2 
2 
165. Let I = |(c sitir cosi Jax NO, 
oM + sinx:cosx 
n2 
cosx — sinx а 
= 1 + sinxcosx mU 
Adding (1) and (ii), we get, 
m2. . 
21- | sinx — COSA cosx — sinx ЭС 
0 1+ sinxcosx 
21-0 
-0 


sinx — cosx 


М = 0 
1 + sinxcosx 


x" ах 
хы n+2 | 
“\n+1 п+2/0 
1 


С (n* Dn 2) 


1 
1 
167. Let г- [лов = 1) 
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(5 
Е - |а (4) 


Adding (i) and (ii), we get, 


Х Јах (i) 


" 
4. 


1-х х 
х 
1— 


ах 
х 


1 
21 = | 105 
0 


1 
21 = | log(1)dx 
0 


21-0 


xsinx 
Sr a 
1 + cos^x 


(л — x)sin(z — За 


1+ cos? (t — х) 


(zt — x) sin (x) је 


1 + cos” (x) 
sin(x) x sin (х) 


1+ u^ ! 


1 + cos 207 


sin (x) | E 
1+ cos? (x) 


Г sinQ) 
---іа 
т] f + "== 3 


= -л (tan (сов хуур 


= —л(їап ! (- 1) – tan! (1)) 


ЕСЕ 


1 
S 
T 


169. Let I= 8 ) 
1 + sinx 


(л — x) 
1 + sin(z — x) 


шый ја 


1 + sinx 


| + = | + ^ 


s + Z) 


Jax 


ж-е. ИЕ, S 


|| 
а 


| 
“| 


170. 


171. 


Ж 201 


1- = 


ШЕСІ. 


л 


= л | ((вес х - secx-tanx) dx) 


= Л((апх — зесх)у 
= л[0 - (-1)-(0 - D] = 2x 


> 1-7 


Л 
2 
Let I = ШЕР xsinx- шинэ ја 
0 


sin’ X + COS X 


LETE, : 

2 = — X|Sin x: cosx 
[Ere 

0 


sin^x + cos^x 


Е 

3 2 
sinx: cosx xsinx: cosx 

0 


л 
2 
-7) 
2 0 Vsin^x + cos^x sin^x + cos^x 
Л 
2 . 
= N sinx- cosx ја 1 
2 0 Vsin^x + cos^x 
2 
ЕЧ ТЕ sinx- OE је 
2 o \sintx + со8 х 
x 
2 
ES за = £j [Bene Rex a 
201 тайх +1 
л 
1 2 
== Е tanx- cet a 
20 tan^x + 1 
x 
> I= (= гал” (ап) P 
8 0 
лүл л? 
> I= ale = 0) = 2 
8\2 16 
We have, 


1 
| eot! (1 – x + х2) ах 
0 


tan ! (2203 | ах 


о о ©. ©. 


1-х+22 
ЕП үлен x + 1(1- x) 
1-х(1-х) 


(tan! (x) + tan! (1 – x))dx 


1 
(өл Қауас | (tan! (1 — 3) dx 
0 
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1 1 
= | (tan! (х) dx + | (бап (x)) dx 
0 0 


1 
= 2 Пап сд) dx 

0 
Е -1 1 a) 
= 2 [xtan (x) – 21081 +х J 
2 2 [stan 01) = Slog | 


dne) 


л 
= |= – 105 (2 
| ов“ ) 


172. We have, 


= (5 – cot!(1 -x + x))dx 


173. We have, 
F dx 
о (1+ x2 (1 +2) 


(a > 0) 


Put x =tan@ 
sec? 040 
о (1 + (апг 0) вес? 0 


n2 40 
54 (1 + tan^0) 


cos“ Ө 
(сов 0 + віп“0) 


ы 


174. Let 1 — 


Ntanx — Ncotx 


N 


tanx 


(tanx — 1) 


Ncot (x) 


(cot) - 1) ^ 
2 Ntan (x) 


“74 (anQ)- pe 


Adding Eqs (1) and (ii), we get 


N 


| 
оса оа оба 


(4) 


Gi) 


ЛІ? Ntan (x) d нг Ntan (x) 
x 


Ші fau) cub) l бап D^ 


> 21=0 
= =0 
Л 
175. Let та | x |е 
0 \ а2соѕ2х + D^sin?x 
л 
д-х 
= Г 2 : 2 2 Jas 
0 \ агсов х + b’sin’x 
f d 
а) 
о \а2соѕ2х + b’sin? x 
> 21- п 


| = | 
a^ cos?x + D^sin?x 


| sec?x dx | 


oa ON 


=) | SS 
а? + Бах 
Геза. 
dg | sec’ x dx | 
0 \a + btan?x 
үн” 
sec’ хах 
=> 1- ———— 
0 Р + ae 
1 Е л/2 
= (2. tan (капа) 
ab 0 
л n m 
— x — = —— 
ab 2 2ab 
176. Do yourself 
Т sinx 
177. Let je 2 ва 
0 2lsinx] 
л sinx 
= | : — cos (zt — x)dx 
0 gisinx] 
g sinx 
= al d cos(x) dx 
0 2lsinx] 
--I 
> 21-0 
> 1-0 
л 
178. Let I = | xlog(sinx)dx 
0 
л 
= | (л — х)1ов[зїп(л — x)]dx 
0 


л | 1ов[їп(х)]ах — | xlog [sin (х)]ах 
0 0 


л | log[sin(x)] dx —1 
0 


л 


E 21 = л | log(sin(x)) dx 
0 
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л/2 
= 2л | log(sin(x)) ах 
0 


л/2 
E 1-л | log(sin(x)) dx 
0 


el) 
- (Sel) 


27. 2 


A n 
xSin x 
179. For n > 0, | — - 
0 віп" х + соѕ "х 


ах 


2л 2 


+ on 
Let 1 = | xsin 5... 


————— dx 
--2п n 
0 sin x + COS X 


" (2m – x)sin™x 


0 ах + cos?"x 


dx 
2л . 2л А 
8ш х хяш х 
= 2л ах 
: 2n 2п : 2n 2п 
0 sinx + сов "х 0 sin’’x + cos" x 


dx 


2л А 
sin?" x 
= 2л 7 


ах-1 
+ 2n n 
0 51 X + COS X 


: 2n 
Sin x 

Эсэн = = 

0 sin "x + COS X 


dx 


: 2n 
sin” x 
Set 5 


Са но 
0 sin^x + cos^x 


біп тх 
miii ЛАТ 
0 sinx + cos^'x 


(d 


dx 


= л? 


180. We have, 
n2 
cosx 
о 1 + sinx + cosx 


E | 1 — tan?(x/2) 
0 V + (ап (х/2) + 2tan(x/2) + 1 — tan?(x/2) 


1 
(985 24 
Қ Ге 
ЈЕ + D 1 а 


1 
БЭ 
-- а 
Сек 


tan(x/2) = t 


181. 


182. 


1 
-(Flogit "T шаг (| 


-Ї - 21082 
л/2 4 
Given 1= | ми , 
о 1+ sinx 
we have, 
я 2 
X созх 
| [£e | ae 
0 \ (1+ sinx) 


л 
cosx 


= |x’ j=] Ыр. ах 
1 + sinx) o ol +sinx 


x g г X 
ЕТ + тт), ш J са 


д 
= (ла «2 | —^ dx NO, 
9 1 + sinx 
=-л? + 21 шаш? i) 
o 1 + sinx 


Adding Eqs (i) and (ii), we get 


21--2л2 ZI Le. dx 
= I--m em al + sinx 
=-л2 671 
= лі л? 
We mp 
| ләа-( (0. ла) 
lim 4 -0 
ta (t s ay 
КО - = > 00 + Ха) – 
> lim =0 
toa за 2 ay. 
2 2f(t) -FA + Ка] – 0 — af'(a) 
> lim 
tra 6(t = ay. = 0 
._ FO-f@l-¢-afr@ 
= lim = 0 
toa 6(t 2 ау 
ОА 
о 
22 HUM 
> lim EDI =0 
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183. 


184. 


185. 


=> /”(а)=0 

= f'(a)-c 

= fa=cxtk 

Clearly, f(x) is of almost degree 1. 
b 


Let г | fe) Jax 
a \f(x) + fla + b – x) 


b 


Also е || ш Жей) | 
а \Л(а+Ь—-х) + fx) 
Adding Eqs (i) and (ii), we get 
2 - | (19 + Ја +ђ =) 
a\f(a + b - x) + f(x) 


Let I= 


| [(8 — °] | ? 
2 2 ы 
Г + [(8 – 291 


Adding Eqs (i) and (ii), we get 


ея | 
Х 
[ОР + (8- ху 


Also -1| t | 


Adding Eqs (i) and (ii), we get, 


2 x 
212 | (3 Ја 


22 1+ 3* 


2 

= | ах 
-2 

= 12 + 21 = 


5 2 
i BS ја 
3 [х2 – 16x + 64] + [2] 


Gi) 


Gi) 


Gi) 


186. Let 1= | 


| oom NO, 
57/6 


s | ах | 
л/б 1 + e anx 
5л/6 tanx 

= | БН 4) 
a6 лез" + 1 


Adding Eqs (i) and (ii), we get 


tanx 1 57/6 
21 = + jas =] dx 
tanx 
+1 л/6 
— (22 - 2) _ 2n 
6 6) 3 
Л 
(25 
= 3 
jd 2 
187. Let Те | БЕЗІ NO, 
-7 144 


"| НЬ = Oa NUT 


Adding Eqs (1) and (ii), we get 


pat [tree ja 
іл (1 + a’) 


= | сов (x) ах 


= | (2сов (хуулах 
0 


(1 + cos2x) dx 


тах" 
х + I 
0 


2 
= л 
> T= 7/2 
1/43 4 
188. Let =Í | 5 cos| ex је 
2143 11 — x 1+х? 
1/3 4 2(- 
= | | 2 сок cy |в 
a3 11-х 142 
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189. 


190. 


1/N3 


-1 
-143 rege. | 


= | | nd (өз [п cos" | 5e 
a43 \l-x 1+х 


2(x) 
је 


1+х 


| (ах 3* voa 20) 
= 4 ET COS SERE dx 
-3 11-х 1-х 1+ х 
1/3 
= | (Gun –хђах 
-1У3 


= | | Е cos" | SUL 
А 11-Х 1+х 


А \Т-х 
1/3 4 
> a= | | = је 
-1n3 \l - x 
1/3 4 
= | | TX ја 
0 1-х 
1/A3 4 
> r=] | m ја 
0 \l-x 
1/53 4 
Tig 
0 \1-х 
= К-л 
k 
Given Дд =] х/о(1-хуЖ 
| 
= [à -fd - Эа 
1 
k k 
= | Ла – xx] dx – Јела - мах 
1 
-1/-1 
= 1-1-1, 
= L/L = 1/2 
Маз А 2. 
id 1= | | - xsin (х7) E 
4i2 \Sinx’ + sin(In(6 — х)) 


Let xX = t > хах = 1/24 


ший ја 6) 


1 In3 
o 112 Gee + sin(In6 – f) 


221 ^ sin (In — 6) 5 
Ере [xs – 6) + =a 0) 
Adding Eqs (i) and (ii), we get 
22 75 (sin(r) + sin(In — 6) 
Ее far – 6) + ul 
1 In3 
| 2152 ы 
= j (n3 - In2) 
1 3 
= 2 (82) 
1 3 
+ ceni) 
= | cmm . 
191. Let 12 d; a " ani) 
-|| тих _ 
=f (а + em 209 
5 ЈЕ + л SL 
- 15 Тере e^ 
Н zxsinn(x) " 
=) їг: - шалы Gi) 


Adding Eqs (i) and (ii), we get 


Га + sinna) 
2-1 | а + msing) іш 


Ї БОР 


sin (x) 


ЗА (ЈА 


o V sin(x) 


es шер 


o V sinx) 


г [sin(n + 2)x — sinnx 
- | ах 
0 


sinx 


T 2cos(n + 1)x x sinx 
| - ах 
0 sinx 


Л 
= | 2cos(n + 1) хах 
0 
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Thus, 


and 


192. Let 


193. Given 


_ А(Біп(п + Dx | = 
pereo 


ntl 

Lai, 
л . 

1, = 0 and 1 = ЕНЕ = л 
% | J sinx 
Lil, 50 
1 = I = I5 шш... Ios = л 
== 1,=.. = 1, = лп 
10 
У lyme = +15+.. +Ё = 100 
т-і 
10 
У Ба = h + 14+ -+ Бо = 0 


т-і 


тес 


14x 


xu cde perde 2 
dx 


ХООЛ 


(2-4 + 6x° — A tn 
dx 


2+1 


ХОЛ 


(202-1)02 0+4), 

ах 
2+1 

4€ а 


x1 


о 
ae! p pe ES САИ no pe MN 


1 
= | | 03 + х) – - + 4—7 as 
0 X + 
| 4 
-1|66-32 +4- је 
0 x +1 


= (2 -х + 4x – Алап ХІ 
= [4 - 4tan!(1)] = (4 - 7) 
f(a*b-x =f), 


then prove that 


Let 


b 


J ход = 


реді 


a 


b 
I= |х/ода 


Go? + 1) (2 Deja 
dx 


N 


ces 


(а + b-c)f(at+b—x)dx 


> 


= Пазь-х/дах 


а 


Adding Eqs (i) and (ii), we get 


194. Let 


195. Let 


b 
of J (a + b)f(xdx 
b 
es 
1 


2 
1= | 5 r1 dx 
4 [2 — 28x + 196] + [х2] 


P) y (x)dx 


10 | [х2] | 
— |ах 
(14- oP p?] 


а 
E 5 


10 2 2 
E тон x)] E ar 


4 


-Ца [14 – хр? 
21(14- ФР + 


4104-8141 


е 
[04 – x^] + [2] 
10 


= | ах 
4 
=(10–4)=6 
1=3 
3л/4 4 
x 
p= 
1 ЕР. 


3л/4 

24 Ен ЗЕ 
ла \1 + cos(z – x) 
3л/4 


< ах | 
E 1 + cos(z — x) 


Adding Eqs (i) and (ii), we get 


> 


3л/4 1 1 
21- 

1 | + cos(x) $ 1 – cos(x) 

37/4 


= free dx 
ла \1+ cos? (х) 


3774 


ах 
1- к= шй 
| | - ЖЕТІ 


(ii) 


0) 


(ii) 


0) 


Gi) 


Jax 
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196. Let 


3л/4 
= | (соѕес2х) ах 
m4 


Зл 


= (ссох) --СІ-І)-2 


| 
nla 


| 
Nia 


| SO ay 
14-67 


coos) | 
| 1-6 Т 


— У | а OP — Nia 


(ii) 


| 
vila 


Adding Eqs (i) and (ii), we get 


> 


197. Ге 


Л 
2 


С + еӘсов(х) Ja: 


1-6 


N 
~ 
| 

а > 


| 
NIA pv 


(cos (x)) dx 


NIA 


л 


42220) 
= (sinx), 


(222228 E 


n2 sinx 
-| | £ | dx EG 
-л/2 \e"™ + 1 


Adding Eqs (i) and (ii), we get 


n2 sinx 1 
21=| [5 = Jax 
-л2\е “+1 


100 


шх 
198. Let 1 аг ээн 
TEE | ТЕЛЧЕ FG EEE еш 
п (150 — x) 


72 10150 – х) (к) 


Adding Eqs (i) and (ii), we get 


TX Г 1 (150 — x) + lon(x) 


ij Шш(150-х) ж ш) ^. 


100 


= (100 — 50) 
- 50 
> T= 25 


1 4-cos?t 


199. Given Д = | 


sin?t 


xf(x(2 — x) ах 


1+cos"t 


=] о-о хх) ах 
sin?t 
Adding Eqs (1) and (ii), we get 
1 +соѕ27 
are | 
sin?t 
1 +соѕ27 


= | 2fQ-»»d 


sint 


1 +соѕ27 
= L= І f(Q – xx) dx = 1, 
sin^t 
= 1, 
1 
> 1, = 1 
Ха) 
200. Given Д = | xg{x(1—x}dx 
fCa) 
fla) 
Also = | а-хе{а —xx}dx 
fa) 
Adding Eqs (i) and (ii), we get, 
Ка) 
212 | в{(1-хх}ах 
fCa) 


(2 — x + x)f(2 – x)x))dx 


40) 


(ii) 


0) 


(ii) 


40) 


Gi) 
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h | 


> 


ђ 2 
201. Do yourself 
202. Do yourself. 
203. Let f(x) = sin?x 
=> Рх) = sin’ (—5) = -sinx 
ТОО) is an odd function. 


Thus, the value of the given integral 
л/2. 


= | sin’xdx = 0 
= л/2 
204. Let f(x) = x^ tan*x 
=> f) = (=x tant (=x) 


= -x tantx 
f(x) is an odd function. 
Thus, the value of the given integral 


л/4 
= | x'tan*xdx = 0 
-Л/4 


205. Ге 


2- хөл) 
2+ sinx 


fle) = 1ов| 


= fc 


2+ snz) 


оз 
98 2 – sinx 


ЕЁ - хөл) = —/0) 


2 + sinx 


ТОО) is ап odd function. 
Thus, the value of the given integral is 


2 
2 — sinx 
= 1 а. = 0 
| ов 5 + = 1 


2 


206. Let I2[x&- DG - 2)dx 
0 
= Јо Dit 1) dt, wherex-12t 
=f 2-1) 
= | xe = бах 
= 0, since it is ап odd function. 
207. Let 
2014 
T= | [«- 2010 – 201) (x – 2012) 
2010 


(x — 2013) (x — 2014)] dx 


Let х- 2012 =1 
2 
-jaG-20DG- DG -24dt 
=> 


2 
=f @-4?- at 
-2 


2 
= | х02-4)02- Dax 
-2 


=0, ( it is ап odd function.) 
208. Let 
52 "ua = 23,201 + 52009 2,207 | тщр 
B соѕ2х 
й йы ЕЕ _ 31201 + 542009 _ 27" ay 
-л/4 cos?x 
Т [1007 
+ | | 5 ја 
-7/4 VCOS^X 
1" (1007 
-0- | кі 
-7/4 COS x 
т (1007 
-2| | : је 
о lcos^x 
л/4 
= 2014 | sec?xdx 
0 
= 2014 x (апху 4 
= 2014 x (1 — 0) = 2014 
: 2013 
209. Given f(x) = 8 _* _ 
2014 _ (202,1 
212013 
-sin x 
=" С = 12014 00 | 
--/00 
52 ТОО) is an odd function. 
Hence, the value of the given integral 
2010 
= | їдас-0 
-2010 
210. Let 
г 2013 VE 
1= | ан + ов) y 1007 d 
-10 1+х°! 


10 


= | (0 + 0 + 1007)dx 
-10 
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10 
= 2 | (2007)dx 
0 


- 2014 x (10 — 0) 


- 20140 
NIn(2) 2 2 
211. Let = al + = Ф је 
ма (1/2) е =] 


In(2) 


Би! 1 Fog 
Зар) et – 1 2 


In2 
1 x x 
= + а 

NF. -1 2-4 i) s 


Let /ә-х HE gne | 


e-l 


= ХС) 


|| 
~ 


| 
~ 


| 
| 
~ 
~ 
ы 
+ 
ЁС 
+ 
к- 


ТОО) 18 an odd function. 
=> The value of the given Integral is zero. 
1-0, (2 it is an odd function) 


212. The given integral can be written as 
0 
| (+ 13 + 2 + (х + 1)соз(х + Ddx 
-2 


Let (х41)-1 


2 
=f (Ê + 2 + tcosr)dt 
-1 


1 1 
= | (P + теовђа + | 24 
BET 21 


Ї 
-0-|24 
-1 


= 2[1-(-1)] = 4 


213. We have, 


1-х :0«х«1 
х-1 :1<х<2 


fo) = 


and f is periodic with period 2. 
Also, since [-x] = 1 – [x] for non integral values of x 
So, f is an even function. 


10 
J Ро) cos (ax) dx 
-10 


Thus, 
10 
= 2 | ро) соз(лх)ах 
0 
2: 
= 2.5 | f(x)cos(ax) dx 
0 


2 
= 10 | f(x)cos (rx) dx 
0 


10d + J), 


1 
Let 1 = J fG)cos Gt) dx 
0 


2 
and J = | У) cos (zo dx 
1 


1 
Now, 1-(|(одсов(лх4х 
0 


(1 — x)cos (zx) dx 


Also, J= 


tcos(z(t + 1)dt, where x – 1 = t 


1 
= – | tcos (ЛВ dt 
0 


1 
= E xcos (zx) dx 
0 


= / 
1 
Thus, 1=Ј= -Í xcos (zx) dx 
0 


1 
: 1 1 : 
- (еіп), ta J sin (zx) dx 
1 1 
=-— (cos zx), 
л 


2 


л? 
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Therefore, | f(x) cos (7x) dx zog ud 
-10 11+ F 
TLO) = -4л (tan), 
= 201 
2 Бије е 
= 20 x 72 
л л? 
=4х — 
> 10 2 40 4 
Now, 5 x J Хо) соѕ(лх)ах = 5 х Д0 
' л + 4x° 
=4 216. Let p=) | 
214. Let - 2312 – cos (ta + 5] 


(х= 1)(х — 2)(х — 3)(х — 4)(х — 5)ах ла 


| 
| 


— | ах 
– 773 E - cos (tal + т 
(+ 2)(t + Dt(r 1) (7 - 2)dt 3 
22 


2 Г Ax? 
= 2 cs 2 - + --------- |4 
xi 12 -AE - Ddt -л/3 E - cos (tal + d 
- 0, Сг it is ап odd function.) л/3 
215. Let = | шеті 52-р = 
-7 1 + соѕ2х 
Т 
л л . 22 oe = ах 
= | cs 7 ја + | (2822 L 0 E — cos E + т 
-7 \] + с05°х -711 + cos^x 3 
л л/3 4 
: x 
ДЕЕ ја sag POT 
0 1 + cos?x 0 2-со(х 2) 
л 
– x)sin(x — x) 283 
ЕЕ је = 2л | dt rese m3 
01 1+ cos 2 (m — x) лз M – cost 
Е in di 
| -2 (га 2 
а жы л - 
o \ 1+ соѕ2х ааа 
2173 
T : n А - 2n | о | 
= 4л | | sin ја 4] | з ја лз \1 + 28112002) 
0\1 + cos^x 1 + со8 х 
л/3 
Ї sinx = 47 | ms | Let /2-у 
an (Jae - Эн : 
а m6 \ Г 2sin^y 
л 7/3 2 
: sec’ ydy 
= 21=4л | po = 4л | а 
1 + cos2x n6 | вессу + 2tan^y 
ЖЕН ей m sec? 
2: 1 + cos^x 1 + 3tan?y 


sinx 


л/2 
= 4л | (|e _ Ал li sec” y di 
UN ROS У 3 ue | (МЗ): + tan?y 
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_ 4л hi dv 


— 3 ПАЗ) + y? 


_ 4л 24 КА 
= Х 3 (tan CREDN 


4л -1 T 
= — |t 3)- = 
g 9-2) 
217. Let 
1 1 2 
І =| tan (—* каш = ах 
-1 1+2 * 


| I 
Lene Leno 
| | 
Nia а 
2 + 
| TES 
Coe, = 
атара 
ӘК + 
ре” о 
>. as 
= | 
te 
B 


_({ a л 
-(-2)0-41) + [5)а-0 
-|-7 +2 
2.72 
240 
Л 
237. Let I = | япхах 
0 
712 
=2| sinxdx Ге sin(z — x) = sinx] 
0 
Е 2(-совх 2 
= 2[-(0 - 1)] 
29 
Л 
238. Let I = | созхах 
0 
- 0 Гг соѕ (Л – x) = -cosx] 
Л 
239. Let I = | cos? хах 
0 


- 0 [- cos(z — x) = -cosx] 


л 
240. Let J = | (sin?x + соѕх + tan’ x) dx 
0 


д л 
(біп х) dx + | (соз°х)ах + | (tan dx 
0 0 
(ѕіп?х)4х + 0 + 0 


(sin? x) dx 


|| 
ee Ona ON 


Л 
= 1 | (45п?х)ах 
4 0 
(3sinx — біп х) dx 


0 


| 
[-3созх + er 
3 


|| 
N Nje Nje 


N 


241. Let = | logsinxdx 2-4) 


N 


тэ--3 ota 


logsin(7 - х)ах 


...(ii) 
Adding Eqs (1) and (ii), we get 


n2 n2 


21 = | log sinx dx + | log cos хах 
0 0 


л/2 
= | (log sinx + logcosx) dx 
0 


л/2. 
= | (log sin x cos x) dx 
0 


EI ини! 
0 2 


л/2 


712. a2 
= | (log(sin2x))dx – | (1082) dx 
0 0 


Let 2x-t 
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712. 
[log sint] dr – | (log2]dx 
0 


es 


л/2 
[log(sinx)]dx - | [log2] dx 
0 


med 


[log(sinx)] dx — 2108 121 


N 


em 
о—8 coca cca 


[log(sinx)] dx — 710812] 
л 
= I — —10812] 
IFE 
=> 21-1- 21082 


n 1 1 
> Іт -71082 = glos) 


n2 


Notes 1. | 102 совах = 1 юв(2) 
0 2 2) 
m2 


1 1 
Da IET Ах---1 (5) 
J og secx dx 2 1055 


c S 
3. J logcosecxdx = 5 log(5) 


sinxcosx 4 1 
4. | 10 а 5005 2 |ж--юг(1) 


5. | ІС (соя ay » -log(5] 


л 
242. Let I = J xlog(sinx)dx 
: 
= (т x)log sin(z — x) dx 
0 
Л 
= | (л - x)log (sinx) dx 
0 
л л 
= | zlog(sin) dx — | xlog(sinx) dx 
0 0 
л 
> I= л | log(sinx)dx - I 
0 
Л 
= 2I = т] log (sin х) dx 
Л 
> 125211 log (sinx) dx 
2 0 
л/2 
= І-2х | log(sinx)dx 
20 
л(л 1 
p22 x2 |Z р 4 
= 22: Е ов 5] 


2 
л 1 
Е 9815 


n2 
243. Let I = | sin 2xlog (tan x) dx 2-4) 
0 


л/2 
= J sin2(7 = x) log(tan(7 - x) ax 


л/2 
= J sin (л — 2x) log(tan(7 - x) Jax 


л/2 
= | віп(л- 2x) log(cotx) dx 
0 


л/2 
= | sin2xlog(cotx) dx NO, 
0 


Adding Eqs (1) and (ii), we get 
n2 


21= | sin2xlog(tanx) dx 
0 


л/2 
+ | sin 2x log (cotx) dx 
0 


= | sin2x [log(tanx) + log (сой) dx 
0 


m2 
= | sin 2x [log (tan x: cotx)] dx 
0 


- | sin 2x (log1) dx 
0 


= 1=0 

л 
244. Let 1= | Іт | 
0 ^1 + cosa sinx 


- | (л = жа | 


1 + cose :sin(z — x) 


-1| (n= әк | 


1 + cosa: sinx 


лах | 
1 + cosa: sinx 


o yJ 


| хах | 
1 + сова -sinx 


| лах | 

1 + cosa: sinx 

л 

> 21- | (и | 
0 


1+ cosa: sinx 


лах | 
1+ cosa: sinx 
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n 
= re | = лах | (where k = cosa) 
0 


1 + ksinx 


л/2 
2 | лах 
^ М Жап (x/2) | 
1 + tan?(/2) 


_ Ц л(1 + tan?(x/2))dx | 
о 1(1 + tan*(x/2)) + k(2tan(x/2)) 


ae | sec?(x/2)dx | 
(1 + tan2(x/2)) + k(2tan(x/2)) 


но 


(1+ 2) + 2kt 


| ad "EP 


(РЈ d E 


= 2л x 1 чат (22 | 
11-12 V1 -= h 
1 a(t + cosa) МЕСІ 
END) t t 
14: J- g | am sina zs sinc 


-2лх 


2 сов “(о/2) | 


1 —1 
t 
іст i| ш Ё іп(0/2) сов(а/2) 


tan! (cot (5) - tan (сої о) | 


205177 


2л a 
= х — 
1-2 2 
e ла 
sina 
л/4 
245. Let 1-1 log(sinx + cosx)dx 
2 
л/4 


= | log (sinx + созх) ах 
— 7/4 


л/4 
= | log (VZ sin(x + 2) 


—л/4 


n/A 7/4 


= = | log(N2) dx + 2! КЕШЕ + ӨШ 


-7/4 


л/4 


-2 J log(V2)dx + Л Цонх + ІШ 


л/4 
-2х 5 х т х 1082 2 log (sin( + Б 


л/4 
Zy log2 + | log (sin(x + ӨШ 
74 B 4 


Let (052) erm =й 
л/2 


- | х 1022 + | 1ог(їп)аї 
0 


772 
= 2 х 1022 + | log(sinx) dx 
0 


= 4 x 1082 – 5 x log2 


= d x log2 


л 


246. Let. 1 = | ——“% ——- 
0 3sin^x + 4с08 х 


л/2 а 
Ix 
=2 J 2 2 
0 Зсов“х + Авіп“х 


2} (secede | 


3 + 4ап?х 


dt 
03-440 


Let f = tanx = dt = sec?xdx 
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247. Let 


248. Let 


Л 
1 
0 


|| 
о а 
— — — P 


X 


1- 


sinx 
| d 
X 


cos? 


(л — x)sin(z — x) 


лѕіпх 


1+ сов (л — X) 


је 


1 + 


| sinx 


1 + соѕ2х 


m2 ^ 
х | sinx | 
01 


+ cos?x 


—Z (tan Ч), 


ЕЕ 


2 


т 
2 


- 0) 


J log(x + s 


Ja 


2 


сов х | 2 J | 


xsinx 
ја 


1 + соѕ2х 


Let соѕх = t 


| 


log (tanO + cot0) ѕес20 
og (tanO + cot@) sec 40 
(1 + tan?0) 


log (tan@ + со(0) 40 


| 


log 


log| 


sinOcos@ 


— 2? 
2sin@cos@ 


$1120 + cos?0 


1 
—— |4 
sóc] : 


|46 


m2 


2 
=) 1 
| os T (6 


л/2 л/2 
= | 1og240 – | 1ов(ѕіп20)40 
[0] [0] 


л 
= Zlog2 - i [log inn dr 


a 
= Flog? - 5 [og ind 


772 


- Flog2 - log (sinx) dx 
0 


= 21082 - (-2ог2) 
- 71082 


1 
249. We have, 1, = | x!%°(1 — x20!4)!% gy 


© 


ie dx 


" | лов _ (1907 р 
0 


Let x” = t = 1007 x у dx = dt 


1 
1 2,1007 
= — | (l -t dt 
1007 J Coa 


1 
1 211007 
Бас s иг t 
jul ( 91 а 


|| 
- 
о 


1007 
1097 120-2] а 


1 
1 1007 1007 

= —— |1 2-1 

1007 J um E 


Let t= 2y > 2 dt = 2dy 


1 
= Joa - уу dy 


1 
Е Fea - x)! gy 
0 
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2014 
= 27014 у E x I; x B 
1 


1007 
24028 
~ 1007 
250. Do yourself. 
logx 
251. Let =| ах 
оү – x 


Let x = sin@ 


> dx = cos0d0 


№ Т log (5110) ·соѕ040 


2 со80 


= | log (80) 40 
0 
T 
= ee? 


л 
2 
л 
252. Let I= | log(1 – соѕх)ах 
0 
Л 
| 


- (ез Ж log (sin? (5) ё 


= люв(2) + ШІ (5 )) ax 


Let ћ = J (log (ви (2) а 


ШЫСЫ 


Adding Eqs (i) and (ii), we get 


21, =2 Гоа (5 (5) со8(2)) Jax 


253. Let I= J log(x + 1) 
Л) 


E: 
2 

= M | log (зд) 40 
2 0 


z СНЕ cos(5)) |) as 


лов] ” J (log (sinx) dx 


л 


+ 2] Дог (sin.x)) dx 


I = лов + 2тов |5) 


= mlog(2) – 21102 12] 


= – л102 [2] 


со 


1 ах 


КҮ 


2 
e log (tan@ + cot0) d0, where x = (апӨ 
0 


| log( )аө 


sin@cos@ 


N 


2 
1 
J os sin 08) d 
n2 


= эв — | log(sin20)40 
0 


| log (яш(0)40 
0 


= |л1ов(2)! 


л 


I=|— a NO, 


о 1 + соѕ2х 
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Л 
= | ЕМА аи 201 
0 1 + соѕ2х 


Adding Eqs (i) and (ii), we get 
л 


01 + cosx 


ш 
0 1 + соѕ2х 


0 1 + cos x 


л/2 2 
sec^x dx 


0 ќап2х + 2 


ЕЗБЕ! 
0 


255. Let = | ~I- соѕ2хах 


=f (V2sin2x) ах 


0 


4007 


= | (2lsinxl)dx 
[0] 


400л 
= ҮЗ | валах 
0 


л 


= ҮЗ x 400 | Isinxidx 
0 


л 
= 400 x VZ | sinxdx 
0 


= 400 x V2 (-созх)т 
= 400 x ¥2(-(-1 – D) 
= 8002 


1000 


pz | е Ч ах 
0 


256. Let 


1 
= 1000 | eax 
0 


1 
1000 | e'-*ax 
0 


1000 (e*) 


1000 (e! — 1) 


= 1000(е – 1) 


20007 
257. Let 1= | | 
0 


= 
1 + 5@пх 


2л а 
1000 | | = | 
о A + 5 
dx 
1+ gsinx 


27. 
1000 х | 
0 


27. 


ах 
1000 х J 1+ gsinQz - x) 


2л d 
1000 x = 
015-98 


хх 
1+ gsinx 


2л 
1000 х | 
0 


2л 
> 21 = 1000 х | | 


1-5 іш 
0 


із 5sinx 


2л 
= 1000 x | dx = 1000 х 2л 
0 


=> I= 1000 x л 


1007 


1-| {2x}dx, where {,} = FIP 
0 


258. Let 


1/2 
= 2014 | {2х}ах, 
0 


where the given function is periodic with period 
1/2. 
1/2 


= 2014 | Qx - [xp dx 
0 


1/2 
= 2014 | Qx - 0)dx 
0 
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л 
259. Let I = J Isinx + соз dx 
0 


= vaf [sin(x + ala 


m4 n/4 


-42 | Һауа, Let x+2=y 
л/4 


л 
= № J валах 
0 


л 
= 232, since | Isinxl dx = 2 
0 


1007 


260. Let 1-1 (віплі + Icosxl)dx 
0 
л/2 


= 200 | (ізіплі + Icos.xl) ах 
0 


a2 
= 200 | (sinx + соѕх) dx 
0 


7/2 
= 2000 | ШЕ " 2)) 8 


л/2--л/4 


= 200\2 | sinydy, Let x+7=y 
л/4 


л/2 
= 20042 | sinxdx 
0 


= 200V2 


1007 
261. Let 1 = | (lsinxl – Icosxl)dx 
0 


Л 


= 100 | (lsinxl — IcosxDdx 
0 


л то л 
= 100| | (sinx)dx – J (созхах + | (соѕх)ах 
0 0 7/2 


= 100((-совх)) — (sinx)^ + (sinx)7,) 


= 100(2 - (-1) + CD) 
= 200 


504л 


262. Let 1 = | совх х 


-503л 
л 


(504 — (—503))] Icosxl ах 
0 


л 


1007 x Псовхах 
0 


- 2014 


50л/3 


n т 
1007 х || cosxdx =] а) 
0 л/2 


1007 x ((sinx)? — (sinx)?,) 


1007 x (1 — (-1)) 


263. Let 1-1 (= 8282) as 


0 
50л/3 


= | Vsin?x dx 


0 


50173 
= | шахах 

0 

16л--27/3 
- | Isin МАХ 

0 

16л 16л--27/3 
= | валах + | Isinxldx 
0 162 

16л 21/3 


= | Isinxl dx + | Isin xl dx 
0 0 


л 


2n/3 


16 Jlsinxldx + | Isinxldx 
0 0 


27/3 


л 
= 16] sinxdx + | sinxdx 
0 0 


16 (-созх)у + (-совх) 


27/3 
0 


16 x 2 


16(-(1 1) + | | 1 1 


2 


‚3 
2 


«d |, 


2+ (41-1 


2.81 


Definite Integrals 


266. 


_ sin (2% 3); 
-4| 1+у | 


E 
2” (езе 


1 
| 
0 
1 
—b 
Е | (cte 
b 
de 
X 


= at 


Given F(x) + | 2) = = 10 


Replacing x by s + 3) we get 
P(x + 5) + Ро + 1) = 10 


Subtracting Eq. (ii) from Eq. (i), we get 
Ес) - Fx + 1) = 0 

=> F(x) = F(x + 1) 

= Thus, the period of F(x) is 1. 


Now, 


201 
| кодах 
9 201 


= | Ға 
[0] 


1 
= 201 x | Кодах 
[0] 


1/2 
= 201 х J Е(х)ах + | Е(х)ах 


40) 


(ii) 


Putting x = (у + 1) = dx = dy in the 2nd integral, 


we have 
| + 24 
y 2 У 


F(x + m 
1/2 


= 201 х J (ко) F(x + ie 


1/2 1/2 


201 x| | Роа | 
[0] [0] 


1/2 


1/2 
= 201 х || родах | 
0 0 


= 201 x 10 


= 2010 
507 
267. Let 1 =] (sinx + cos* dx 


2 
= | (sin^x + cos^x) dx 


л/2 
-100х| (sinfx + cos*x) ах 
0 


л/2 
100 х | (1 – 25іп2хсоѕ2х)ах 
0 


л/2 
-50х | (2 – Asin?xcos^x)dx 
0 


л/2 
= 50х| (2-віһ?2х) 
0 


л/2 
= 25 х | (4-2sin/2x)dx 
0 


л/2 


= 25 х | [-4(1 - cos^o]dx 
0 


л/2 
= 25 х | (3+ cos*x)dx 
0 


л/2 


31 4 
= 100 x | (3 + —с0$ x)ax 
о \4 4 


Thus, the value of k is 100. 
268. We have, 


х+л 


g(x + m= | cos^t dt 
0 


х+л 


cos"tdt + | сова! 
0 

cosftdt + | cos^t dt 
0 

= #(7) + g(x) 

= g(x) + 07) 
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2014 л 


269. | Vi – cos% dx 


0 
2014 л 


= | Vsin?x dx 
0 
20147 


= | Isin мах 
0 


л 
= 2014 | Isin мах 
0 


- 2014 х2 
- 4028. 


2012 


270. | edx 
0 


1 
= 2012 | "dx 
0 


|| 

= 2012 | Єах 
0 

= 2012(е7); 


- 2012(e - 1) 
Ал 
271. | ісовхі dx 


0 л 


4 | Icoscoldx 
0 


4x2=8 
107 


272. | Isinx dx 
0 


Л 

-10| Isincel dx 
0 

= 10х2 


= 20 
[x] 

273. | (x – [xDdx, where [.] = G.LF 
0 


1 
= (x = Вах 


1 
= Га - ух 
0 


x 1 
= wl], 
-Bl 
4л 2 
274. | [sinx + cosx]dx 
0 


2л 
= 1j [sinx + € 
0 


= 2(-л) 
= 2(-2л) 
=” лѕіп(л1овх) 
а | == ы” 
1 
37л 


= | явц, 
0 


where л log(x) = t 


37л 


= | ба 
[0] 


= (-сов(0)77 
--(-1- 1) 
E 


327 


3 
276. | МТ + cos2x dx 
0 


зол 
3 
= | «2 созбсдрах 
0 


320 
10x 3 


= X2| | (lcoscoDdx + J (leoscobax 
0 107 


2л 


247 


л 3 
Јасоѕх)ђах + | (созбдђах 
0 0 


2л 


TJ 
2 3 


242110 x 2 + | (cos(x))dx – | (сов(хубх 
0 


a 
2 


юх2+1- [№ -1| 


а-я 


= 5 


= 12242 — Уб! 
107/3 
278. | шах dx 
0 
Зл 107/3 
= | вол +] ыал dx 
0 3л 
л л/3 
-3| Isinxl dx + | |упх ах 
0 0 
1 
= 2-11-1 
io E | 
-641-8 
=н 
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1997 І 2 
280. | ЕЕ 
m 2 
= (199 — (—)) J ішуі dx 
0 


= 200] (віп)! dx 
0 


205 = 200 x 2 = 400 
281. | Icosxl dx 
-20л 


= [20 – (-20)] | Icos(x)l ах 
0 


= 40 | |совбо! dx 
0 


= 40 x 2 = 80 
100 

282. | sin(x - ах 
0 


1 
100] sin(x – [x])dx 
0 


1 
100] sinx — [0рах 
0 


1 
= 100] sin(x)dx 
0 


- 100[cos(x)]) 
– 100[соѕ(1)- 1] 
= 100[1 – cos(1)] 


20147 


283. | (Білі + Ісовлі)4х 


0 
л/2 


4028 | (lsinxl + (совхђах 
0 


л/2 
- 4028 J (sinx + cosx)dx 


= ee + біп хл” 


= 4028(1 + 1) 


= 8056 
20147 
284. | (lsinxl — Icosxldx 
0 л 


= 2 | (яах - 70 
0 


- ro] (lsinx) -f (cosa 
0 0 


= 2014 (2 – 2) 
= 0. 
285. We have, 


плу 


| шах ах 
0 


пл плу 


= xi Isinxl dx + | Isinxl dx 
пл 


пл ү 
= | gsnxbdx] вал dx 
0 0 


л V 
= п Í шил dx + | (sinx)dx 
0 0 


= 2n - (сов(х)); 

= 2n – (cosV – 1) 

= (2n + 1) –соѕ (V) 
286. We have, 

пл 


| [sinx + cosx]dx 
0 


27. 


=n | [sinx + cosx]dx 
0 


1 ШЕШЕ + Б 


9л/4 


n | Мом, [Let = (x 2] 


9л/4 


=n | Һ2віп( 4 


л/4 
= п(-л) 
-Inzi 


287. We have, 
27. 
| вш (100х)4х 
у 200л 
= 10) | sin ра 


= 10) j sin 20)4х 


= Ї [2 sin ^(x)]dx 
0 


= | [1 — cos(2x)]dx 
0 


=(x- me | 


(л – 0 
= л 


288. We have, 
102+ 7/3 
(sinx + cosx)dx 
107+ 7/6 
1/3 
= | (sinx + cosx)dx 


л/6 


= (sinx — соѕх)? 
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- (5 1 Б 
Do Des DA 
(3-4 

= МЗ - 1I 


289. We have, 
tan (х — ID, 
1-(х- "M 


oN 


t tan (х — [x]) 
о 1+ (х – [ду 


Ё ЈЕ tan х – Ol 
о 1 + [х – (OP 
1 ES 
tan (x) 
= 5 а 
J 1 + х2 4 
7 (tan “| 
Е s| 2 0 
Е С 
= 5 5 
_ 5л? 
~ 32 


290. Given F(x) + P(x + zi -3 
Replacing x by s + 3) we get 


P(x + 5] + Ро + D=3 
Subtracting Eq. (ii) from Eq. (i), we get 

F(x) - Fx + 1) 20 
=> F(x) = F(x + 1) 
Thus, F(x) is a periodic function with period 1. 


1500 


Now, | Еодах 
0 


1 
1500]. (дах 
0 


1/2 1 
| кодах + | 22 


- 1500 
0 1/2 
1/2 1/2 1 1 
= 1500| | Родах + | P(t + 17) жеріп 
1 ; 2 2 


1/2 12 
J F(x)dx + J F(x + ie. 


1/2 


І 


0 

1 
1 2 
500 x3 x3 


= 2250 


1500 


1500 


F(x)dx + F(x + m 


nel 


291. It is given that | ТОдах = n, where п є 1 
0 


4 
Now, | дах 
2 
-1 0 1 
= J fde + | одах + J f@dx 
x -1 


2 3 4 
+ | дах + | “дах + | годах 
1 2 3 


=4+1+0+1+4+9 
= 19 
л/2 л/2 
292. We have | sin"x cos"xdx = К | sin"xdx 
0 0 


л/2 л/2 


= x | (2sinxcosx)” dx = kJ sin” x dx 
0 


л/2 л/2 
> = mid [sin (2x)]"dx = 2 sin"xdx 


л л/2 
> та =k | sin"xdx 
0 
where t= (2x) 
1 UT л/2 
> — | (пода = k | sin”xax 
2"*°% 0 
л/2 л/2 
> "dx = К | sin"x dx, 
0 
1 л/2 л/2 
= — | [sin"Q)]Jdx = k | sin"xdx, 
2 0 0 


1 -m 
Thus, k = — = 2 
us, 2 


л 
293. Given M = Í f(cos’x)dx 
0 


3л 


= | у(сов?х)ах 
0 


Now, 


= 3] f(cos’x)dx 
0 


= ЗМ 
Hence, the result. 


294. Given 4 (вођу = х>0 
ах 
ені 
> F(x) = | | x jas 
2 езіп 
Now, 
Les 
j 2 sin 
Xe 
= ах 
т x 
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295. 


296. 


297. 


298. 


299. 


= Е(16)- F(1) 
Thus, k = 16. 
1 
Ах = 1, у = | dt - 0 


а 


So, the point is (1, 0). 


я 
а 
Also y = J 
2 Vit р 
ES dy - ax? 2x 
dx V1 +25 М + x4 


эн -(-2)-4 
dx /х-1 42 2 42. 
Hence, the equation of the tangent is 


1 
-0---(х-1 
y 73 ) 


үз 
= y-yv2-1=0 
We have, ‚ 
Ро) = | et- па - Dat 
0 
> РО) = ех - Dx-2) 


By the sign scheme, we сап say that f(x) is strictly 
increasing in the interval (~œ, 1) U (2, со). 
We have, 


x 


Род = | + DE- 24: 


0 
-> РО) = ха + 1)х- 2) 
By the sign scheme, we сап say that the function f(x) 
has points of minima at x = —1 and 2, and point of 


maxima at x = 0. 
x 


We have f(x) = | et- D? – 2y'at 
0 


> Род = ex - 1)%(х – 2) 

By the sign scheme, the function has a point of 
inflexion at x = 2 

We have 


2. 


sin^x 1 


sin^x 


у = | sin Nf dt + | cos ! f dt 
110 110 


> Te (вш !(Isinxl) cos" (1соѕ х1))ѕіп2х 
= (8ш (sinx) - cos” (cos х))ѕіп2х 
-(х- x)sin?x 
- 0 for all x 


— y = constant 


= Thus, the curve represents a straight line parallel to 
x-axis. 
Since y is independent of x, so we can consider the 
value of x = 7/4 
1/2 1/2 


sin Nr dt + | cos Wi dt 
110 1/10 


= | (т Nf + cos”! VA)dt 


л 
=) за 
24 


= (5-5) == 
2 19 5 


2х y 
300. Given F(x) = | NS — Запа dt + | sint dt 
Xx 0 
=> Ех) = 45 — 3sin2(2x) — V5 — 3sin2x + siny 
301. Give, 
fay =] 2-2 at 
1 
> Ро) = №02 - № 
Also, х -/70)-0 
= хе = 42 – х2 
=> Я-2-х 
> Жаз-2-0 
> (2 + 202 – 1) = 0 
= (à – 1) = 0, ( x is real) 
=> Хо 
302. Given, | 
fx) = | соѕу? аг 
уха 
= Го = 2x(cosvx) + ЕБ 
Х X 
= 2(cos(1)) + 2(cos(1)) 
= 4(cos(1)) 
303. Given, 
1 
usus л 
J лд dt = 1 — sinx, x € (0. >) 
Мом, —sin?x f(sinx)cosx = —cosx 
> sin^x f(sinx)cosx = cosx 
$ fsinx) = —L 
1 1 
— | = = 3 
= Ла) (5j 
304. Given, з 


F(x) J 11077 
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=> F'(x) = f(x) 307. Given, 
v * 1 
т? доо) Гуда = x + | ifa 
Alo = БОЗ) = х2 + х) 0 : 
ps 
= F'G2)Qx) = 2x + 3x2 ху fœ aro) 
Зэс > (+x) 700) = 1 
= Foya == _ 1 
2 > f(x) = (14 x) 
= (1 + à 1 1 
--- == 
2 2 уал луу 
> FC) = F(x’) = (1 + à 308. We have, 
2 a a 
: 1 sin’t біп 
> ИФ = (1+5х2] =1+3=4 tin HP e a-f e ај 
305. Given, | Т | Я 
Ê езіп tdt езіп tdt 
J x f(x) dx = а – lim È x+y 
2 х>0 X 
Dna с rg | 
> tf(t )21 = 5 (57) = [9 + а 
х>0 1 
> РАР) = 21 Е 
= ту 
3 4 
zá 20) = 21 309. Do yourself. 
2 л 
= Е) =Е 
n) 310. Let 7 -| sin? x cos? хах 
Putting # = 2 we get 9 
5 л 
4 2 Е (7 үс 997 _ 
28 s£) -2 J cos (5 x sin (5 xJdx 
m 5 -7/2 Ж 
sin^x cos^x 100. „: „99 
= –) cos ysin yd Let --х- 
306. Let f(x) = | sin wi dt | со dt Ый а 2 ? 
? 1 л/2 
Т 100, 599 
- РО) = sin (Мат х) sin(2x) = J АО dy 
-со8 (үсоѕ2х) sin(2x) n 
Л = | cosy sin? dy 
Putting х = т we get -л/2 
2, к(а) 2 s 1 р se 1 ji - 0, ( it is ап odd function.) 
4 v2 v2 311. Do yourself. 
T л л 
=> f — (SS) -5 
(2) 4 4 312. Let = | e09 dx 
"E: -4 
ёс те | 
Bee 2] е(©5+4х-4+5)2 дү 
= Йде-с 2000 
Now, 12 12 --| ay 
Л2) - | sin’ (NDdt + | соѕ (Nf)dt | 
0 0 
йн - -Í oot D’ dy 
= | (sin! (Nf) + cos"! (Nf))dt $ 2/3 2 
5а Also, let 1, = 3 | ЖЕЗ 
Л лі л ка 1 
= dt = = = 2-1 1 2} 
J (2) 2 8774 Е x2 Е i | 20-37 3-3) ay 
0 
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Thus, 141, = 0 
313. We have, 


«112014 


on = 


xcos Py dx 


- | (2 + x) cos (7 + х)ах 
2 2 


л/2 
-л/2 
л/2 
5 -л/2 
- 0, 
1 
314. Let I= | їсовлхїах 
0 
1 л 
27 J Icos xl dx 
-2 
Um 
315. We have, 


1 
| платах 
0 


1 2л 
= — Isin(f)| dt 
re sin(f) 


=] sin?! ocos dx 


л 
|: J созмах = 2 
0 


1 2л 
= 5- ) IsinGol dx 


1 


---х4-2/л 
2л 
316. We have, 
3/2 
| Їхсов ztxl dx 
-3/4 
| |“ А 
= — —cos(t) | dt 
Л зл E | 
i 3л/2 
= | |tcos(t)| dt 
Л -3714 
i 3л/2 
Е |xcos(x)| dt 
A^ -3714 
| 3714 i 
==- | |xcos(x)|dt + Бе 
Л -3л/4 л 
37/4 
2 


1 
5 | |xcos(x)| dt + a 
л о л 


3n/2 
| |xcos(x)|dt 
-3л/4 
Зл/2 
|| ксозбдый 
/4 


-3л 


(~ it is an odd function.) 


| 


2 3л/4 1 37/2 
= Sa І |[xcos(x)]| dx – — | [xcos(x)] dt 
m о Л -3nl4 
2 л/2 2 Зл/4 
санг: ! [xcos(x)]dx - — | [xcos(x)]dx 
ло Л. -л/2 
3л/2 
мэн (xcos(x))dx 
л? 3л/4 


37/4 
л/2 


2 ? А 

= (хѕіпх + cosx)”, — E Xsinx + cosx 
0 

л? л? 


37/2 


edig sinx + cosx) 
л? л/4 


1) 2 22 1 2] 
2 л21440 2 
21 алы 
w\ 2 40 402 
3л | | 2) 

2 40 % 


sin 94, 


біп 04% + NUS 


317. 


dx 
sin (— y) : 
x 
sin- y) + со82014(— y) 


sin?!) | 


sin (y T cos ж) 
sin? (5. Е х) 


y m Л 
ми” (F = x) + cos (2 == х) 


4) 


ах 


l| сов2014(х) р 
- Ix 
л/12 cos 21 (х) + sin? (y) 
Adding Eqs (1) and (ii), we get 


571/12 , , 
сіп 2014, + cos 04 
21 = x 
z/12 


10204; + с0$2014 


(ii) 


S 


57/12 
dx 


7/12 
= (27 У =) 
12 12 
257 
3 


122 
6 


-Л/6 2 


318. Let 1 = | ын 
-л/3 cos^4'x + sin 


n 
х 
ах 


"х 


(i) 


2 
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-7/6 
= | T т ах 
-л/3 cos" (-7 - x) + sin^(-7 - x 


-7/6 2n 
24) S DC ИРИНА 64) 


ліз sin’"(x) + соѕ2"(х) 


Adding Eqs (i) and (ii), we get 


3 E Ы sin” œ + cos” 2 
лиз | sin?” (x) + сов (х) 
-Л/6 
=| ах 
-71/3 
= = + 2 -7 
6 3 6 
л 
т= 
F 12 


sin?x + cos"x 


біп 9 + cosy 


-71/3 
319. Let 1 = | | 
-Л/6 


| .40) 
-7/3 sin’ (-5 — x) + соз (-2 - x) 

Ш І 2 2 d 

= | T пој 7 % 
-л/6 sin^(-7 - x) + cos (-5 - x) 


-7/3 | —cos*(x) - біп (а) | ЙЫ (ii) 


-7/6 cos!°(x) + біп (х) 


Adding Eqs (i) and (ii), we get 


T Ж сов (х)  sin*(x) — сов (5) — біп Хх) d 
Aor cos (x) + sin(x) 
- 0 
> 1-0 
ЖГ 
Ж 
320. Let 1 = : 3125.9 


| sin CF А 

= 2| (Ал + 2 — (Ал — (4л — 2)t + (41-2) 
+ sin(t — Паг 

= 2 TT 

7%: 0-9 
t [sin = 1) 

ч (а = Је 


1 : 
- 2| РЕ ја 


(1 4 f) 


321. 


322. 


323. 


sal (085и 


=-а 
We have, 
| Isin(2x)l | 
о  Msinxl + lcosal 
/2 е 
7 | lsin(2x)| | 
727% Msinxl + [60521 


sin2x 
(mo је 
sinx + cosx 


| 
0 
Ч ыг + cosx)? - Ј 
0 
jj 
0 


snx + cosx 


1 
(Ginx + cosx) – ——————_ |ах 
sinx + cosx 


233 


[ins + cosx)- 
0 


1 Л 
суусоне x + 2| dx 
2 4 


- al- cosx + sinx — АЕ + s) 


= = 202 - (лов 


кап E | - ШЕ 


Їр 41) 
V2 42 -1 
= (4 - V2 log(N2 + 1)} 
We have, 
j Е X — а) – cos(x – eir 
7 Vsinb — x) —cos(b -3)] ^ 
5 ыг — x) —cos(b — 2 
- т] - ах 
a \sin(x — a) —cos(x — а) 
j sin(b - x) -cos(b - x), 
= а | sin(x — a) —cos(x — 5] т 
_ j sin(b — x) —cos(b — x) 
7,72% Есе а)-сов(х- 7] 
> m=1 
Given, 
1 1 
е — 
J Gene 
b -t 
е 
Also, 2. 765—7) =“ 
1 g (6-0 D)reb-1 
: GCSE 


dt 
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| 
--е? [m Let (t- 1) =-y 


--ае 
: . (m 
л xsin 2x ШЕБІ 
324. Let I = d. 
e J 2x - п 2 
/2 (2-х)ма22 xJsin(5 cos (5 х) 
Tr AO 2 2 2 
= | T dx 
у 22-3|-л 
л/2 (5 - xJsin2xsin(7 sinx) 
= | Ах 
0 —2x 
л/2 (5 + x)(-sin2x)sin(~Tsin.x) 
= | ах 
0 -2х 
л/2 2x(sin2x)sin (5 sinx) 
= | ах 
0 2х 
л/2 2sin.xcosxsin( зіп г 
= | = ах 
0 
2 л/2 2) 
А л. 
= J 2(21 sin: dt, where t — > их 
8 mi2 
Е | tsint dt 
ло 
= B cosh + sin? 
2 0 
л 
8 8 
---(1-0)--- 
л? л? 
325. Given, 


Га + со (ад? + bx + дах 

0 
1 

= | (1 + со (ад? + bx + дах 
0 


2 
+ Га + со (ад? + bx + дах 
1 


2 
- а + cos*o(ax? + bx + сјах = 0 
1 


Thus, the equation has at least one root in (1, 2) 


326. Since lsinxl € 1, for x > 10 
1 
ШЕРІ 


sinx 
> ILL 


1+ 
For 10 < x < 19, 
1 + х 23 > 10 
1 1 1 
14x33 x 10% 
БЕЛЕП 
Ix 10% 
From Eqs (i) and (ii), we get 


sinx 


; equ 
1+х 


sinx 


1+х 


19 
dx < | 10°8dx 
10 


10 
= (19 – 1010? = 9 x 109 
= 107 – 10? < 10 77 

sinx 


1+х 


19 
Непсе, | dx < 107” 


10 


327. Since Їсо8(01 < 1, for x 2 5 


cos(x) 


> for x > 5 


Ix n xl 


Again, for 5 € x € 10, 


1+5 > 5t 
S 

1-3) 5 
1 5-4 

(1 + xl 


From Eqs (i) and (ii), we get 
COS X 
(1 4 xf) 


< 5t 


10 10 
| SS a) < | (575ax 
5 


5 (+f) 
- SOSA ад 5 
5 (14 x) 
328. We have, 
1<х<3 
> 1<х <9 
> 445° +3<12 


> 2 <\? +3 < 2\3 


(4) 


Gi) 


0) 


(ii) 
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3 
= 23-1) < | 2 +3 dx < W36 - 1) 
1 


3 
> 4<| 2+3 а < А 


Hence, the result. 


329. We have, 
0<х<1 
> 0х? <1 
> ex e? < el 
1 1 
> | (ax < | (dx < | (е ах 
0 0 
1 
= (1-0) xj (dx < e -0) 
| 2. 
> 1 < | (г) ах <е 
0 
330. Let f(x) = ——. 
16 
= ро) = 16 2€ ухе (0,1) 
( + 16)? 
= /(д- 


-(х + 16) (6) – (16 — 222207 + 16):3х2 
(о? + 16)* 


> 0, 


V x e (0, 1) 


Thus, f(x) is concave upaward. 


dx 


1 
1-0)(0) < = 
хиа 15:16 


Б Ё = OFO + ТО) 


2 


17 
=> 0 < | [——— dx < — 
ЇР or 2 


Hence, the result. 


331. Let f(x) = ҮЗ + х. 
>  f@= А 
213 + х 
> fU — >00, Yxe (L 3) 
243 + х? 


Thus, f(x) increases in (1, 3). 
3 


So, (3 – 10) < | (3 + xax < (3 – 170) 
1 


3 
> 4<| (Уз + хас < 230 
1 
332. We have for every x in (0, 1], 


V4 — 2х2 < V4 — Х-х < МА — 2 
1 e 1 Ё 1 
44-32 Аж V4 — 2x2 


1 


1 
3 Г ах | ах < ах 


о 44-32 4-2-9 о МА — 22 
1 
<< ААА ах lo fX 
=> (sin [= < < sin |— 
| (2) | T—— al (5) 
1 
3 <| ах < 2 
о NXa-- 42 
333. We have, 
1€V1-z1-4x,x20 
1 1 1 
= | 1ах< | А+ ах < | (1 x» 
0 0 0 
1 хү 
>1<] 11-37 дє (х + 
0 4 Јо 
1 
-16| fief as? 
0 
334. We have, 
1<х<2 
=> 1 € x! € 16 
> 2< (1+ ye 17 
1 1 1 
> < < 
ая 2 
1 
1 ах 7 
< < 
> шеш ты 
-1 -1 
335. Let I= Í pee 
0 
dI Ї 1.x 
=> = dx 
da о Е 
= | ах 
о \(1 Tax 
sE tas 
а? o | (1/4) ах 
1 21 т 
= -;(аһап (аху) 
а 0 
= (=) = 2 
4227 2 2a 
> I= Fina +c 


When а = 1, 1[=05с=0 


Hence, 1 = Fina 


л/2 


336. Let 22 | In 
0 


[jet (lal < 1). 


1- asinx Fa 
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л/2 Я 
а _ | 2sinx | 
да 9 1—а2в1п?х 
л/2 Е 
2 | 2sinx | 
о VU —a’sin?x 
л/2 
0 1-а = 
Л 
2secx 


2secx 


Sin x 


3 Ja 


вёс х = алап x 


————— — ах 
14-11: x 


2x al< 1) 


= 24 5 ; Let t= tanx 
аа) 
EM 2dt 
2 2 
(1-ад0 124 І 
(1-а) 
2 


A-a 


> I= лѕіп а + с 


When а = 0,1-0, then с = 0 


i 
Hence, 1 = zsin a 


л/2 
336. Given I = | ш| 


1- asian) d 
1 — asinx 


— —, (lal « 1) 
sinx’ 


E 
| 


1 + asinx 


2ах 


| 
2i | eei, 


1-4? 2-2 


cosec Х-4 


л/2 
= | 2 созес?х 
0 cotx + (1 – а 2) 


ТЕГІ 


0 
| - JE 2sinx 
( 


ABEL 


л/2 


0 


Integrating, we get 


1 — asinxy 


sinx 


337. 


338. 


339. 


I= лап (a) + с 
When а = 0, Г(а) = 0, then с = 0 
Thus, 1 = лзш (a) 


b 
Ghent = ені 


UO | 
do 4 
1 
J 
0 


Integrating both sides w.r.t. b, we get 
I(b) 2log(b + 1) + с 

When b = 0, then с = 0 

Thus, /(b) = log(b + 1) 

We have, 


eee 2t 
nt 


dt 


(fc) = | foa 


.2 
2 
„д _ Secx 
= Йи = ыу 


Integrating, we get 

ТОО) = logl(4 + tan(x))l + с 
When x = 0, then c = — log(4) 

ТОО) = logl(4 + tan(x))l - log(4) 


=> A3) = 10214 + 1) — log(4) = СЕ 


Given, 
л/2 


Ро) = | log + хэш20у8ш200х 
0 


2 | 51020 1 | 
x 


i 25 =| (1 + хѕіп20)  sin?8 


-| lu um 5) 


ҮЛ | совес 040 | 
(соб + (1 + x) 


| 1 “| cot 0 yr 
= tan 
М +х Ү1-х//0 


- T 
2М1 +x 


Integrating, we get 
fœ лу1+х+с 


When x = 0, (0) = 0, then c = -m 
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Јој mlt+x-mw=n1+%x- 1) 
1 сов 
340. Let 1 = | EAM 


o | loga 
cos c 10 
jf ia 
logx 


(х<954), a 


f? NT Ч Ї 
cosa + 1 1+cosa 
Integrating, we get 

о) = logl(1 + cosæ)l + c 
When a= 2 100) = 0, then c = 0 
Thus, 1(0) = 10911 + соѕ 01 


341. Do yourself 
342. We have, 


2 
J Ма + да + x dx 


2 
3 шар, (1 + ах 
0 


= 42 +2) х и 


42 
22 (2 
ga (= 


Hence, the maximum value of the given integral is 


2х 1523 
5 
343. We have, 


1 
J Na + да + dx 
0 


1 1 
<4] (1 + хуйх | (1 + 3) ах 


0 


ЕКЕ) 
ZI 


Hence, the maximum value is ү!” E 
344. We have, 


aL 
2 


| (sin*x t cos^x)dx 
a 


Б 
2 

= | (sin^x + cos^x)dx 
0 


la ма юм ею мы 


|| 
— = On 
в 
~“ 
+ 


œ|% 


345. Mean Value = 


346. Mean value = 


347. Mean value = 


(1 -28ш хсов х)йх 


‚2 
Ї _ sin 29 ja 


ээ 
Ї = UU dx 


(1 Ne Er sostray 


( 


3 1 
zi + дозах 


sinl4xl |“ 
16 /0 


lw 
x 

эз 

de 


2л 
2,2 
sin^xdx 


21 
Qz - 0) 9 


Га-со ах 
0 


1 | mx 
sz. ЗН 


1 dx 
(2-0) о ё+1 


2 
-liogke* +10), 


~=logi2(e? + р) 


(ll 


ат! блуах 


а 
1 


3 
er E длуах 
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2a (3 №) 
1-0) 145 Jo 
2-3 
4 
1 2л 
348. Mean value = (Qn — 0) J (sin^x)dx 
2л 
шал, | (3sinx – sinl3xl)dx 
87 7 
1 | cost 
= — | - Зсозх + ——— 
8л 0 
1 | 1 У 
= 3 3 
Bob а ча 
= 0 
od | ах 
349. Меап уаше = 
(1-0 -0 0 14x 
= (бап (х), 
Ол 
4 1 
1 е 
350. Mean value = ——— 224 № 
ar 7) ex. 
= (log(e* + 15, 
Sig (% + | 
2 ND. 


351. We have, 


1 
lim | | 22 
ф>0 Ф 


: 1 
lim (rlog(x) – х) 


= lim (9 - 1 - фю8(ф)) 
990 


lim (9 – 1) – lim (ф1ор(ф)) 
920 90 


. . [log(@) 
аар 1) иш 1 
Ф 
1 
m Q 
- ime 1) E —— 
ЕГЕ 


lim (9 — 1) + lim (ọ) 
2-0 2-0 


|| 
| 
= 


352. We have, 


o. 8 
ЫТ 
~" 
SX 
> 


| 
on; 8 

А 

~ 

AE 

5 


=T(6 + 1) 
= 6! 
= 720 

353. We have, 


ШЕН 


0 
--| eat 


со 


=| х 1-1 4 
= е 


= Гай 
= Г(10 + 1) 
= (10)! 

354. We have, 


355. We have, 


o- 
—— 
um 
o 
ga 
~ 
ele 
we 
м 
T 
8 


(-loglal)"" ах 


уар (Let t= —logx) 


(6 t"- dx 


Il 
om g og о--- 
~ 


Г(п) 
1 
356. Let = | x*V1 — 22 ах 
0 
T. 


= | біп “Өсов20 (Let sin@ = x) 
0 


ms f 


2г| 


4-2-2 
2 


— м 
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357. We have, 
л/2 


I= | sin*xcos^x dx 
0 

гё ШЕ J 

2 2 


358. We have, 
1 
| xV1 — x? ах 
0 
л/2 


= | ѕіпӨсоѕ20 40 
0 
6+1\ (2+1 
"C 
6+2+ 2) 
2 


(Let 5110 = x) 


arf 


359. We have, 
л/2 
| вш “хсовбх dx 
0 


1 
360. We have, | x!°V1 — x? dx 
0 


л/2 
= | біп 90со870 40 
0 


ЭЛ 


(Let sin0 = x) 


2 2 
т) 10 = + 2) 
11\ {3 
г| = 
_(5Ц2) 
© 2Г(7) 
97531 1 
2.2.2 2 277 277 
2 х (6!) 
Ж 217. 
512 
361. We have, 
л/2 л/2 
| ex x | vsinx dx 
0 Nsinx 0 
л/2 л/2 1 
= | sin ұсобхахх х | sin2 xcos^x dxx 
0 0 
1 1 31-11 
Ч 12) 12%) 
Ee aad 
ІНЕН 
4 4 
ТЕРІНДЕ 
Е Па Ї 2 3 E 4 E 2 
3 1 (5) 
= Эр 
273) 4712 
1\0 
= |г|— 
(1%) 
=л 
362. We have, 
| e ^* dx 
0 128 
=——| ај (Let (ax)? =À 
2а% 
- 1 
= EN е! 15/4 
2a 
1 
г = 
1% 
^ 2а 
_ УЛ 
2а 
363. We have, 


л/2 
| біп хсо8 хах 
0 
7-1 5+1 
(re 
2 2 
ar(? +5 + 2) 
2 
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364. 


365. 


366. 


367. 


368. 


369. 


_ БОЈЕ) 
© 2Г(7) 
BEA 


7 2.6.5.4.3.2.1 
1 


ШЕРЛІ 
We have, 


We have, 
л/2 
7 
| со8 хах 


We have, 
л/4 


| 8 сов ха х dx 
0 
л/4 


= | 16cos*xsin*x dx 
2% 


1 л/4 
== [| (sin2x)*dx 
2 0 


We have, 
л/2 


sin? 


xcos)x dx 
_ (53:142) 
^ (11-9-7-5-3-1) 
-8 
693 


0 


л/2 
We have, | біп хсо8 х dx 
0 


_ (4220) 
7 (8-6-4-2) 


M 
24 
л/2 


We have, | sin&x cos^x dx 
0 


370. 


371. 


372: 


373. 


qo) 


Е 2 2 
6+4+2 
(e 
265) 
ДА 
^. 2Г(6) 
531 31 
7 2 x (5!) 
_ 3л 
~ 512 
We have, 
л/2 
| sin xcosx dx 
ar 
- | t dt, 
0 
- (8) 
48/0 
-1 
78 
We have, 
л/2 
| біп хсов х dx 
| SEERINEERI 
Е 2 2 
(1 к5- 2) 
2 
_ ГАГ) 
© 2Г(7) 
6) х (2!) 
| 6х2 _ 1 
~2x720 120 
We have, 


л/2 

411 

sin x dx 
0 


(Let sinx = f) 


ШЕШ ТЕРІ ТЕГІ ШЕСІ ШЕГІ 


We have, со х dx 


ЖЕЗ се 


25 
6/ 2 
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lever 111 
9л/4 
1. Let = | (sinxl — создах 
0 
2л+л/4 
= | (зам – совхђах + | (віплі — lcosxdx 
[0] 2л 
л/4 


=2| (ем – созддах + | (Isinxl — |совхђах 
[0] [0] 


л/2 л/4 


= 4| (sinx — cosx)dx + | (sinx — cosx)dx 
0 0 


= 4(-cosx – їп” + (-cosx – біп х) 
=4.0 + (1+ V2) 
= (1432) 


Hence, the value of the given integral 


= [А + \2)] =-1sq.u. 
2. Let I Е | EE + ЕЗІ + јах 


-1 Б [1 + cos(*)| +1 fax 
+ | EE + ЕЗІ + ах 


" | EE 5, со | +1 fax 


-J Vies] па: f Ldx 
=] 


(-1-(-2)-0- (1-0) 


=1+1 
= 2 sq.u. 
| 1 2 
3. Let r= | (ва + [e+ $] + [x + ы 
А 3 3 
1/3 2/3 
=Í 0.ах + | us 2.dx 
1/3 2/3 
4/3 5/3 
+] 3.dx+ | T 5.dx 
4/3 5/3 
7/3 8/3 
| б.ах | лак + | 5.dx 
2 7/3 8/3 


=10+2+3+4+5+6+7+8) 


1. 8x9 
=-х 

3 2 
- 12 

107 


4. Let 1 = | ([sec^!x] + [tan 'xpdx 
1 


sec 1 


= J (вес + [tan ах 
1 


10л 
+ | (вес + Пап“ х 
вес 1 
secl 10л 


al (0 + Odx + | (1 + Оудх 


sec 1 
= (10л- sec 1) sq. u. 


5л/12 


5 Let 1 = | [tanx]dx 
0 


o- 


2 
[tan bx]dx + | Пап“ 'x]dx 
1 


5л/12 


+ | [tan Јах + J [tan ах 


= 0 + (tan !2 — tan! 1 + (ап (3 – tan 12).2 


Зэ) 
+ | 12 tan 3]|3 
„ЭЛ ---- (tan 13 + (ап 12) 
4 | 
= л+л (ап К -1) 
= ЭЛ 54.0 
д *% 
л/4 
6. Let I = | [sinx + {cosx + tanx + (secx)}]dx 
0 


: л 
5 0<х<- 
іпсе X 4 


1 < secx < V2 
> [secx] = 1 
=> [tanx + [secx]] = [tanx + 1] 

= Капх +1=0+1=1 

=> [cosx + [tanx + [secx]]] 

= [cosx + 1] [cosx] +1=0+1=1 
=> [sinx + [cosx + [tanx + [secx]]]] 

= [sinx + 1] = [sinx] +1=0+1=1 


л/4 


Thus, Г = | [sinx + [cosx + [tanx + [secx]]]dx 
0 
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л/4 т T 
Now, | каше чл 
= | l.dx л 2 
0 =50+6+4 
шиг - 60 
4 
л/2 10. Ге 
7. Let l= | [sin !(соз х) + cos (8шх)|4х 27 -2 
0 1-1 tanG? — бах + | tang? + 18x + 75)dx 
Graph: Б 59 
_(m-1) (л—2), (я-3 ТТТ - : 
жыл а - = | tan- бах + | tan(x + 9? —6)dx 
-3 -6 
25 $) i T 2 [ 2 
= | tan(x^ — 6)dx + | tan(y^ — 6)dx 
sin(sin | В) 1 = 3 
cos(cos x) 
8. Let J = =r = T 
сов(сов“ ! 00) sin(sin х) = | tan(x? - 6)dx + | tan(x? — 6)dx 
-3 3 
sin(sin | 
и: ак соз(сов 1х) 4 Ї 5 Ї А 
= 1 aX = 22 == 
А sinen s) = ! tan(x^ — 6)dx + ! tan(x" — 6)dx 
B =0 
= | idx 
а 11. Ме ћахе, 
207. 
В : | 
Өд 1, = | Isinxl[sin x]dx 
-2пл 
= (В - 0) пл 
= | Isinxl[sinx]dx 
9. We have, SEDE 
100 2nz 
т = | вес” (ѕеслх)ах = | Isinxl(-1 — [sinx])dx 
0 -2пл 
2 7 2пл 2пл 
= 50 х | вес '(зеслхуах =- Í Біплйх-| Isinal[sinx]dx 
0 –2пл –2пл 
1 207. 
-50х-х2 
ОРЕ =- Í dsinxdx - I, 
= 50x -2a 
З/п 207. 
Also, n = | вес (весла Јах = 21 -2-] валах 
0 -2пл 
1/2 Ил пл 
= | [sec (веслх)јах + | [sec (веслх)јах == 2| Isin xldx 
0 1/2 0 
2пл 
2/л р 3/7 И 5 1, = – | Isin xldx 
+ | (вес (ѕеслх)]ах + | (вес (зеслх) ах 0 
ул 2/n л 
| у y п =- л] Isin xldx 
= 0.ах + l.dx + 2.dx + 3.4х 
0 1/2 Ил 2/л --2пх2--Яп 
1-3 2-4 3 2 Now, $) 
= ИЕА ow, 1, 
=0+1{® +) + 2 (2 5) 33 2) n=l Ш 
100 
= (9 2 i = У (Ап) 
л 2 п=1 
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100 


--4У (n) 


= -4(1+2 +3 + ........... + 100) 


100 х 101 
x кыны ИН ДАБ 
2 


--4 


= – 20200 
12. Сіуеп 


ЕЕЕ 
Thus, т = | BE x -dy 


ere 
gr 
"irs 
a 


Hence, the result. 


13. Let 
1 


I= | (sin 


-1 


[e-i 


2 ;] 2 
X + =] + COS 
2 


1 
? + ie + 2) | ву” 
2 0 


гар) 


(sin ча) 


102, 


| 
= j [si 
! 


1 
(sin- (0)dx + | 
1-2 


1/2 1 
= | os c -19dx + | ЕП 
0 1/2. 


alt-a) 3 * (1—5)! 


ја * >) 


| 
N 
— 
© 
+ 


| 
pus 

— 
&i- 


djs 


= 2л 
Notes: 1. 0<х<1->0<х2<1 


2. -<х+ 


[9v 
Nile N 
I^ 
к 
+ 


( 2 
Іш | (ос ( 
-7/3 


2cosx — 1 


л/2 
| 8 + 7cosx | 


15. Let 1 = | 
о | (7 + 8cosx)* 


Dividing the numerator and the denominator by sin^x, 
we get 


л/2 2 
8cosec^x + 7cosecxcotx 
І = ах 
0 


(7 соѕесх + 8cotx)” 
Let 7соѕесх + 8cotx = t 
=> (8 соѕес2х + Tcosecxcotx)dx = — dt 


ie 


t 


Thus, 
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16. Given f(x + y) = f(x) – fY) 


Put х-0-у 

=> f(0) 20 

Put y= =x, ме get, f(x) – f(-x) = 0 
> ЈО =) 


f(x) is an even function. 


3 
Now, a = | (x – Df(x – ах 
1 
2 
= | Риба, (Let х-1-0) 
: 
- | ходах 
0 
1 
Also, b=J (x + 1)7/(х + Пах 
22 
2 
= | уу, (Let x+ 1 — y) 


2, 
=2| родах 
0 


= 2а 
Thus, the value of 24-5-44-0-44-4 


4 2 | 
17. Let 1 = | ЩЕ ea 


2у: — ду + 1 


+ | (у - 2)? + 1)sin(y – =>), 
=] y 
0 Xy - 27 - 
2 
Е | эзи | (Seem 
-2 2t 
: тт 
=] |= y 
-2 2y — 7 


С. it is an odd function.) 


sin Œ 
Е је 
х – 2хс050 + 1 


! 
"де 


-Ц sino 


x 
X — cos oy? + E 


Let x-—cosa = t > dx= dt 
1-соѕ а 2 
sin & 
= | (2-2: 5 ја 
—l-cosa@ Р + sinc 


= 
с 
Ж | 
— 


t 122 
sino —]-cosc 


1- cos -Ц- 
- а) tan | 
sin c 


1- cosa 
sin Œ ) 
2sin m нагі 2со82(0/2) | 


sin 4 sin Œ 


J јр 


| 

| 
due 

| 

| 


- (8,44) 
2 2. 59 
2€ 
2 
х? sin x 
19. Let 1 2 [| Xa, 
0 1-2 
273 ах 
Let віпіх-і- = 
л/2 1-х 


3 
п/2 
=0 = | Е : cos: dr 
0 
л/2 л/2 


0 
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Put (05:)-0-(1- spesa 
x 


"epu P 

EM 

4N2 
21. Given, 
1 

log(1 + 
_ | | og( as 
0 1+x 


л/4 
=] 102 (1 + tan 0)d0 


| + tan( - e) ye 


1 — tan 0 
1 
| | 1 12250 di 


“Па 
s 


1+ tanO |4 


л/4 


т. 


л/4 л/4 
= | log(2)d0 – | log(1 + tan6)40 
0 0 


211 log + + tan + 1 —tan@ 
0 


У eg o 


= 21022 -m 
T 
= 2m = — 1052 
т = 108 
T 
— т = log2 
m = z108 


г Пова + х2 

Also, n = | Eun 
0 1+х 
л/2 


Е | [log(1 + ќап20)]40 
0 


л/2 
= | (log sec^8)d0 
0 


л/2 
= 2| (log весд)40 
0 


л/2 
- E (ог созбјад 
0 


(фы) 


= mlog2 


= 8| 51082) 


= 8m 


Hence, the result. 


"3 со 2х 5) нап | 2х | 
1+х 1-х 


22. Let I= | : ах 
ESI е-і 
1 -Ц 2x 
sin + ta 
108 s bes) 
- | ах 
-1N3 e+] 
13 2- 2tan + 2tan х 
= | т ах 
-1/3 e +1 
ТАН 
ео d) 
2 jg V +1 
251 | ах | 
2 48 ёс +1 
1/43 
= лој (ele + Бах 64) 
-1/3 


Adding Eqs (i) and (п), we get 


WS уе 
туур dm үү 


2 (NS | e+l 


57/4 


23. Letr= | 


sinx + cos Е 
ЭШХ + СОЗУ ғу; 2.4) 
-3л/4 


= +1 


5 


л/4 X 
cosx + sinx 
= === |dx 
-3ni4 | da) 
e2 4/41 


4 . 
Е І fe + sinx P 


gi) +1 
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574 cosx + Ширэн A 
= | x dx (ii) 
-3714 Ar) 2-1 


Adding Eqs (i) and (ii), we get 


21 T (cosx + sinplea) E 1) " 


за (1961 


24. Сіуеп А 
-1 
na (Sha 
0 
л/4 
=| (£ a 0 40 
0 tan 
л/4 
zl Ere 146 
л/4 
= ERR 
л/4 
3 ЕСЕЛІ 
т? 1 
= | (iar (Let 20-1) 
0 
л/2 
=| (=) 
о \sinx 
1 
= 5h 
Thus, - 2 
us, b = 
25. Given, i 
2 
1, = | | | Р 
о le*Q – х5) 


1 
БЕТІ 
1, 
Thus, — = 3e 
Г, 
in(n +5] 
л | sin п+ |х 
26. Let 1, = | |——— |а. 
0 in| 
ШЕ 
Now, 1,,1-|, 
пи +) 
x {sinjn + 1 + = іх — sinjn + = |х 
>f 2 2 d 
= x 
0 ШЕ 
2 


x 


= 2| cos(n + Пхах 
0 


(sina + Пад = 


Thus, 1 1, 


, Lua 


> ЕНСІН Е 


п «==, 


л 


Therefore, 1, = J sinxdx = (x)y = л 


Hence, / 297 


27. We have, 
sinnx — sin(n — 2)x = 2cos(n — 1)x sinx 
Now, Л алх 


5810 х 


= |рсов(п - 1)xdx + Їнэн 


sinx 
Ёл ПЕ 
sinx 
= = f2cos4xdx + | их * Јах 
sinx 
Thus 
ЕШ. 
0 \ sinx 


л/2 л/2 3 
- -2| сов хах + J (т ја 
sinx 


Е 4254 
-20 "Ч (3л – 44 * as 
0 


sinx 
л/2 
= | QG-Asinhbodx 
[0] 


л/2 
= | [3-24 - cos?x)]dx 
[0] 
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л/2 
= | (1 + 2cos2.x)dx 
0 


л/2 


= (x + sin2x), 


28. Given 
1 


т = | хо - х) dx 
0 


(Let x = 2t => dx = 24) 
1/2 

= m=2f 296595. 9 
0 


1/2 
=2% |, a oa 
0 


1 
- 219 | 15001 — 5041 
0 


1 
2 21001 1 — 9x = 2100 д 
0 
т _ 7100 
$372 


— 


Hence, the result. 


ae: 
29. Let r= | (9105) а, 
0 
1 sine) 
^4 | x J4 


Е = мах Jar, 


(ээж sin3x |a 


m, . 
siny 
B= 
x: ! (2% 
л . 
sinx 
= d. 
J Gey ч 
Ра Л 
-| Јапхаг) - | EDS Ng 
x 0 09| (+2)? 
Л 
= (295) | cosx 
х+2/0 у Ги 
1 1 
= --А 
7422 
> А+В = | + — 
л+ 2 
31. We have, 


on 


| (arme men 
(х2 + a)? + by + c) 


= д 
Ge + а)(х + b\(x+ = 
Let а= 2, b = 3 and c = 0, 


| ах 

0 2 + 4) (2 + 5) 

Uv Л _ л 
720 + 3)(3 +0)0+2) 60 


л/2 
32. Let 1=J log(a2cos?x + b2sin’x)dx 
0 


л/2 
= | log[a?(cos?x + k?sin’x)]|dx 
4 (Let k= bla) 
л/2 
= mloga + | log(cos^x + k2sin?x))dx 
0 


= мога + 1, 
л/2 
Where Д = | log (соѕ2х + К? sin?x))dx 
0 


dl, л/2 
> — = 
dk % | 


2k sin?x 
2 24220 ах 
соғ х + k^sin x 


mi2 
| | tan^x . ѕес2х | 
= 2k 


о \(1 + Кап + tan?x) 


л/2 
= 2Ё | га је 


о (a + €? + 12) 
(Let 1 = tanx) 


2k | 1 1 | 
= dt 
к?-10\1+2 1+К?”? 


2028 
kasd 


(tan ! С) 
k 0 
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€ Б Z) 
pe 1\2 2E 
ШИР”: ще 
ПР 2\ k 
2 21 Ар 
= х 

12 21 К 
= T 

k+1 


Integrating, we get 
I; = мМогк + ll + c 
When k = 1,1 = 0, then с = —zlog2 


Thus, /, = zlog 1 | k 
Therefore, 1 = мога + mlog Б 
= zloga + mlog 1 X 
а+ P| 
= мога + Л102|-- 
a+b 
= mlog 
33. Let 1 = | 2-8 
0 X + 2х + 4 


(Let 


Дег 12 + Int ja 
0 AP +#+ 1) 


1 Intdt 
zm eir 
(C t) о 107141) 


B" dt 
2 9 


-1 + I; (say) 


= 
Now, 1. | 
: 21 (aa 


| 
[= 
8---о 


0 
ЕЛДЕ 
= ————— |d 
г) Ро У 


_ _1 | In(y) Р 
20 |(у: + у +1) 


| 


x = 21 => dx = 249 


In(f) р 


EN 
20 RET 


» 
> 
un 
© 
= 
| 


n2 f dt 
21| 


ліһ2 


- 58 


Thus, / = 0 + 


1 
34. Let 1 = J 
0 


= (InxIn(1 + х) 4 | 


ліһ2 


3У3 


min2 _ 


343 


ша + Kem 


X 


16 4 (1125) 2 


X 


| Ппа +x) 
- (2525 ES 


35. Let = j 
0 


| 
o- 


| E з 4 d 
0 x T 
1 
| |-5. Эр Іш 
0 
3 4 1 
р x Х Х + r 
20% 4° 0 
1 1 Н 1 1 4 
pe et 


a 
N 


N 


Bom, 


X 


~ 
~ 
~ 

+ 

+ 


ы 
о 
A 
сл 


— — = 
со 
P 
E 
~ 
=. 
с 
N 
© 
>. 
= 
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| т ми 5 215 1,2-21,-1, 
= | Б 2 a THEE ја 
9 л sin[» + ip - sin(n + тј 
A E P 1 = | ~ di 
= + б anl * 
4 16 36 64 0 2 
Ш (1 1 1 1 Ч | x 
“1416 36 64 ^7 | 2cos(n + Dx-sin(Ž) 
= dx 
414 1 1 1 0 за (2) 
1 1,1 54 f 
= + + ... =] 2cos(n + l)xdx 
Е 4 6 8? | J цаа 
[obe E ела 
42 82 122 = (- " У sin(n + 1)x), 
_ (1 1 1 1 A 
"3 22 4 g g 15 = 0 
215 1 1 + | > о-21,4-і,с 
2 2 P 27 127 E Lodo ous 
E ло = іл” n+2 n+l n+1 n 
24 8 6 Similarly, Lia = La Lau 1, 
2 
T 
== -1,)-1, = - Ío 
48 п+2 п-1 1 0 
36. Given x Thus, 1, = "n = 1 = 10 =л-0=л 
= | (F а, > 1-741, 5 = п+л+1, ,5-27-1,: 
N сааж лал = Зл+1, з=... = пл+ 1 = пл+ 0 = пп 
ow, 
= л 
12 Lau 5 E сои) = пл 
Ї чеби, (Шаа! _? Pee 
= x x 
0 1 – cosx 0 1 – cosx Mo 
о \l-cosx 
j (5084 + Dx – cos(n + 2)x ја л 
=== X E 
0 1 — cosx апа I = | (=a = л 
о \l-cosx 
x [2 sin(n + ШЕ Subtracting, we get 
= | ах 1,-1 эл 
0 1 – cosx 
= 1-1, +пл="пл 
л sin(n + ШЕ 1, = пл 
s 2 2 d 
Е за (> 5 Саа БА 
2) Моуу, =Í [zs |9 
0 віп“0 
л sin[n + 3р m 
= ——— Јах NU =| (= T 23 
0 2 - cos 
„(5 | 
л 
Similarly, ER. | Ё = —| -— 
2% \ 1 - cos(x) 
л sin(n +2) 
I. 5 25 1, - | Б ах (ii) 37. We have 
0 sin| = 
(5) i (12 + 22 + 33 +... n + 23 + 33 +... + п?) 
іт 
Subtracting Eq. (ii) from Eq. (i), we get поре (19:44:27 3 39 +... n$) 
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38. 


39. 


ххх (о) 


|| 
S 


Ба. 
н> 5) хи? (a) 
БЫШ; - 14 "e 
22 (5) 
1 1 
[ IE 
_ \0 0 
1 
IE 
0 


1„1 
E I ч! 
ту но 
Л 
We have, 
іт, [Иво ( 
noe p=] n 
= Jim (5420) 
= Jim к ((1 - F)eos($)) 


| а – xcos(4x)dx 
[0] 


2 (а 3) sin) 


1 
-044 | sinanax 
4 0 


1 1 
| + 1 | sin(4x)dx 


ЕСІ 


- = — cos(4x)] 


We have, 
xol 
lim X; |œ - x * ax 
n9? (210 
n y xy? 1 
= lim У, - 
n>% А+ r+2/o 


С 1 
ae алта 
13 ud +2 


ГЕН 
по» (12 n+2 

—_(1—_ 

i E o 

zl 

2 
40. We have 
л 
|| sing Jte. v a, be Rt a>b 
о (а?сов20 + Ь25іп20 
| пл 

22 sin Jao 
0 се” + Ь25іп20 
quM 

22 sin | 9 

0 Еле? + D? — b cos?8 
л/2 қ 
22 ѕіпӨ | 0 
| ЈЕ + (à? — Б2)соѕ20 
Let cos@=t 
0 
dt 
= 32 
J ЈЕ + сс 
1 
й 
=2| ЕН 
J FE + 075 а) 
= 2 dt 
(42-52) 0 p 2 
2 y et 
(а — b^) 
2 1 (12 -p | 
ш (ап 1 
(а? -b b b 0 
а? -b 
2 15 T 4 
= х (ап 
b (а? 52) b 
Lever (0 
1. We have, 
B 
| х- а dx 
а В-х 
Let х = acos?0 + Вѕіп20 
> dx = (В — о)ѕіп(20) 

Now, (x — 0) = acos?0 + Вѕіп20 -0 
= Вѕіп20 - a(l – cos?0) 
= Вѕіп20 — аѕіп20) 
= (B – ojsin?8 

апа (B — x) = В – acos?0 – Вѕіп20 


= Ва — sin?0) – осоѕ20 
= (B – o)cos?8 


2.106 Integral Calculus, 3D Geometry & Vector Booster 


The given integral reduces to 


л/2 702. 
(В — одвіп“0 . 
4 20)49 
J (8- 0)соз?0 ш 


zn2. 
-| 5119 „ (В – a»sin(26)d0 
о со80 
л/2 


= (B — o) | (28ш20)40 
0 


л/2 


-(8- о) | а - соя(20)40 
0 


ЕТЕ 20 _ шин 


-TB 
->(8-о) 
л/2 
2. Now, al + bJ = | dx 
0 


40) 


л 

2 

/2 ; 
bcosx — asinx | 


л 
Also, Ы-а/-| | _ 
о \acosx + bsinx 


= (loglacosx + Ьѕіп х)? 


5 log(2) ES 


Solving Eqs (1) and (ii), we get 


-— (а? + b*)\ 2 
Ш 1 bz b 
(a n" 5! 2 alog()} 
3. We have, 


a 


л 
| log(cota + tanx)dx, a € (o. 5) 


cosa , sinx 
log| —— + ах 
sina COS X 


в sin acosx 


(=e — x) Jax 


| 

Ota обе оа со 
= 
o 


log[cos(a — x)]dx — | log(sina)dx 
0 


-Í log(cosx)dx 
0 


a a 


= | log(cosx)dx — | log(sina)dx 
0 0 


-Í log(cos x)dx 
0 


--| log(sina)dx 
0 


= —a log(sina) 


= a log(coseca) 


л/2 46 
. Let Í ЛД NO, 
0 \sinx + cosx 
л/2 6 
= | ~ COS X Іш (ii) 
Sin X T COS X 


0 


Adding Eqs (1) and (ii), we get 


л! 
21 = | 


24. 
[iis + cost | 
DU D AC % 
0 


sinx + cosx 


74/26 6 
-2 j үхсэн! 
sinx + cosx 


210 Р 
sinx + COSX 


л/4 
1- 3sin^xcos^x ?xcos^x 
dx 
0 sinx + cosx 


л/4 . 2 
1 [Зе 
4% \sinx + cosx 
л/4 4- 23 22 = 2 

281 1 d 
- x 
4% ЩЕ - x) + cos( + - x) 
4 4 


л/4 2 
IE |268 ж 
0 


442 cosx 
224 је - 3(2cos/2x – 1) яр 
x 442 0 cosx 


cosx 


Т cs 3(4cos*x — 4cos^x + DJ 
0 


EM 
(secx + 12cosx – 12cos? x)dx 
“42 | 


= l Повкесх + tanxl + 12sinx 


4N2 


/A 
-12 (sin - isi) ; 
3 0 


1 1 1 
= — }log(v2 +1 ҮЗ -12|— - — 
ag 9802 + 068 - ia - c) 


2 25 [log(V2 + 1) + V2] 
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5. We have 


1 


| 


ах 
(5 + 2x – 2321 + е2-%) 


dx 
ау ре 3 


ах 
(5 + 2х— et) 


0 
1 
| {5 +20 - x) - 
1 
| 
0 


Adding Eqs (i) and (ii), we get 
1 


dx 1 1 
ail (5+2х mj (42-74) : (1 + =) 


- 


since | 1 + = 
ek e? 


= — 
1 
> i-i] аг : 
0 -a(x - -3| 
х-х—у 
1 
Е 1f dx 


EN EE 
а т 


"A маш 
410 


Put -4P НЕ 2+0), 
133 


+1 


Р.ШАР-ЕЗЭГ АГ 44 


4 
а 
? + | 
3 1 
gg? а + 4t Га) 
3 0 


7 
: : +1 ы +4 жап 10) 


(6 -4t бар 2) 
аі 
Л! 


(i) 


(ii) 


: X 2 
7. Given I =] lum dx 


л [2 
1 
апа /- | т=з cs — їе 
(1 + xsinx) 


Now, 
л 
(= уы | x COSX 
о (1+ ЕМЕСЕ 
-x т Ї х 
= | +2 а 
a n A іі + m 
--л 425 
л 
here k = T 
US J 1+ sinx 
(zx — x) 
2011 
о l-sinx 
f л 
= 2k = 
J 1+ sinx 
га 
> 2k = 2a | —& 
о 1 + sinx 
л/2 4 
> k= л | = 
0 | + 955. — x) 
2 
л/2 4 
=> К-л = 
0 2cos (7. – >) 
4 
л/2 
= е кую 
л хүр 
К =(atan(— – —) |2 
zi (тап(5 3 
> k= 


Thus, J - I = -0° + 27 = л(2 – л) 
8. We have, 


л/2 
| (Vsinx + Veosx) ^ dx 
0 


л/2 
ах 


0 (Мах + Vcosx)* 


2 2 
sec’ x dx 


о (Мапх + 1)* 
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T 


| 
0 
5* anh 
1 
3 


9. We have, 


о — = 
Penn 
& 

| 

а |8 
un 

~ 
АШУ 


л 
^ | ах 
0 | 1 – tan?(x/2) | 
1 + tan?(x/2) 


_ Ї | ѕес2(х/2)ах | 
о (a(l + tan/(/2)) – (1 — tan2(x/2)) 


| 
о — = 


| зес?(х/2) Ах | 
(a – D + (а + Dtan?(x/2) 


sec?(x/2)dx 
(а- 1) 
(a + 1) 


2 | dt 
(a +1) 9 fe 1) Т 


Па 
Ё 1 
= + tan?(x/2) 


(а + 1) 


P cp 


2 (а%1) л 
x x 
(а—1) 2 


0 (a + 1) | 
B (a – 1) 


азу) 


Thus, 
ыг J (a — cosx) 


л 
= ‘a> 
\а? — 1 
Diffeerentiating w.r.t a, we get 


Л 
ах ла 


0 (а- cosx)? (а? - 


Л 
ах ла 
= | 7922 
0 (а- cosx) (a – 


(Let а= 2) 
ах 2л 


=> = 
(2-совху  3N3 


© 


10. Given, 
л/4 

1, = | ап" хуах 
0 


П/4 


| (кап! ?x-tan?x)dx 

0 

II/4 

= | (tan”-2x(sec2x - 1))ах 
0 

П/4 П/4 


0 
П/4 


= | (tan" ?x-sec^?x)dx — 1,» 
0 
егі 1 
> 1-1 -| | 
п һ-2 n — lo 
— 1, + 1,2 = | | | 
п n-2 n-1 
э Е ОЕ 
(1,--1,>) 
1 
Thus, ———— = 
(h + 14) 
S ик 
(5 + D) 
Ld c = 
(16 + 14) 
1 
and ———— = 
(G + 5) 


Clearly, 3, 4, 5 and 6 аге іп АР. 


11. Let I= f o Өзіор(іп0)40 
0 
Л 
= | (т- буЛог(вн(л – 6)40 
0 
л 
= | (л — Ө) log(sin0)d0 
0 

Adding Eqs (1) and (ii), we get 


- | ((т-ӨУ + 0° Нов(8шд)40 


{x^ 3270 + 3л 0 Иов(зшӨ)40 


| 
оба o 


Л Л 
mJ log(sin@)d0 – зл?| (Ө/ос(віп0)40 
0 0 


Л 
+ Зл] (Ө2)ов(ѕіпӨ)а0 
0 


= – лЛов2 – 3271, + Зл1, 


| (tan" ?x- sec^?x)dx =] (tan"?x dx 
0 


(4) 


(8) 
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Now, 1 = 


=> 21 


0log(sin0)d0 


onra ota 


(л — 0)log(sin0)d48 


л 
л| log(sin8)d0 — 1, 
0 


л 
= л] log(sin0)d0 
0 


л log(2) 


= 1 = —Flog(2) 


Now, 21 = 1log2 эл 


л? 
2 271 + 371, 


> [= 


2 


4 


4 


235 


2 


4 
2 1052 | 


4 
T 1022 TL 


2 
5 271 piy 


2 2 


3л 
2 


т, + | [6?log sin(0)]d0 


3 Л 
Т \og2 + 32. | [G21ogsin(0)]d0 
6 2% 
л 
овор) + ) + Эл | e J [67log sin(@y|d0 
0 


л л 
| ө?їог(/2)аӨ + «3 | | [67 log вїп(Ө)]4Ө 
0 0 


|| @7log(V2sin(@))d0 
0 


Hence, the result. 
12. Given, 


1, = | (е “Хх!” Пов x)dx 


со 


((е Човх)-х" Ydx 


ogi =), - J (6 жы; 4 -e “Човхү Jdr 


Ї -x _п— -x n 
20581 {(e le logx-x^) | х 


1f e* n 1f -x .n-1 
EE logs di - у | e -x dx 


n- 


I 


n 


: To 


n 


Thus, n], = 1, , — Ги) 


Replacing n by (n + 1), we get 


0) 


(ii) 


(а +) = Ба -T(n + 1) 
(а + DE = 1„›-—-Гт+1) 
Also, Иий, = nl, – пГ(п + 1) 
Thus, – (n + ПЕ = nL,, - nl, 
> Lig п + 2), + п, = 0 
13. Given, 
1 
af (x) = bf(-x) = sin(x ;) 
Replacing x by —x, we get 
afC-x) + bf(x) = - Lsin(1- x) 
3 ак) + bf(x) = Lsin(x - 1) 
From Eqs (i) and (ii), we get 
(2 -fo = (a - P Jsin(x - 1) 
1 1 
> fœ) = (с " sinl 1) 
2 
Let = | годах, (a ж b) 
1/2 
_ 1 | 1 
еке 
2 
1 1. 1 
= (е i ЕСЕ Da. 
1/2 
"E UR 1 
= (a+b) J 5 sin(y 2 жүл 
2 1 (287 
(a+b) | 15:25:12 
--1 
> 21-0 
=> І-0 
2 
= | годах = 0 
1/2 
14. We have, 


7 [A3cosQx) — 1 
pop 
0 


cos(x) 


Л (cs 


COSX 


л/6 6 2 4 

= | | COS х - | dx 
0 соѕ х 
л/6 


= | (V6 = dsec2x)dx 
0 
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1/6 6 4 2 
= | fe - 4Sec x је 
0 


V6 — 4cos^x 
је) (2 
C | P sec^x dx 
0 (V6 — 4sec?x | 0 eS 6 — 4ѕес2х 


z/6 
__ 6cosx ` aa 41 | ѕес2х PEE 


\бсоз?х — 4 х — 0 142- 2tan?x 


л/6 2 
бсовх Е | sec^x Б 


\2 — бѕіп2х о (2 – 2tan/x 


Let sinx =f апа tanx = v 


-| ей + 4 | 


| 
о 
— 


15. We have 


dx 


Ї Ч + х? + 2х2 + xtan2x  x?sin?x + (бап (х) +1 


248 хб + 3x4 + 3x7 + 1 


үз 
= | Га + 2х2 aa 
AB +1)? 


43 
j (5 + 1)? Т 
^8 AG? + D? 


1 (5 dx | 
з 1041) 


Na 
- 2 


0 m + m 
= (дап од 
= 2[tan (МЗ) – 0] 


шоо! 
3 


Integer Type Questions 
1. As we know that 


л/2 rz 
| sin'xdx = х VT 
0 2т(" +=) 
| 2 
л/2 Г 4) 


5о, J біп x dx = 2Г(6) 


. Let L= 


- 63 x 15 x Va 7 
2° x 120 

_ 63 хл 

2 2х8 

_ 63хл 
28 

Thus, А = 2 and В = 8 

Hence, the value of B — A is 6. 


. As we know that 


| cos"xdx = > NT 
= 


2 


л/2 n == 


9 2. n 
л/2 

So, | cos*x dx 
0 


So, L=3,M=5, Р= 2 and О = 7 
Hence, the value of 


1-М-Р-0 
-314-5-2-7 
-3 


. We have, 


л/2 
1-1 log(sinx)dx = 31082 
0 


л/2 
and 1, = | log(cosx)dx = 3192 

0 
Hence, the value of 

105(1 + Х) 
| am o i 
0 (lx 2) 
Let x = (ап = dx = sec?0d0 

a log(1 + tan@) 


= | —— ——  sec?840 
о (1 + tan?0) 
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= | log(1 + 'апб)ад 40) 
0 

| log(1 + ап (+ - 0) \a0 

loe 


= | юе| > Jae 


1+tan@ 


EL 
1+ (апө 


л/4 
102214 – | log(1 + tan 0)d6 
0 


10212140 – 1 


л/4 
= 21 = | 108240 
0 


= 2 1082 


> [= 5 1082 
л/4 

and Let M = | log(1 + tanx)dx 
0 


л/4 
=] log| 1 + ап (+ - х)јах 


л/4 


| 1 – tanx 
= log 
0 


1+ IDEM. 
1+ tanx 


1+ tanx 


= log(+* tanx + 1 – шал, 


= log2- 1 
=> 21 = 21082 
> I = Flog2 


Now, L + М = 91082 + 91082 = 21082 


So, А = 4 and В = 2 
Hence, the value of 
A+B+3=9. 

5. We have, 


со 


1- | e "x? ах 
0 


1 
. Clearly, М = 1 1 = 
6. Clearly, TA "a EX X 


Hence, the value of 
L+M+Nis5 
1 1 101 


1 1 
аМ-20х-хіх--5 
ап о X5 


Hence, the value of 
2М+М+2=1+5+2=8 


7. We have, 


2 
м=| сома 
22 


-1 0 1 
= | Cp a+ | сома + J Сп ах 
=: -1 0 2: 


+ | – ах 
1 


= 0 j 
= Cyd + | с0а + | CY ax 
=> Я 0 : 
+ J C DO dx 
-1 0 1 2 1 
= | rac] с1)-ах» ] дах + | C Dax 
-2 21 0 Í 


=(-1+2)-(0+1)+(1-0)-(2-1) 
l-1+1-1=0 


4 
and N = | [x + Пах 


Hence, the value of 
М+М-1=9. 
8. We have, 


3 
L=J (x- 1 Па 
22 


-24%0х3%20%3х2 
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[loglxl]dx 
3 


© 
г 
о 
~ 
~ Y 
|| 
= — 0 


£o 

5 

с. 

X 
| 


1 
L 
f= ; 
о ut? 


. We have, 
2л 


А = | Гала = x 
5 10л 


апа В = | [sinx + созхјах = 5л 
0 

Hence, the value of 

B 


ane 


11. We have, 


+ 
V2n 3n vån 
1 1 1 
+ 
V2 


[s 1 1 1 


alte 
vn 


| 
п М 
| 


| 
8 
| 


= Qux = (244 – 0) = 4 


12. As we know that 


n 


ІШЕГІ 


0 


n(n — 1) 


{x}dx 


о х 


10 

Í хх 

0 

10 

J ода 
0 

13. As we know that 


b 
код _ 
J Fe +b+x) aa) те 


Thus, = (10 – 1) = 9. 


= | [llogxl]dx and, then find the value 


14. 


15. 


Thus, the value of 


8 


[x] 


[х2 — 20x + 100] + [x?] 


_ 8-2 


We have А 


J 


-1 


| 


=3 


хаапх) 


== 
2 


Clearly, т = 4 and n = 2. 


Hence, the value of 


(т + п) = 
We have, 


1 


Е 


3 


л/4 


0 
л/4 


ах 
Put x = sin(20) 
=> dx = 2соѕ(20)а0 
2с08(20)40 


VI + sin20) + 41 — sin20) 42 


2со5(20)40 
cos@ + sin@ + cos@ – sin + 2 


P 2с08(20)40 


0 


л/4 


0 


2(cos0 + 1) 


cos(20) 


(со80 + p^ 


А 1 2520) 


0 


КЕ 2(1 – cos?) 


1 
| 
| 


(со80 + 1) 


(со80 + 1) 48 


ТЕГТІ + созд | aem cose) јад 


| 1 201 cose) 9 
2cos 6/2) 


БЗЕ | 2(1 cos6) |46 
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= (tan( 2) - 2(0 – sino) 


Л Л 1 
= || кад Ғыл; авва 
(2) E 8) 
= (2-1) -F+2 
= 20-2-1| 
(2-5 

Thus, а = 2, b = 2, с = - 1 
Hence, the value of 
(a+b+c)=3. 


Questions asked in Past IIT-JEE Examinations 


л/2 
1. а» + f( -91600) -8( —х))ах 
niz 
= | водах = 0 
-7/2 


where h(x) = [700 + АС -dew –2—х) 


= h(x) is an odd function. 


л/2 
2. Let 1 = | f(sin2x)sinxdx NO, 
0 
л/2 
= | f(sin2xcosxdx 2.64) 
0 


Adding Eqs (i) and (ii), we get 
л/2 


21=| f(sin2x)sinx + cosx)dx 
0 
л/2 


= ҮЗ J f(sin2x)(sin(x 4 i) 


л/4 
= ҮЗ | f(cos20(cos idt 
-л/4 


л/4 
= 22 | /(сов2/(сов/) 
0 


л/4 
= 22 | /сов2хусовхах 
0 


л/4 
= 21 = 22 | f(cos2x)(cos.x)dx 
0 
л/4 
E 12242 | f(cos2x)(cosx)dx 
0 


л/2 
3. Гег 1 = | sinQkx)cotxdx 
0 


|созхх 


л/2 . 
Е | sin2 kx 
0 sinx 


л/2 
= | 2((созх + cos3x + ... + cos(2k — 1)x)cosxdx 
0 


л/2 


= | [2cos?x + 2cos3xcosx +... 
0 


+ 2cos(2k — 1)xcosx]dx 


л/2 
= | Га + cos2x) + (cos4x + cos2x) + ... 
0 


+ cos(2k)x + cos(2k — 2)х ах 


2 (1 4 ний 4 [ze i XU 
2 /0 4 2 70 
x sin(2k)x 2 cos(2k — 2)x 177 
2k (2k — 2) 


0 
ute 


2 


x 


. If f is a continuous function with | f@dt ео as 
0 


|] — оо, then show that every line у = mx intersects 


the curve y? + | ба = 2 
0 


л xsin(2x)sin{ Тсовх| 
‚ Let 1 = | dx ...(i) 
0 2x - 7 


л [(z — x)sinz — 2x)sin( Ecos – x 
E Eme) 
0 


2(m-x)-z 


л | (zz — x)sin2x)sin( Z cos(x) 
222220 
0 


л — 2х 


л [(x — лд)ѕіп(2х)ѕіп( Zcos(x) 
= Г | [5 ! dx 
0 


=. Gi) 


Adding Eqs (i) and (ii), we get 


л 


21 = J (sinc2x)sin( F coso) их 


= 21 = 2f ( sin(x)cos x sin ЕСЕ | | dx 


л 


= 1 = J | sin(x)cos x sin (у созо | Jax 


4 -7/2 
=> I=-— | (tsint)dt, 


(Let Л cosx = | 
A n2 2 
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o -x 0 
= [=-— (tsint)dt = A 
n? лр 2 /-2 
л/2 = 2 
= = | (xsin x )dx 1 
л? 0 9. Given integral = | Isin(27x)ldx 
0 
= -Š xcosx + біп ху 2 ds 
= l | зала, Cet 1-2лх) 
27: % 
8 8 
---541-0-- : 
Л Л 1 2 
: =— | Isinxldx 
2 2л 0 
6. Given | | Jas 
3 асы 1 2 
=—x4== 
5 2л Ша 
= | E E je 
3 x | 
10. Given integral = | ex — 1)"dx 
1 х-21р р ү 
= |х + 4:105 | 
| 22 "x 21 Let 1 = | еҷ - D'ax 
0 
= (x + lo х-2 | 
i в x + 21/3 -((x-1'e*)y al n(x = 1)" le*dx 
0 
3| ‚|| 1 
= |5 + 105|=| – 3 – 108|- 
| 217 ШЕ =(-I)n -nf (x — 1)" le*dx 
0 
= 15 
= (2 + log E | = —(—1)" zu 
л 
Pe ey -nlp NO) 


7. Given, | (1+ х2)ѕіп хсоѕ2хах 
= 
1 


л Now, д = J eœ- Dax 
= | foods 0 
-7 1 
= (2: – De?) -f edx 
= 0, since (1 — х2)ѕіпхсоѕ2х 0 
is ап odd function. --(-1- (ез, 


1 
-іІ-(е-І)-2- 
8. Given integral = ju — мах Sor) 5 
=I From Eq. (i), we can write 


! I, =-1- 21 
= fix — Idx 

A --І-2Х2-е)-2е-5 
0 Again, from Eq. (i), we сап write 
= | шах, det (кред Р 

-2 
= 1– З2е – 5) = 16 – бе 


0 
= Јы "2m 
20 11. Given integral is | | 
0 \1+tan'x 


0 
2 2557) л/2 3 
Ц x)dx Ч | ees x - је 40) 
0 cosx-sin x 
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л/2 ME 

SIn X 
| [0 5 је 
0 Sin x + COS x 


Adding Eqs (1) and (ii), we get 


л/2 NE 3 
u=] еек 
0 \sin?x + сох 
л/2 
л 
= 1)4х = = 
Гаж=5 
л 
> 1=— 
4 


12. Given integral = | 5 " 
2 (х + DG - 1) 


(220 — 220) + (x4 232 + 1) 


Gi) 


3 
Саал 
x 


G + DG - 1) 


(x 4-1) 08 = 1) 


(2х3) [OE e 
d. 
espe Паш 


Цех (2-1) + 02 + 1) је 


Р 


1 


ГЕТЕ! 
| 


1-1 ИИ ЕДЕ! 
= 1 1 
J 2 је [ое 2108 
Let x?41 
1-1 15-13 
- t ] 
J (7 2р *( SE Al 
Е ЕМЕ 
= (ои + (зө | 
1 1, |3 
= [102121 – — | + |-Пов |= 
(ы | 10) + (598 All 
= (1 m 
= |21026 Б) 
3л/4 
Ф 
13. Let J = -- " 
ео 


37/4 


= шэг 
тет is, 
37/4 
т = 
Е ЕТІ 
ша (1-%віп(0) 


3| 


(ii) 


Adding Eqs (1) and (ii), we get 


Л 
21 = — — —— |а 
ба (Tengo 


n аф 
ша \1+sin(@) 


AA [5 5 Imm 


3л/4 


|| 
а 


|| 
а 


1 – біп”) 
3л/4 : 
122 
ШЕШ" 
ла cos ф 


= л (ѕес2ф - зесф tang)dp 
л/4 
= л(ќап ф — sec 9) 
= л[(–1– V2) – (1+ V2)] 
= - 2л(\2 + 1) 
--Л(У2- 1) 
144. 2 
14. Given integral = | | аг lav 
A3 - bi 
| sin | 2 
х х 
zi Ё EL ] 5 = jr 
1 
xx Ё "u^ 


15. Given integral — | Isin xldx 
0 


плу 


мах + | Isinxldx 
У 


| 
о—< от Ot 


пл 


sinxdx + | lsinxidx 
0 


л 


sinxdx + n Isinxidx 
0 
V 

= —(cosx)|, +nx2 


= ] — cos V + 2n 
= (2n + 1 — cos V) 


16. The given integral = 


|| su 


25292 
АЖ” 
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1 
2 
27. 


17. Given integral = | [2sinx]dx 
0 


m4 37/4 л 
= | Dsinxldx + | sinxldx + | [2sinx]dx 
0 m4 3л/4 

5л/4 7л/4 


+ | [2sinx]dx + | 


2л 
[2sinx]dx + | [2sinx]dx 
л 5л/4 7л/4 


-04(2-12| () € 0 + (3E - л). (-1) 


" (7. 57 
4 


18. Given f(x) = Ама (57) + В За ЈЕ = 2\2. 


2А 
Also, Е 


fdr = 


(Аза(57] + в) а= 


_ Аѕіп(лх/2) | _ 2A 
тд 


_ 2А 


| 
— CoH OH 


= 
(7/2) 0 
2A 2A 
+” -2 +в) а 
_ 4A 
= В = T 
Also, r(3) = 245 
> Ро) = А5 cos() 
АНЫН ҒЫ 
- Ал cos( 2) - Ал 
2 4 242. 
Ал 
=> == = 2/2 
21/2 
Ёс: 
m TE 
04.8 32 
d. 
Үз 4 
19. Let I = | | 2 сок | = је 
22-11 -xf 1+х? 
43 


22). C2) + (22 - ЛЕ) 


20. 


1 – cos(n + 2)x 


ЕН 
d. 1 
E з 
4 4 
а 2х 
= л] | х је | | СИ ІШ 
d ] egt ЯЕ Lae Lex 
ҮЗ КЕ) 
d. 
j " 
= л ах -І 
ГЭ 
үз. 
d. 
з 4 
> ==] | х ја 
1401-х 
3 
EN 
з 4 
-24 | | X је 
о \l-x 
d. 
з 4 
-> 1-я] | Ж је 
011-х 
d. 
N43 
4 
--л| | X іш 
о 14-1 
d. 
n 1 
=- (1+ је 
0 x-1 
d. 
КЕ) 
НХ 
0 (x^ – DG + 1) 
d. 
КЕЗ 
saf prte D Ма 
0 2002-1) (2-1) 
1 
Е АСНЫ ta^. 5 
ДА 021—8) a) 
43 242 1-43| 6 
We have, 
Ола = Un+1 


-1| 


1- cosx 


ja 


|: - cos(n + Dx jas 


0 1- cosx 
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1- cosx 


А cos(n + 1)х — cos(n + 2)x 
4 | 


л 210 + sin[n + э} 
= | “эн ах 
0 sin 
2 
л 2sin(n + 2): 
> U,i» = Un+1 zn ; x dx 
ШІН 
| 1 
л 2sin(n T Їр 
“Га | 
0 sin| = 
2 


Therefore, 


(0,42 Unan) (0,4 U,,) 


2cos(n + 1)x sin(7) 


|| 
о = 
m —— 


ШЕ 
= | Осов(п + х) ах 
0 


2 sin(n + 1)х)0 
| (n + 1)х | 


Thus, U 


Now. 
, 1 — cosx 


1- cosx 


NM LT 
15-15) 


-0 


л 
ЫСЫ; 


Thus, U,-Uy-m 
> И = Оу + л 
=> И, = Uy + пл = пл] 


л/2 Ау) 

| нэ (n0) | 40 
0 

л/2 


(1- cos?0) 
г - шел 7 


(1 — cost) 


(1 – cos 78 oo 


(Let 


20 = t) 


22. Let 


21. Given 


e 5 (1 — созих) 

Е A (5 - —[ 

72 E 
a fix) + ЗЕР -5 4) 
Replacing х Бу 1/х, we get 

a (1) + һу) =x-5 i) 


Multiplying (1) by a and (ii) by Б, and subtracting, 
we get 


ах) - Бу) -а(1- 5) ec 


zs (в? – Ы о) -а(1-5)-Ых-5) 
a|} – 5) – bæ- 5) 
> f= nh 
(a — b^) 
Now, 
2 
J foods 
|4: -5)- bw - 2 
= а. 
1 (42-52) ш 


= - 5) – ми - 5))а 


2 2 
———— > [вдовы = 5х) – Е - | 
2 3 1 


(а? 
22Ь 
ET. ((«аово) - ==") 10b – 5a 
(a 2) 
2л 
‚„2п 
xsin^"x 
0 Vsin^x + со "х 
2 : 
|; | (2л — х)ѕіп2"х је 
= LM — — ldx 
о \ sin?”x + соѕ2"х 
2л 
‚„2п 
sin^"x 
0 sin^'x + cos”x 
2л 
хат? х 
| = 5 ах 
0 \sin”x + cos^'x 
2л 
‚ 2n 
sin 
= 2n | | 2 X 5 іш 1 
0 \ѕіп х + cos”x 
2л 
; 2n 
sin^"x 
> 21 = 2л | сы Jas 
0 \sin”x + cos^'x 
2л К 
sin^"x 
> Гел] |- == |а 
0 \sin”x + cos^"x 
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2л - 2n 
= 1-4л| ЕЕ іш NO, 


0 Vsin?"x + cos?"x 


Sin X t COS” X 


= anf ЕЕ Jax ii) 


Adding Eqs (1) and (ii), we get 


2 
sin^"x + cos?"x 
Хэ: ах 


nl 
2г = 4л | |2 
sinx + сов тх 


0 


л/2 
- 4л | ах 
0 


T 2 
= 4лл^ = 4 
ЛЛ» Л 


> 1-2л? 


л 
2x(1 + si 
23. Le _ [=] [as 


1+ со8 х 


п a 
2x 2x sinx 
-z 1 + совх -z | + совх 
Л 
2x sinx 
-z | + соѕ х 


л . 
хвіпх 

=4] = 

0 1 + cosx 


ах 


aj Ї (л — x)sin(z — x) ЁР 
0 1 + соѕ2х 


л . 
za ес 
0 1+ cosx 
л 
dx- 4 | 
0 1 + соѕ2х 


лвіпх xsinx 


af 


3 ах 
0 1 cosx 


л 


24] 
о 1 + соѕ2х 


лапх 
——— dx - I 


Л 
21-4 | 7S ах 
0 1 + совх 
л . 
1=2 | ад 
0 1 + cosx 
л/2 | 
Тайт! ae 


0 1 + соѕ2х 


л 
= —4л (tan! (соѕх))? 


mod 


|| 
а 


24. Given integral -] (апя) y 
37л 
= | sinidt, (Let 
0 
= —(cos йу” 
= -(со5(37л)-1) 
--(-1- 1) 
=2 
25. Сіуеп А 
ОРОО) -5-2х»0 
> (2), = F(x) 
4 біп(х2) 
Now, J Ез | x 
4 4.2 
_ 2x eine | 
7 J | zu 
-Г өнг 
-| ja 
= (FG 
= F(16) – КО) 
> k= 16 
26. Given а+ р = 4. 
а b 
Let Ка) = | одах + | водах 
[0] [0] 
а 4-а 
= | g(x)dx + | g(x) dx 
0 0 
4 
> TS = g(a) – g(4 – a) 
а 
аа) _ 
= 25-2 (de 
а _ 
> 44-20) g(a) – 8(4 — а) 
а 
> ле) = g(a) – g(4 — a) 
= аа) _ gla – 4) – g(a) 54 
da | 2 
4 b 
Thus, f(a) = J водах + | «ах 
0 0 


It increases ав (b — a) increases. 


min x = № 
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27. Given integral 


x 


g(x) = | cos^t dt 
0 


Now, g(x + п) 
Xt 


- | созт dt 
0 


хал 


созт dt + | созт dt 


x 


x 
=Í 

0 

x л 
- | cos^t dt 4- | сов 1 dt 

0 0 
-8 


(x) + gn) 
28. Given 


х 1 
J fat = x + “ра 
0 E 

> f(x) = 1 - xfx) 


=> (1 += x)f(x) = 1 
2 1 
Е: fa) = 1+х 
21 
> лог; 
29. Given, | 
Ј лода 


1 


=f œ- ва 


1 1 
= Јода z [Фра 
1 


- 0 - (рах 


0 1 


= - | (ax - J (ebay 
= 


0 1 
=- f Dar -f (0)ах 
-1 0 


= | ах 
-1 
0 
= Ql, 
-10-(-11-1 
30. Given, 
1 
| tan! | : У ах 
0 l-x+x 


1 
- а|Хх-0--1) 
= Ј tan Ё кое а 


1 1 
= | tan! xdx – | tan! (x – Ddx 
0 0 


1 
tan! хах — | tan! Па — 3) — Пах 
0 


| 
om- o- o 


1 
(ап | хах — | tan! (—x) dx 
0 


1 
tan ! хах – | tan! (x) dx 
0 
1 
=2 | tan! хах 
0 
1 
Also, _ jJ tan — x + 2) ах 
0 


2 25 cot! (1 — x x) dx 


1 
- 2] tan ! хах 
0 


1 
- 2| ваа x 23 log? + i) 
2 0 


| 
N 
—— 
[а 
| 
|= 
— 
o 
[us] 
N 
ERE 


сіз міз міз міз 


Bike, Jel =A 
m4 l + cosx 


(i) 


Зл/4 
ах 


= | (4) 


ла 1- cosx 


Adding Eqs (1) and (ii), we get 
37/4 


21 = | | 1 + ! ја 


Те 
л/4 Sin x 


37/4 
= | (2cosec^x) dx 


л/4 
3л 
4 
= -Qcotx)l, 
4 
--2(-1- 1) 
> I-2 
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32. Given, 2 i 
3an > 0 < |] foar < 5 64) 
|| [2sinxJdx | 
л/2 Adding Eqs. (i) and (ii), we get 

57/6 л 1 aj j < 1 
-1 [2sinx] dx + | [2sinx] dx ZOE TIES к 
57/6 
1 
7л16 7л/6 1 
= <3 сл 
+ | [sind + ] [2sinx] dx А 2 ЈЕ ы | тоа 
л 3n/2 3 
- (27 B Z): 1+ (0) + (2- л). C1) 35. Given | /одах 
6 2 6 2 
3л Ја] 2 3 
DI 
+ | а C? = | дах + | дах 
_2л л Ал К : 
6 6 6 2 3 
л = | e sinxdx + | 24х 
= 75 252) 2 
2 
Л У 5 
cosx eot sinx dx 
33. Let raf [| --0) = Е + j 2dx 
9 TE ~ odd function 5 
л x _ т. 
m | | 55 x) i) me d 2 
(AE eb а =2 
Adding Eqs (i) and (ii), we get 
T | cosx — cosx + [ log,x 
21 21 ( E e =| he 36. Given 3, 3 
ое +e 
л 2 
= је = | tdt, ювх=1 
0 =! 
E _ (2) 
> I=2 „Ж 
2 1 
х - (2-2) 
34. Given а(х) = J Кра : 
0 -— 
Г 37. We h 2 
. We have, 
= 80) = | fo . 
0 Int . 
| : Тод = = dt NO 
= | лоа + | уфа 2 
0 1 52 
1 Int 
Now, —| = dt 
Now, 25/0 <1 ow f(4) ree 
E 1 Let (lod lay 
> Jar < | 1-4 y 
у i Ы The given integral reduces to 
= 1-І roa <1 (i) : (1) 
2 о - | —У ау 
Also, 0</)<1 Жо (1) № 
2 y 
2 2 y 
> Гоа < ШИЕ 24 дүр. г 
1 1 Е 
1 
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Adding Eqs (1) and (ii), we get 


ШЕШІ) 
шоо 


је) + (4) 


(1 + до) 
(1-0 


_ (іші) 
700 


1 


ше 


38. Let 


a“ cos x 
l+a 


4 


-7 


ах 


Adding Eqs (i) and (ii), we get 


л х 2 
= a = | (еј 
-7 а + a) 
л 
= | (соз?х)ах 
— 
л 
-2 (cos*x)dx 
0 
Н 1 + E 
" COS X 
i 2] | 2 Ja 
ЕРЕК 
2 2 Ло 
att 
72 
39. Given F(x) = J да 
0 
> F'(x) = f(x) 
Alo, FX*)=xX (х + 1) = ы 
=> Е'(х2):2х = 333 + 2x 


‚| 


mE 


| _ (пху 


2 


Nd 


ИО) 


Gi) 


Gi) 


2 
РОЗ) = 41-541 
Х X 


> 


By — 3 
= Хк) =>. +1 


Putting x = 2, we get 


= /4)-3-241-4 
40. ** 
41. Given f(x) = | 2 -— Ра 
1 
> Ро) = №02 - № 
Also, х - (х) = 0 
> х = 72 – 2 
= х =2- 2 
= x+7°-2=0 
=> (2 + 20° – 1) = 0 
= х= +1 
3%3Т 
42. Given | (Охах 
3 
1°:° 
= да 
2! 11072 
1 61 
== | foa 
2% 
1 61 
= = | feodx 
2 0 
1 1 
= = x6] fGodx 
2 0 
= 31 
43. Given, 


12 


f, (ba + we 


-1/2 


1/2 1/2 


= | (хах + Í 


-1/2 -1/2 


1/2 


= | (pax +0 
-1/2 


0 1/2 


=f аза» Гала 


—И 


1-х 
1 
оте 


(Let 


ја 


2x = f) 
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1/2 
-f (ах +] (O)dx 
-(-0000, 
еже. 
1 
2 


1 
44. Given Дт, n) = | (1417 dt 
0 


1 


pu + D"! dt 


| Эн n 
= | (1+0" - 
( TU o т+1 


2^ n 
md meg ien 


0 


л/2 


45. Let = | f(sin2x)sinxdx (i) 
0 


л? 
= | f(sin2x)cos x dx 8401) 
0 


Adding Eqs (i) and (п), we get 


Let | 


» 
= №2 | f(cos2t)(cost)dt 


1 
f(cos2t)(cost)dt 


f(cos2x)(cosx)dx 


| 
m 
[| 
2 


f(cos2x)(cosx)dx 


Un 
о — јао == AIN 8209 


f(cos2x)(cosx)dx 


1 
Т 
©] 
о ын 


46. Given =] edt 
x 


2 2 4 
> Ро) =е@*1 .2х-е*.2х 


> Ро) = 2x (t+) = e*) 
— ГО = же” (e+) _ 1) 
< - | y > 
O 


Clearly f(x) increases in (0, оо). 


2 


Ê 


47. Given | xf@dx = 22 
[0] 
в ра?) = 21" 
1 
ТЕ) яаг: 
Ге 2 Шеп 
5 
4\_ 1 _5 
f (55) (2) 2 
5 
48. Given | 1-3 


р 


0 
" 1-cos0| . 
= 1 | T osé | віп0 аб, 


Let х = созд 


—_ | > ви“ 
N 
A. 
Б 

TS 
NID 
SD 
[e] 
© 
[#2] 
штт- 
чы ы 
5. 
© 


л/2. 
= | (1- соѕ0)а0 
0 


л 


= (0 — sing)? 


-|--1 

2-1 

49. Let f(x) be a differentiable function defined ав /:10, 
4|-»В, show that 


(1) 8/7 (а) f(b) = - {f(0)}? when a, b € (0, 4) 


CUR 


4 
(ii) J дах = 2[af(a’) + ВАВ 


when 0 «o, B< 2 
[IIT-JEE, 2004] 
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л/3 43 
50. Let 1= | | шовх 
2 


- cos (ta + өр 


= Л 
E E - cos (ta + z^ 


n3 JE ИЕ " 
| - cos (ta + d 


=. == ===, РО 
T 

– 73 2 – [ы + Z) 
3 


dt | 
22 , (Let t= /3 
т], Ои (Ге х + 7/3) 
21/3 di 
-2 — В 
т] 1 a 


27/3 7 
лз |l + 28102 (1/2) 


= |; (Let 12 = y) 
1 + 2sin? y 


ѕес2у ау | 
2 2 
sec^y + 2tan“y 


6114 3tan?y 
л/3 2 
2 “л | sec y 
me |(1/43) + tan? y 
КЕ 
_ 4л dv 


3,5 ПАЗ) + y? 


ши? ҮЗ (tan ЕЕ 
51. Given, 


yx) = J 


W116 


[sues] 
1 + sin? (V0) 


у = T | нэл |% 
1 + віп 
15 


Differentiating both sides w.r.t. x, we get 


dy sx j | созуб је 


ах 1 + sin’°V@ 
16 
+ cost = 5 Je» 
1+ чих 
2) (-1) 
М — - DO 
d 2) ТАРБАН стр 


= 2л 
52. The given integral сап be written as 


0 
| (с + 1) + 2 + + Тусов(х + Па 
25 


Let (х+1)=1 
1 


= | ( + 2 + tcost)dt 
-1 


1 1 
= | (P + 1еовђа + | 24 
-1 -1 


1 
=0+ | 24 
zl 
= 2(1 - (-1)) =4 
53. Given, 
1 
| P до = 1 – sine 
> 0 — ѕіп2х f(sinx):cosx = —cosx 
zi fin) = —L 
sin x 
1 
= feo) ш 32 
и bs s 
^ 455 ar ? 
V3 


54. Given integral is = 


л 
| eco ча cosa) + Sos cosi sinxdx 
0 2 2 
л 
= | elo! 2sin( 2 cosx) sinx dx 
^ 2 
л 
+f e [seos(2 coss) sinx dx 
^ 2 
л 
0-1 e [scos(2 cosx) sinxdx 
А 2 
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55. Let 


0 


л 
= | eu sinx dx 
0 


3 сов 3 cosx) 


sinxdx 


Зсо8( cos] 


a2 


=>: | elcosal 
0 


n2 1 
=6 | e соз(1созх] 
0 2 


sinxdx 


Зсоз[ cos x] 


sinx dx 


ELE 


2a 
| | Јајах = 0, fa – x) = -fœ 


| 


t = cosx) 
1 
=6 | е сов [2 Jat 
= ЈЕ | і 554) + ын! 
4 0 
= 74) ШЕ + сов [5 ]– ] 


Integrating by parts, we get 


1 
L = (1 – xy х) + | x-50n- — Yl 29. ax 
0 


1 
= 0 + 50n | (1 — | ах 
0 


1 
= -50n | (a = x9 -= 1): -= x59"! dx 
0 


1 1 
= -5son| |  — xy ax – | (1 — yl ах 
0 0 


= —50n (I, — L, 1) 
= —50n I, + 50п L, , 


=> 
=> 


= 
Putting 


=> 


1, = —50n 1, 50н1, | 
(1 + 500), = 501, | 
№ _ 50n 

Iı (1+ 50n) 

n = 101, then we get 


Та _ __50 х 101 5050 
loy (1450x101) 5051 


lo _ 5051 
Tio, 5050 


Thus, the value of 


56. Let 


57. 


(A) 


(B) 


(C) 


(D) 


1 
| (1 — 350199 dy 


5050 x |? - 5051 
ja - 50101 gy 
0 
ѕес2х 
| fat 
L= lim | 2 


л 2 
а, 2 ээ | 
х “|16 
ү (ѕес2х) 2зес?х =) 
2x 


= (sec™!2 — зес 1) 
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58. Given f(x) =f х) 


> — fQ--fü-» 


Putting x = 1/2, we get 

705) 701-5) =G) 
- xe 
СЕ 


Also, it is given that r(4) =0 


Putting x = i in РО = -РА х), we get 


22 1 df 3: 
= үе (3) = 
Thus, f'(x) = 0 vanishes at least twice. 
Again — f(x)-/f(1l-»x) 


Replacing x by s + 3) we get 


= Ав 72-9) 


Thus, f(x + 1) is an even function. 


=> f(x + 1) is ап odd function. 


1 
2 
Therefore, | DE + i sinxdx - 0. 


1/2 
Again, | 1-0) edt 
1 


0 
= -| foem! -»gy (Let 1-і-у) 
1/2 


1/2 
= | мене - may 
0 


1/2 à 
= | fO) ета - лу) ау 
0 


12 
= | (о е") dt, by Property І. 
0 


60. 


non k (5) 

Ї 97351: 
21| ах 

о1+х+ 2 

1 

= | ах 

ЕМЕ 

2 2 


"fel 


С es Ы 
Бо (V3) – tan - 


22(л л 
ncs 4 
-Ї же 
3 6) 33 
Now, Qu 
343 


| h ЖС > | foods >h >) 


Given  J A1 - ГОР = | far 
0 0 


> V1 - ГОР = 709 


= 1- FOF Go) 
dy? EN 
> 034438 - 


| 
— 
=| 
— 
Il 
+ 
— 
| 
“55 


а 
> | = = +ах 
yl cu 
> sn'y-ctx 
> у = sin(c # x) 


When x = 0, у = 0, then с = 0 
Thus, the equation of the curve is 
у = sin(tx) = tsinx 
As То) > 0 for 0 <x < 1, we get 


ТОО) = sinx, Юг 0 <х<1 


Since sinx < x for all x > 0, we get 
ТО) <x forO<x<1 
1 
me И 
us Ї 5 < 


1 
2 
1 
2 


£ 

3 

a 

~ 
—~ 
| 
eae n 

A 
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61. Let Іт 


sinnx 
n 


(1 + л7)8шх 


sinnx 
----- Јах 
(1 + л“ m 


sinn (х) | Ра 


(1 + л очп—х) 


sinn (x) | dx 


(1 + лвік(х) 


м — ----- 


Е | л" sinn) іш 


~ \ + лози) 
Adding Eqs (i) and (ii), we get 
ыы Ї | + ааг 


(1 + asin) 


р Ї шер 


sin(x) 


-2 | (Ere, 


о\ sin(x) 


m ЖЕЛЕ 
0 


sin(x) 


jou | | + 2)х – Г. 


0 sinx 


л 
J sinx 
л 
0 


2cos(n + 1)xdx 


sin(n + 1)х\” 
22|-————| 20 
nel 0 
=> La ян 1, 
л . 
Now, I, = О and J, = ПЕН; = л 
о \sinx 
Since ә [, SO 
1 -1,-1,5.251 )ЕЛ 
and h=ah==..=h,=% 
10 
Thus, У 1,,4) 514, + 5 +.. + = 10л 
т=1 
10 
and У lym = ++... + yy = 0 
т-і 
62. Given 


fœ) = J 1017 
- Ро) = 709 


| 2cos(n + 1)x x ч 
ах 


0) 


Gi) 


dy 
d 
5 | 2 = fax 
y 
=> loglyl = x + C 
> у= е+С = Ае 
0 
Bu 0) = J fdr = 0 
0 
When х= 0, у= 0, then A = 0 
Thus у = Ае" = 0 
= f(x) = 0 
> 1005) = 0 
63. Given ё"/0) = 2 + ҮГ 414 
0 
=> e" f(x) - e*f(x) = Вх + 1 
Putting x = 0, we get 


> f(0)-f(0230-121 
> РО) = f(0) + 1 
> РО) =2+1=3 
Let Бі-е 
y=f@) > x = 80) 


when g is the inverse of f, then we shall use 


Цу) = 
10) = су 
Putting у= 2 and x = 0, then 
, 1 1 
EG eu e 
Ро 3 
1/4 4 
1 
64. Let ij: ЭГ 
01 l+x 


j Бан A + 6х? — 4x + Ya 
= dx 
0 2+1 


(хе - 4x! + 6х6 


r+) 


-4x + 2j 
dx 


2+1 


Ё j [ce + 1) + х' 2 + 1) + Da 
0 
- |“ (2 + 102 + 1) + 4х Jar 
x1 
| ‚ 4€ Фе ? jas 


+1 
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65. 


66. 


E (с +) +40002 + Dn 
x +l 


E 
dx 
x41 

= о? сэх ge 4tan ! x), 

= (4 – 4 tar! (1) = (4 - л) 
The given limit is 

Е fln(1 4 f 

28 ма |, 
x20 0 £ +4 
“па + f) 
агаа 


3 
X 


xln(l + x) 
х + 4 
3x7 


| 
5 


| 
— SO ~~ .—— ———— о 
ы — 
— 
3 
АА 
ке 
+ 
~ 
~ 
p E 


|| 
5 


The given integral is 
л 

2 

т] года 


= Ё | f(x)dx, (2 f(x) is an even function) 
0 


sin90 X 21 
51030 $10 


х 
$130 sin@ 


(3sin30 — 431336) , Gsind - Asin? 0) 
sin30 sing 


| 
| 
(ae ш 


ад 


67. We have, f(x) = ЊЕ 


л/2 
= 5 | (G – 4511230) x (3 – 49126))40 
0 


л/2 


= 5| [{3 – 201 – соѕ60) x 3 – 2(1 – соѕ20)}140 
0 


л/2 
= $ | [а + 2060) х (1 + 26052040 
0 


л/2 
= 21] (1 + 2с0520 + 2с0560 + 4cos20cos 2040 
0 


л/2 
- 21) (1 + 2с0520 + 2со566040 
0 


n2 
+ 5 | (4cos 60 сов20)40 
0 


n2 
- z (1 + 2cos20 + 2со860)40 
0 


л/2 
ар 16 | (2соѕ60 соѕ20)а0 
0 


л/2 
= 8] (1 + 2с0520 + 2с0560)40 
0 


л/2 
+ 16 | (соѕ 80 + соѕ40)а0 
0 


iee 16 = sind) 
3 + + 


_ 8 | 
= S0 + 5120 + T 8 12 5 


= (2+0) + 0*0 
4 


1-х :0«х«1 
-1 :1<х<2 


апа f is periodic with period 2. 
Also, since [—x] = 1 – [x] for non Integral values of x, 
so, f is an even function. 


10 


Thus, | /одсов(лхах 
-10 


10 
=2| Годсов(лхуах 
0 


9; 
= 2.5 | /одсов(лхак 
0 


2 
10| Есосоз(лхдах 
0 


104 + J), 
where 


1 
I = | Годсов(лхуах 
0 
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and J j ТОдсов(лхдах 1 [| | SEU: | Gi) 
= = АП 
1 22 \sin(ln — 6) + зт0) 
1 : : 2 
Adding Е а (ii), t 
Now, I=] /одсов(лхуйх шаға ады 
0 "ON Ps = + sin(In — 6) | 
1 = = : 
2 In — 6) + t 
= | (1 – x)cos(ax)dx сао 
0 1 113 
1 = 2 | dt 
= [t – (1 – х))соз(л(1 – 3)] dx A 
0 = — (In3 – 12) 
1 2 
= = | х соѕ(лх)ах 1 3 
= ((3}) 
5 2 2 
Also, Ј= J (x — Осоз(лхах T pad ЦЕ) 
1 4 2 
1 8 
69. Given, 
= | сол + 1, (Let х-1-0) нэн 
0 
6] Кое = зх) – x? 
= -Í tcos(zt)dt 1 
0 > 6f(x) = 3f(x) + 3xf'Q) - 3x? 
1 = 2 = 2 
= al хсоѕ(лх)ах =) To= 3х/ @) 1 M 
0 > F(x) = xf’) - x 
=I 
NN 2 
Thu, 1-/ = т ae 
= E x соѕ(лх)ах > oF у 
0 | Х ах 
"coc "NE 823 d у_ 
= (2 sin(x); + v J ѕіп(лх)ах => тат x 
= -L (соѕлх) which is a linear differential equation. 
dx 
2 S, Ее = ео ЕТ 
2 Hence, the solution is 
Therefore, y 1 
10 x Jax +с 
f fGocos(zx)dx К 1 
-10 шин 
= 10 +J) 52 хогоо 
- 201 when x = 1, y = 2, then c = 3 
= 20 х 2 Thus, the equation of the curve is 
л y_ 1 
2 10 X = => + 3 
T x | fG)cos(zx) 
Now, 10 а io Now, when x = 2, then 
_л? „40 у=-1+3х=-1+6=5 
107,2 2 5/6 
=4 70. Given integral = A | sec(zx)dx 
In3 7/6 
NIn3 (v2 
xsin(x^) 2 5л/6 
68. Let 1 = | Ё —^ 3 zm d | вери 
i |sinx^ + sin(In(6 — х2) In3 76 
Let xX =t > xdx = 1/2 dt 5 27 
Л 1 
1 857 =тз ^7 | вес хах 
= | „Је 2-4) 71/6 


“219 \sint + sin(In6 - 
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71. 


72. 


73: 


5л16 
= та х ји вес хах 
= ®. (loglsecx + tanxl) me 
1n3 7л/6 
seis s Cis БЕЛ 
= og + 
In3 МЗ УЗ МЗ V3 
EE XN 
103 8 43 


Given, 


b 
| (Хо) – здах = à - b? 


b 
> | /сдах = 2o a’) – (p – a’) 
b 
> J /сдах =$ = a’) 
> Ја) = х 
s E 
т 16) =5 
The given integral 
a2 
- Б + In( Ын | cosx dx 


T+x 
л-х 


= Ї (х2)соѕх dx + j [ог ( | совхах 


л 
5 

= 2 | (хајсовх dx + 0 
0 


= 2 (х25іпх + 2хсовх- 2sinx)z^ 


ita 


2 

- (= - 4] Sq.u. 
1 2 
fae а - 35 ах 
0 dé 

d 
= | 4? 
| а 


X 


1 
25)! 2d 245 
a°) Јо а-а 
-(4 x 5(1- i x (-23))] 


- 12 


1 
a 554 и] 52 
0 


1 
-0-0- 1210 – 0] + 12 | 2x(1 – x55 ах 
0 
1- 2,641 
-и o = 12ј0 + 1) =2 
6 0 6 


2 2 
= || ЗХ ја i) 
2 


74. Let 


(ii) 


75. The given integral 


1/2 

| cos2x- 21 
-1/2 
1/2 


| cos2x-log(! = х ја 
0 1-х 


- 0, (- М, = Odd x Even = Odd function) 


76. Let f(x) = ах? + bx 


Now, it is given that, 


1 
| /сдах = 1 
0 


> 2а + 35 = 6 
> (а, Б) = (3, 0) апа (0, 2) 
Thus, the number of polynomials is 2. 


2 2 
77. 1-| Бан ја 


112+ + 1] 

ШЕРІ 
al Ё nm a 
zl m0 P х0 p wd dx+0 
12500) 1250) los) 
42. 
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E 1_1 
= | — =2——=— 
ал 4 4 
Thus, 4-1-0 
78. We have 
1 2 
у 
0 1+ х 
Let 9х + Зап Хх = t 
3 
> 9 + Л dx = dt 
1+х 
2 
= (2 + Ox Ja = dt 
1+х 
253 
Thus, а = еш 
0 
3л 
9+27 
= б ips | 
943% 
> at+l=e 4 
=> log(a + 1)=9 + 27 
3л| _ 
> logl(o + 1)! — oo 9 
79. We have 


Ја) = 7 tan*x + 7tan$x — 3tan?x 
= tan&x(tan?x +1)-3 tan^x(tan?x +1) 
= (7(апёх — 3tan?x)(tan?x + 1) 


=(7 tan°x — З tan’x)sec7x 
n/4 


(i) J дас 


(7 tan°x – 3 (ап вес хх 


(76 — 32)dt 


77 | 
-|----- - 0 
| 7 3 /0 


om о ы 


л/4 


(i) | х/одах 


0 


4 
= (xf бој - J (| бодах| ах 
Di 
= (x(tan’x — tan?x) Jt - | (tan’x - tan^x)dx 
0 


л 
4 

-0- | (tan’x - tan^x)dx 
0 


81. We have 


— 


(tan*x - ап? хах 


| 
© 
| 
o AIA 


=0- 


om AR 


(алх - Dtan?^x ѕес2х dx 


Let tanx =! 


0 € біп (тх) € 1 


2<2 + ѕіп(лх) < 3 


1 1 <1 


3 24 (лх) 2 


192x 5 192х” 5 192x? 
3 2+ sin (zx) 2 


3 3 
2 Ее E 
Ж 3 Хх (Ж. 3 
[3928 ак < | ро < | 192 ах 
1/2 3 1/2 1/2 2 


| (бахдах < | родах < | (96х3ах 
1/2 1/2 1/2 


4\* > 4\* 
ва) < | годах < 95 
4 n T d 4 n 


Ed j P («- 4) 
t6[s 16) [res ns T 


Integrating, we get 


— 


1 1 
| D = ie < | удах 
1/2 16 1/2 


(Е x | j 
16|— – — < d. 
5 16/12 1/2 fœ " 


1 
2.6 <] Коах « 3 x 9 
1/2 
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81. 


82. 


Ans. (а, с) 
4л 
| е (8шбаг + соз“ адаг 
Given 1, = 2 
| e'(sin°at + cos^at)dt 
0 
кл 
Let Kk) = | е'(вїпбаг + cos*at)dt 
0 
> I'(k) = e*"(sinf (akr) + cos°(akm))-1 


= ле!" for a = 2 аз well аз а = 4 


Integrating, we get 


fü eet +c 
Since K0)20,wegetc--1 
> I(k) = ек" – 1 
14) 4л л 
= 1 1 
> 11) е /е 
Given, 
5 2 
is Ш-2х-1 
of +l 
Let foy = [5+4 2x + 1 
01 
х2 
> ше 2 ON аға 
> КО) = 1 and f(t) = је + 14 
Ё 
> < 7 MS E ly t € [0, 1] 
t +1 
1 
i 
> A <0 


f(x) = 0 exactly one root in (0, 1] 


Л. 
2 we 
-J| pera, 
1 +е 


Л 
2: 
= | (х2 cos x)dx 


л 
2 

= 2] (cosx)dx 
0 


л 
2 
> I= | (X cos x)dx 
0 
л л/2 
= (x?sinx)? - | Оохвіпх)ах 
0 
л? л л/2 
= 5 Е aix- cosx)] — 


2m 2[-(0-0 тәу? 
= 58 – 21 – (0 – 0) + (яах) 


0) 


(ii) 


| (- cosx)dx 
0 


CONCEPT BOOSTER 


3.1 Rues ro Draw DirreRENT Types ОҒ Curves 


To find 


the area of the plane curves, first we need to draw 


the given curves. 


So my dear friends, you should remember the basic rules 


to trace 


Rule I: 


Rule П: 


the given curve. 


Find the domain and range of the given function 
y = f@). 

Find the point of intersection on the co-ordinate 
axes. 


Rule III: Find the intervals of the monotonocity of the 


Rule IV: 


Rule V: 


function y = f(x). 
Find the local maximum and the local minimum 
values of the function y = f(x). 


Find the concavity and the points of inflection of 
the function y = f(x). 


Rule VI: Find out whether the function is periodic or not. 


Rule VII: Find the symmetry as follows: 


(a) A curve is symmetrical about x-axis, if the 
powers of y, which occur in its equation, are 


all even. 
2 
y =x 

Y 
А 

xX’ 5 =X 
Y 
у’ 


(0) А curve is symmetrical about y-axis, if the 
powers of x, which occur in its equation, are 
all even. 


Area Bounded by the Curves 


о 
Y 


(c) A curve is symmetrical about the line y = x, if 
the curve remains unchanged by interchanging 
x and y in the equation. 


(d) A curve is symmetrical about the line y 2 —x if 
the curve remains unchanged when x and y are 
replaced by —x and —y, respectively. 
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(e) A curve is symmetrical in opposite quadrants, 
if the equation of the curve remains unchanged 
when x and y are replaced by -х and -у, 


respectively. 
Y 
A 
X 5 -Х 
Y 
у’ 


Rule ҮШ: Find the asymptotes if any. 
Asymptote 
It is a straight line which touches the curve at infinity. 
There are three kinds of asymptotes. 
(1) Vertical Asymptote: The straight line x = a is a 
vertical asymptote to the curve y = f(x) if at least 


one of the values of lim, [700] or lim [700] tends 
to +оо Or -оө, д fu 


(ii) Horizontal Asymptote: Тһе straight line y = b is 
a horizontal asymptote to the curve y = f(x), where 


lim, [fœ] = b or lim. [769] = b. 


(ш) Oblique Asymptote: Тһе staright line y = mx + c is 
an oblique asymptote to the curve у = f(x), where 

_- tim (£2) 

о аған 


and c= lim (f(x) - mx) 


For examples, 


1. Let = 


ae 


The vertical asymptote to the given curve is x = 1. 
The horizontal asymptote to the curve is 


Е! 
2. Let = 
Ga 


The vertical asymptotes to the given curve are 
х= +] 


The horizontal asymptote to the curve is 


3. Let 


The vertical asymptote to the given curve is x = 1 
The oblique asymptote to the given curve is y = 2x + 3. 


in) нь) 


хоо X xo ХХ 


lim | 3 


x>% \ х — 


where as т 


+2)=2 
1 


апа er lim (y – mx) 


temone 


3.2 AREA or THE CARTESIAN CURVE 


> < 


у = Қ 


If f(x) is а single valued and continuous function of x in 
the interval (а, b]. Let 
f(x) 2 0 
for every x in (а, 6], 


then the area bounded by the curve 1 = f(x), the x-axis and 
the ordinates x = a and x = b, (а < Б) is represented by 


b b 
| у ах = | fod 


3.3 AREA OF THE REGION BOUNDED BY А 
SINGLE CURVE AND THE Co-onpiNATE AXES 


(i) The area bounded by the curve y = f(x), x-axis and 
the straight lines x = a and x = b (a < b) is given 
by 


b b 
А = | ydx = | f(x) ах 


=x 


Area Bounded Бу the Curves 3.3 


(i) If f(x) < 0 for all x in (а, b], the area bounded by 
the curve y = f(x), x-axis and the straight lines x = a 
and x = b, (a < b) is 


b b 
А = | суча = ij Кая 


>- 


х 
| 
t 
х 
| 
© 


у = Қ 


М 


(11) If the graph of y = f(x) crosses x-axis between x = а 
and x = b at x = c, d, e, f respectively, its area (which 
lie below the x-axis is negative but the area is taken 
positive, so we take their modulus) is 


Y 
Á 


-Х 


Y 
b 
А- | уах 
с 4 
= | feo dx + || дах 


е b b 
+ | годах + || родах + | feo ах 
а е 7 


с 4 
= | feodx – J одах 


е b b 
+ J fxydx – | fœ dx + J f(x) dx 


(iv) The area enclosed by the curve x = f(y), y-axis and 
the abscissae y = c and y = d, (c < d) is given by 


-< —Х 


а а 
A = [хау = | 700% 


(v) When the curve x = (у) crosses y-axis, i.e. x changes 
its sign at y = с between у = a and y = b, its area is 
given by 


c b 
А = [хау + | -х)ду 


с 


= [xay + 


b 
| озу 


с b 
= J fody + ШТ 


3.4 AREA BETWEEN Two Curves 


(i) Suppose we are given two curves reprsented by 
у = f(x) and у = g(x), where f(x) > g(x) in (а, b]. 
Here the points of intersection of these two curves 
are given by x = a and x = b is obtained by taking 
common values of y from the given equation of two 
curves. Hence the required area is 


b 
А = о) – g(x) dx 


О 


М 


(ii) If the curves y = f(x) and у = g(x) intersect atx=c 
іп (а, 6], the required area is 


c b 
A = | (fco – в(х)) dx + | (#0) — Ко) ах 
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(11) The area bounded by the curves x = f(y) and x = g(y) 
and the straight lines y = c and y = а where f(y) > 


g(y) is given by 


d 
А = | (©) - 0). 


3.5 AREA or THE REGION Воџмрер BY THE SEVERAL СУВУЕЗ 


If y = f(x) is a strictly monotonic function in (a, b) such 
that f’ (x) = 0, the area bounded by the ordinates x = а and 
x = b, y = f(x) and y = f(c), where с є (a, b), is minimum 


b 
hen c = 2, 
when с 2 


3.6 Least VALUE oF А VARIABLE AREA 


Example Г. If the area is bounded by the curve 


3 
јод = 5-Я +b 


and the straight lines x = 0 and x = 2 and x-axis is 
minimum, find the value of b. 


Solution: Given 


> f (x) = x(x - 2) 


Clearly f(x) is monotonic in (0, 2). 
Hence for minimum area, f(x) must cross the x-axis at 


0-2 
2 == 
сре: 
Thus, fl) =4-14b=0. 
2 
> b= = 
3 


lever / 
(Problems based on Fundamentals) 


Area of a linear curve 


1. Find the area of the region bounded by the curves 
узх -2х42,х--1 and x = 2. 

2. Find the area bounded by the curves y = Inx + tan x 
and the ordinates = 1 and x = 2. 

3. Find the area bounded by у = xlsinxl, x-axis and the 
ordinates x = 0 and x = 27. 

4. Find the area bounded by у = 1 log, x and the x-axis 


between x = 1 and x = 2. 


5. Find the area of the region bounded by the curve 
y = ex – Зе“ + 2 and the x-axis. 


Area bounded by a function which changes sign 


6. Find the area bounded by y = х and x-axis between 
the ordinates x = —1 and x = 1. 


7. Find the area bounded by the curve y = sinx and the 
x-axis, for 0 € x € 27. 

8. Find the area bounded by the curve y = cosx and the 
x-axis, for 0 € x € 2z. 

9. Find the area bounded by the curve 
y 2 x(x — 1) (x - 2) and the x-axis. 

10. Find the area bounded by the curve 
у = (x — Dx - 2)(х – 3) and the x-axis. 

Area of a region between two non-intersecting curves 


11. Find the area of the region enclosed by the curves 


y =x and y = 2x – ж. 
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29. 


30. 


31. 


32. 


33. 


. Find the area of the region bounded by the parabolas 


y = x and x? = y. 


. Find the area of the region bounded by the parabolas 


дуг = 9x and Зх? = 16у. 


. Find the area of the region bounded by the curves 


2 
у = 25 and the line 3x - 2y + 12 = 0. 


. Find the area bounded by the curve х = Ду and the 


straight line x = 4y - 2. 


. Find the area of the region included between the 


parabolas y? = 4ax and x? = 4ау. 


. Find the area of the region enclosed by the parabola 


y = 4ax and the chord y = mx. 


. Find the area of the region bounded by the curve 


у=х +2, у= х, х = 0 and x = 3. 


. Find the area bounded by the curve y = 2x – х and 


the straight line y = –х. 


. Find the area bounded by the straight lines x = 0, 


x = 2 and the curves y = 2x — x), у = 2. 


. Find the area bounded by the curves у = 6x – x? and 


у= – 2х. 


. In what ratio does the x-axis divide the area of the 


region bounded by the parabolas у = 4x — x? and 
у = xb-x? 


. Find the area of the region between the circles 


x + y! = 4 and (x - 2) + y? = 4. 


. Find the area of the region enclosed between the two 


circles х + y? = 1 and (x - 1? + y? = 1. 


. Find the area of the smaller region bounded by the 


2 2 
ellipse Xa шин 1 and the straight line m = =]. 
р а р 


. Find the area of the region 


{x,y:P+y<l<xty}. 


. Find the area of the region 


{(x, y): y < 4x, Ax” + 4y? « 9). 


. Find the area of the region 


{(x, y): х жу < 2ax, y! > ax, x > 0, y > 0) 
Find the area of the region 


2 2 
Ж: y KY 
We Sas |: 


Find the area of the region bounded by 

у=1+х+ ll, х= -2, х= 3, у = 0. 

Find the area of the region bounded by 

у= 1+1 + ll, х= -3, х= 3, у = 0. 

Find the area enclosed by the curves 

у= lx- Папа у = – ix — П + 1. 

Find the area of the region bounded by the curves 


34. 
35. 
36. 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


44. 


45. 


46. 


47. 


48. 


49. 


50. 


51. 


52. 


53. 


54. 


f(x) = logx and g(x) = (logx)’. 


Find the area enclosed by » = 


- х. 
Find the area bounded by the curve У + 


Find the area of the region 

Их, y) = ТО, у): 

О у 2943-1, 05. See ТОЕ]; 

Find the area bounded by the curves 

y=xandy= x 

Find the area bounded by the curves 

y = x(x — 1)? the y-axis and the line у = 2. 

Find the area of the region bounded by 

у= + І, у= х, х= О апа у = 2. 

Find the area of the region bounded by the curves 
y = log,x and y = 2, х = 1/2 and x = 2. 

Find ther area enclosed by the parabola (у — 2)? = 
(x — 1), the tangent to the parabola at (2, 3) and 
X-axis. 

Find the area enclosed by the loop of the curve 
у= (х- Па - 2). 

Find the area bounded by the curves y = (x – Ly, y 
= (x D and y = 14. 

Find the area bounded by the curves y = e, y =e 
and the straight line x = 1. 


х 


Find the area bounded Бу the curve у = logx, 
у = loghi, y = llogxl and у = Пор. 

Find the area bounded by the curve Ix – 21 + ly + 1 
= 1. 

Find the area of the region bounded Бу the curve 
[x] + [y] = 3 in first quadrant, where [,] = GIF. 


Find the area of the region bounded by the curve 
xl + М = 1 and lx — Il + bl = 1. 


Find the area bounded by the curve 
y= cos! (cosx) and lx — ді + р - 2 = > 


Find the area bounded by the curve 

lyl = —(1 – bd + 5. 

Find the area bounded by the curves у = МХ and 
y = li. 

Find the area of the region bounded by the curves 
Ix + yl + lx — yl < 2. 

Find the area bounded by the curve y = x and 
y = x + sinx, where 0 € x € л. 


Let f(x) be a non-negative continuous function 
such that the area bounded by the curve y = f(x), 


x-axis and the ordinates x = 1 and x = > Ё 18 


(sing + сой + в), find Д2) 
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Area of a region between two intersecting curves 


55 


56. 


57. 


58. 


. Find the area bounded by the curves у = зшх апа 


y = cosx, x = 0 and x= 5. 


Find the area enclosed by the curves у = 2 – I2 — xl 
and у- 23 
хі 


Тһе line у = mx bisects the area enclosed by the lines 


x = 0, y = 0, x = and the curve y = 1 + Ax - 22. 


Find m. 


E 


Find the area bounded by the curve lyl + 5 <е 


Area of а region by а horizontal strip 


59. 


60. 


61. 


62. 


63. 


Find the area bounded between у = sin! x and y-axis 
between у = 0 and у- 77/2. 


Find the area enclosed by the line y 2 x - 1 and the 
parabola у = 2х + 6. 

Find the area enclosed by x = => and 
х-1- зу”, 

Find the area enclosed by the curves у = (ап ! x and 
у = cot х and the y-axis. 

Find the area bounded by the curve x = зу +у+ 2 
апа the y-axis. 


Area of a region between several graphs 


64. 


65. 


66. 


67. 


68. 


69. 


70. 


Find the area of the plane figure bounded by 
у= Хх, хе [0, 1], у= №, хе [1,2] 

and y = -x° + 2x + 4, хе (0, 2]. 

Find the area of the region bounded by the curves 
Ду = 14 — 221 and lyl(x? + 4) = 12. 

Find the area bounded by the ellipse х + 2y? zo 
and the outside of the parabola y 2 1 — x, 


Find the area common to the circle x? + y = 4 and 
the ellipse x? + 4y? = 9. 


Find the area enclosed by the curves y = ln(x + e) 


and x = ю(5) and x-axis. 


Find the area enclosed by the curves х + y = 4, 

parabola y = x? + x + 1 and the curve 

y= | а (2) + со (4 and x-axis. 

Find the area enclosed by the curves Е + y 211 
№ a 

and E y = 1. 


Least value of a variable area 


71. 


72. 


73. 


74. 


75. 


3 
If the area bounded Бу у = = — х2 + а and the straight 


lines x = 0 and x = 2 and the x-axis is minimum, 
find the value of a. 


Find the value of a, for which the area bounded by 
the curve y = dx) + ах + 1 and the straight lines 
у = 0, х = 0 апах = 1 the least. 

For what value of k, the area enclosed by the curves 
y= х? — 3 and у = kx + 2 is the least. Find also the 
least area. 


If the area bounded by the curve y = x! + 2x — 3 and 
the line y = mx + 1 is least, find the value of т. 


Find the value of a for which the area bounded by 


the curve у = e + с and the lines у = 0, x = a and 
x 


x = 2a is least. 


lever I 


ПЕ 


(Mixed Problems) 


The area bounded by the curve y = 4x — x? and the 
X-axis is 


(a) = 59.0. 


(с) = 59.0. (4) = 59.0. 


. The area under the curve у = N3x + 4 between x = 0 


and x = 4, is 


(a) > 84.4. (b) A Sq.u. 


(c) 8 sq.u. (d) none of these 


. The area bounded by the curve у = х”, x-axis and 


two ordinates x = 1 to = 2 equal to 
(a) 2 59.0. (b) E 59.0. 
(с) = 59.0. (а) х 59.0. 


. The measurement of the area bounded by the 


coordinate axes and the curve у = log,x is 
(a) 1 (b) 2 
(с) 3 (d) = 


. If the area bounded by the curves у = 4ax and 


2 
у = т is = the value of m is 
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(a) 2 
(c) 1/2 


(b) -2 
(d) none of these 


. The area bounded by the parabola y = Ax’, y-axis and 


the lines y = 1, y = 4 is 


(а) 3 sq.u. (b) 2 84.4. 


(с) : 84.4. (4) none of these 


. The area enclosed by the curves y = sinx, y = 0, 


Л. 
х= 0 апа = is 


(a) л 


(c) 1 


(b) 27 
(4) 2 


. The area of the region bounded by the x-axis and the 


curve defined by y = tan x (54 <х< | 18 


(а) 105 V2 
(c) 2log2 


(b) -log V2 
(d) 0 


. The ratio of the areas bounded by the curves 


y = cosx and y = cos2x between x = 0, - апа 


X-axis is 
(а) N2:1 (b 1:1 
(c) 1:2 (d) 2:1 
. The area bounded by у = [x] and the lines х = 1 and 

x = 1.7 is 

17 

= b) 1 
(а) т (b) 

17 7 

ERE d) — 
© = (а) 15 


. The area bounded by the x-axis and the curve 


у = sinx and x = 0, x = wis 
(a) 1 (b) 2 
(с) 3 (d) 4 


. The area bounded by the parabola » = 2х and the 


ordinates x = 1, x = 4 is 


(a) 42 84.4. (b) 2842 84.4. 
3 3 
(с) > 59.0. (4) попе of these 


2 
M 


2 
. The area of the ellipse S p ex da 
a dE 


(a) z ab sq.u. (b) 5 л ab вал. 


(с) i л ab sq.u. (d) none of these 


. The area of the smaller segment cut off from the 


circle x? + y? = 9byx = 1 is 


15. 


16. 


17. 


18. 


19. 


20. 


2]. 


22; 


(а) 5 (9ѕес13 – V8) (Ы) 9вес (3) – 48 


(c) V8 — 9sec 13 


(d) none of these 


The area of the upper half of the circle whose 
equation is (x — 12 + y? - ] is given by 


2 1 
(a) | N2x - х dx (5 | Vx- x? dx 
0 0 
2 
(с) J Vax хах (а) 2 
1 


The area bounded by the curves у = vx, 2у + 3 = х 
and x-axis in the first quadrant is 

27 

9 b) — 

(a) Шу 

(с) 36 (4) 18 


The area of the region {(x, у): x + y? <1<х-у) 


л? л? 
(а) = (b) D 

Л л 1 
(о) = « (1-5) 


The area bounded by the curves y = ixl -І and 
уз-Ї + 1 is 

(a) 1 (b) 2 

(c) 222 (d) 4 

The area of the figure bounded by y = е", y = e 
and the straight line x = 1 is 


(а) е + 2 (м e-t 
(је ++ –2 (ф е + 1 +2 


Тһе area bounded by the curves у = log,x апа 
у = Пов,х)“ is 


(a) 3-е (b) е-3 


1 1 

2.13 = 4) = (е – 
(c) 4 (3 e) (4) 5 (e 3) 
The area enclosed by the parabolas у = x! — 1 and 
у=1- x 18 


1 2 
(a) 3 (b) 3 
4 8 
(c) 3 (d) 3 


The area bounded by the circle ХЭ » = 4, line 
x = (Зу and x-axis lying in the first quadrant, is 


(а) (b) + 
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23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


(с) 5 (ау т 


Тһе area formed by triangular-shaped region bounded 
by the curves y = sinx, y = cosx and x = 0 is 

(a) 2-1 (b) 1 

(с) V2 (d) 1+ v2 


The area between the curve y = cosx and x-axis when 
O<x < 2715 

(a) 2 (b) 4 

(c) 3 (d) 0 


The area of the greatest rectangle that can be inscribed 
2 


2 
in the ellipse ын + Z = 1 is 
a b 


(a) Vab (b) alb 
(c) 2ab (d) ab 


The area bounded by the curves у = lx - 2l, 
x = 1, x = 3 and the x-axis is 
(a) 4 (b) 2 


(c) 3 (d) 1 


The area bounded by lines y = 2 + x, y = 2 — x and 
x = 2 18 

(a) 3 (b) 4 

(c) 8 (d) 16 


The area enclosed by the parabola y? - 4ax and the 
straight line y - 2ax, is 
2 


(a) 2) 84.4. (b) - 84.4. 
(с) i Sq.u. (d) 2 59.0. 
Тһе area bounded by the curves х = at’, y = 2at and 
the x-axis in 1 € f € 3, is 
(а) 26a” (5) 8а? 

26а? 1044: 

а 

(с) 3 (d) 3 


The area bounded by the curves у = Inx, y = Inl, 
y = Шл and y = Пор lxll is 


(a) 4 sq.u. (b) 6 sq.u. 

(c) 10 вал. (4) none of these 

The area bounded by the curves у = lx - 1l and 
у-3-ілі, is 

(a) 2 sq.u. (b) 3 sq.u. 

(c) 4 sq.u. (d) 1 вал. 


The area of the region lying inside x + (у- 12 =1 
and outside с?х? + » = с“, where с = (V2 — 1) is 


1 


4-2) = - 


1 Л 
2p. wem 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


EM 
42 


The area enclosed between the curves y = log, (x + e), 


(c) (4 + N2) 4 + (4) none of these 


x= log,(+] and the x-axis, is 


(a) 2 
(c) 4 
The area of the region formed by ? + у — 6x – ду 


812<0,у<хамх<2% 


(b) 1 


(d) none of these 


л V3+1 ж. МЗ 1 
(а) e 8 (b) Л + 8 
(с) 5 - шин (4) попе of these 


Let f(x) = maximum (32, (1-3), 2x(1 - x)] where 
O <x < 1. The area of the region bounded by the 
curves y = f(x), x-axis, x = 0 and x = 115 


17 14 
(а) 27 (5) 27 

19 
(с) 57 
Тһе area enclosed by the parabola ау = 3(а? x 
and x-axis is 


(d) none of these 


(b) 12а? sq.u. 
(d) none of these 


(a) 4a? 59.0. 
(с) 4а? 84.4. 
The area bounded by the curve у = k sin x between 
x = mand x = 27, is 


(a) 2k sq.u. (b) 0 
12 
(с) > (4) К sq.u. 


Let f(x) be а non-negative continuous function 
such that the area bounded by the curve y = f(x), 


x-axis and the ordinates x = - and x = B > Ё 18 
(sing + + cos В + (28) Шеп 215) is 


(а) (1- 2-2) © (1-22) 


© (4 *N2 - 1) а) (4 –7 +1) 


The area in the first quadrant between xb у = л? 
and у = sinx is 


3 
(a) (7 - 8) 


(77-16) 
сул 
4 


3 
Л 
(0) = 


( (4) 


(л? – 8) 
2. 


For 0 € x < л, the area bounded by y = x апа у = х 
+ sinx, 18 
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41. 


42. 


43. 


44. 


45. 


46. 


47. 


48. 


49. 


(а) 2 (b) 4 

(c) 2л (d) 47 

The area bounded by у = x sin x and x-axis between 
x = 0 and = 27, is 
(a) 0 

(c) л sq.u. 


(b) 2л sq.u. 

(d) 4л sq.u. 

The area bounded by the lines у = lx – 21, М = 3 and 
у= 0 15 

(а) 13 unit? (5) 5 unit? 

(c) 9 unit” (d) 7 uni? 

The area bounded by the curve x = ky, К > 0 and 
the line y = 3 is 12 unit. Then k is 


(a) 3 (b) 353 


(c) 5 (4) none of these 


The area of the portion enclosed by the curve 
Nx + 4y = Na and the axes of reference is 


2 
(a) = (b) а? 


a а? 
© & (а) 4 


Тһе area bounded by the curve x = cos ly and the 
lines xl = 1 is 
(a) sin 1 (b) cos 1 
(c) 2sin 1 (d) 2cos 1 
The area enclosed between the curves lyl = 1- х? and 
x y = 1 is 
31-8 

3 
21-8 

3 
А point P moves inside а triangle formed by А(0, 0), 


(a) Ы 2% 


(с) 


(а) попе 


s. m) СО, 0) such that min (РА, PB, PC} = 1, 


the area bounded by the curve traced by the point P 
is 


(a) (58 - 32) (b) ҮЗ +5 


(c) (5 = z) (а) (5 + эл) 

The area bounded by the curves у = cos™! (cosx) and 
y = 1х — Л], is 

(а) л> (b) 27° 

(c) 27/2 (d) none 


The area bounded by the curves 


хит, х=1 : 
у = and y = іх — el is 
e iux 


50. 


51. 


52. 


53. 


54. 


55. 


56. 


57. 


58. 


59. 


60. 


2 


(a) > (b е 

(c) 22? (d) 1. 

The area bounded by ет(х + 1), М < 1, is 
(a) 1 (b) 2 

(c) 4 (d) none 


The area common to the region determined by y > vx 
and x? + y « 2 has the value 


(a) л (b) (27-1) 
(с) Е = 1 (4) попе 


The area of the region bounded Бу Их – lyll € 1 and 
х + у іп the xy-plane is 


(a) л (b) 27 

(с) 3л (а) 1. 

The area bounded by 1 < lx – 21 + ly + Il € 2 is 
(a) 2 (b) 4 

(c) 6 (d) none 


The area bounded by the curve y = tanx + cotxl 
- Папх — cotxl and between the lines x = 0 and 


Xm and the x-axis is 
(a) In 4 (b) In N2 
(c) 21n 2 (d) N21n 2 


The area is enclosed by the graph of the curve 
у = Ix – 1 lying in the fourth quadrant is 


(a) 2 ( = 
(с) 2(e + 1) (а) 4(e - 1). 


The area bounded by the curve y = 3. 
y = 2 -lx — 2l is 


(а п RU (b) 2-13 
(c) 2 + In3 (d) none 


The area enclosed by the curve Ix - y - 11 + 2х+у+ 121 
is 


(a) 2 (b) 1 

(c) 4 (d) 3/2 

The area of the region (f(x, y):x° + y? € 1 lal + lyl} is 
(а) л (b) л-1 

(c) л-2 (d) 1-3 


The area of the region of the xy-plane is bounded by 
ілі + lyl + lx + yl < 1 is 


(a) 1/2 (b) 3/4 

(с) 1 (d) 4 

The area of the region bounded by the curves y = [x] 
and y = {x}, where [,] = GIF and {,} = LIF is 
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61. 


62. 


63. 


64. 


65. 


(a) 2 (b) 1 

(c) 1/2 (d) 4 

The smaller area is bounded by the curves Ixl + У = 1 
and МЕ + УУ = 1, is 

(a) 1/3 (b) 2/3 

(c) 4/3 (d) 5/3. 

The area bounded by the curves М + У = 1 and 
lx — 11 + lyl = 1 is 

(a) 1/2 (b) 1/4 

(c) 3/2 (d) 3/4 

The area of the region bounded by the curves 
x = –2у? and x = 1 — Зу? is 

(a) 4/3 (b) 3/4 

(c) 5/3 (d) 3/5 

The area enclosed by the parabola (у — 2) =х-1 
and the tangent to it at (2, 3) and x-axis is 

(a) 10 (b) 7 

(c) 9 (d) 5 

The area enclosed by the curves (у – х)? = х? and 
the straight line x = 1 is 
(a) 5/4 

(c) 2/3 


(b) 4/5 
(d) 3/2 


(More than one options are correct) 


66. 


67. 


68. 


69. 


The area bounded by the curve у = le" — е1, the 
x-axis and x = 1 is (е + E + p) sq unit, then 
e 


(@a)m=1 
(с) т+п+р= 3 


(b п= 1 

(d) m+n+p=0 

Let the curves у = ах, у = ax and у = = where 
1 <a < 2. Then 


(а) Агеа = 8 (а - ij 
(b) Max area - 84 
(c) Max area - 75 
(d) Points of intersections are ЇЕ 4) and 


(4а?, 4а?) 


43 2 


the are bounded by the curve y = f(x) and the x-axis is 
m 
( (7) 


(а) т= 4 
(c) p - 6 
The area bounded by the curve y = x – x^ and the 
line y 2 m x is a/2 then the value of m is/are 


(a) 1 (b) -2 


Let f(x) = min| tan x, cot x, | У хе |0. 2| Then 


+ 58) sq units, where т, n, p € N then 


ру3 


(D n=4 
(d) т+п+р = 14 


70. 


71. 


72; 


(с) 2 (а) 4 
A normal to the curve x? + kx — y + 2 = 0 at the 


point, whose abscissa ‘1’ is paral let to the line y = x. 
Then 


(a) the value of k is —3 

(b) Equation of the normal is x- у = 1 

(c) The area bounded by the curve the normal and 
the x-axis is 7/6 sq и. 

(d) Equation of tangent is х+у+ 1 = 0 

If the area bounded by the curve у = 3х3 + 2x and 

the lines x = a and y = 0 is unity, then the value of 

a is/are 


-1 Э 
@ = (b) È 
сс) -È (а) - 


Let the parabola by » = 4х and the solpe of the 

normal by —1. Then 

(a) Equation of the normal is x + y = 3 

(b) The points of intersections are (1, 2) and 
(9, -6) 

(с) Тһе area bounded by the curve and its normal is 
64/3 sq. units 

(d) None of these 


lever ll 


. Find the area between the curve y = 2% – x 


. Find the area of the portion of the circle x 


(Problems for JEE-Advanced) 


. Find the area bounded by the curve а?у? = ха? - х?) 


іп xy-plane by Фе method of integration. 
[Roorkee, 1985] 


. Find the area bounded by the curve у = (x — 1)(x – 3) 


and x-axis lying between the ordinates x = 0 апа 
х= 3. [Roorkee, 1986] 


. Find the area of the region bounded by the curves 


у = loge, and у = sin 4(лх) and x = 0. 
[Roorkee, 1987] 


2 the 


x-axis and the ordinates of the two minima of the 
curve. [Roorkee, 1988] 
A. у 
which is exterrior to the parabola y - 12х. 
[Roorkee, 1989] 


. Find the area enclosed between the curves 


у = log(x + е), x = о, (4) and the x-axis. 
[Roorkee, 1990] 


. The line y = mx bisects the area enclosed by the lines 


x = 0, у = 0, x = 3/2 and the curve у = 1 + 4х— 7. 
Find the value of т. [Roorkee, 1991] 
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20. 


21. 


22. 


23. 


24. 


25. 


. Find the area bounded by the curve у = 2x – x? and 


the line y 2 —x. [Roorkee, 1992] 


. Find the area bounded by the curve у = (x — 1)(x – 2) 


and the axis of x. [Roorkee, 1993] 


. Find the ratio in which the area bounded by the 


curves y? = 12x and х? = 12у is divided Бу the line 
x= 3. [Roorkee, 1994] 


. Find the area given by the curves x + y < 6. r+ y 


< бу and y? < 8x. [Roorkee, 1995] 


. Find the area of the region bounded by the curves 


x + у? – 6х – ду + 12 < 0, y < x, х < 5/2. 
[Roorkee, 1996] 


. Indicate the region bounded by the curves v= y, 


у = x + 2 and x-axis and obtain the area enclosed 
by them. [Roorkee, 1997] 


. Indicate the region bounded by the curves y = xlogx 


and y = 2x — x? and obtain the area enclosed by 
them. [Roorkee, 1998] 


. Find the area of the region lying inside xb (у + 1» 


and outside сх? + y = c’, where с = V2 – 1. 
[Roorkee, 1999] 


. Find the area enclosed by the parabola (y — ЭГ 


= х — 1, the tangent to the parabola at (2, 3) and the 
x-axis. [Roorkee, 2000] 


. A point P moves inside a triangle formed by A(0, 0), 


ZU m СО, 0) such that (PA, PB, РС} = 1, find 


the area bounded by the curve traced by P. 


. Find the area bounded by the curve f(x) = cos "(сов x), 


0 € x € 2z with the tangent to the curve f(x) = lcos xl 
at x = л. 


. Find the area enclosed between the curves lyl = 1 — x, 


r+ у = 1. 
Ado 


Find the area bounded by the curves У = e 5 
and Ixl + М = 12. 

Find the area enclosed between the parabolas 
у — 2у + 4х + 5 = 0 апа à +2x-y+2=0. 
Find the area enclosed between the smaller arc of the 
circle х + у — 2х + 4у – 11 = 0 and the parabola 
у = – 2 + 2х + 1 – 28. 

Find the smaller of the two areas enclosed between 
the ellipse 9x? + 4у? — 36x + 8y + 4 = 0 and the line 
3x + 2y = 10. 

Let f(x) = xX + 3x + 2 and g(x) be its inverse. Find 
the area bounded by g(x), the x-axis and the ordinates 
х= 1 апах = 4. 

Find the area bounded by the curve g(x), the x-axis, 


the ordinates x = -І and x = 4, where g(x) is the 
3 2 
inverse of the function f(x) = M СЕ d + 1. 
24 8 12x 


26. 


27. 


28. 
29. 


30. 


lever (0 


14. 


15. 


. Find the area enclosed by the curve au гон =а 


. Find the area bounded by the curves у = = 


Find the area bounded by the curves у = хе“, y = хе“ 
and the line x = 1. 


Find the area of the region bounded by 

Ix + 2yl + lx + 2yl > 8 and xy > 2. 

Find the area enclosed by Ixl + У € 3 and xy > 2. 
Find the area of the region bounded by 

lx — yl + lx + yl < 8 and xy > 2. 


Find the area of the curve enclosed by lx + yl € 2 
and х^ + у” > 2. 


(Tougher Problems for JEE-Advanced) 


. Find the area enclosed by 2x" + бху + 5у? = 


2/3 


. A polynomial function f(x) satisfies the condition 


f(x + 1) = Јо) + 2x + 1. Find f(x), if КО) = 1. Find 
also the equations of the pair of tangents from the 
origin on the curve y = f(x) and compute the area 
enclosed by the curve and the pair of tangents. 


. Find the area bounded by the curve у = хе“, the 


x-axis and the line x = c, where y(x) is maximum. 


. For what value of a, the area bounded by the curve 


y= ах + ах + 1 and the straight lines x = 0, y = 0 
and x = | is the least? 


. Find the possible value of a for which the parabola 


у = x! + 1 bisects the area of the rectangle with 
vertices (0, 0), (а, 0), (0, а? + 1), (а, a + 1). 


. Find the area bounded by the curve у = хе“, xy = 0 


and x = с where с is the x-coordinate of the curves 
inflection point. 


. Find the area of the region bounded by М + lyl > 1 


and x7-2x+1<1-y’. 


. Find the area bounded by the curves lx + yl < 1, 


ly - xl € 1 and 3х2 + 3y? > 1. 


. Find the area bounded by the curves Ix — 21 + ly – 21 


«3,3 – Ах фу + 3 < 0 and x? + y? + 2х- 9 < 0. 


. Find the area enclosed by the curves (х2 + y) <4 


< 204 + lyl) | 


1 апа 
у=7- 1. 


. Find the area bounded by the curves у = х жх-2, 


y = 2x for which h? + x — 21 + 124] = bi + 3x – 21 
is satisfied. 

Find the area bounded by the curves y? = а(х + a) 
and y? = 4b(b — x). 

Find the area bounded by the parabola y = х?—-2х+3, 
the line tangent to it at the point P(2, -5) and the 
y-axis. 
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. Find the area bounded by the curves lyl + 


. Find the area enclosed between the circle х2 + у 


— 2x + 4y — 11 = 0 and the parabola y = — x? + 2x 
+ (1 – 243). 


. Find the area enclosed by the curves ax + py zl 


and 2х? + ay = 
5 < oll 
апа max (14, №} < 2. 


. Find the area enclosed by the curves y = min (x, 


lx — 21, 27), x-axis, y-axis and x — 4. 


. Find the area of the region bounded by the set 


S = 5; – Si – 52, where 
$ү:{(х, у): +27 < 2) 
$5: (њу): 22 + у < 2} 

and 5,(О0,у)/:х Фу < 2 


Integer Type Questions 


. Find the area bounded by the curves 


y= Еш + со (2), х= —2 and х = 2 and x-axis. 


. Find the area bounded by the curves М + lyl = 1. 
. Find the area bounded by the curves 


lx — 21+ ly – 21 = 1. 


. Find the area bounded by the curve 


et) > ју, pd < 1. 


. Find the area bounded by the curves 


y = Inld and y = 1 - Ixl. 


. Find the area bounded by the curves 


у= 3 – kxl and у = іх – 1. 


. Find the area bounded by the curves 


у= #0 and y = x(x - 1) (- 3). 


. Find the area bounded by the curves 


y=e,x=0,y=e. 


. Find the area bounded by 


lsk-2l+ly+ И 2. 


. Find the area bounded by the curve 


lyl = sin(2x), where 0 < x < 27. 


. Find the area enclosed by the curves 


lx yl + lx — yl, < 4, bl € 1 and y € V2 - 2x + 1. 


. Find the area bounded by the curves 


4€ x! + у < 2( + ly). 


. If the area bounded by the curves 


1 1 


. 4 
== ш--- - 2 = ——. find Ё 
Ма а” „х=а15 = шаа 


Comprehensive Link Passages 
(For JEE-Advanced Examinations) 


Passage I 
Consider the functions defined implicity у? — ЗУ+х= 0 оп 
various interval in the real line. 

If x (-, 2) U (2, œ), the equation implicity defines 
a unique real valued differentiable function y = f(x). 

If x e (-2, 2), the equation implicity define a unique real 
valued differentiable function y = g(x) satisfying 2(0) = 0. 

On the basis of the above information, answer the fol- 
lowing questions. 


1. If f(- 1022) = 242, then f"(-10N2) is 


442 442 
0) 7332 ©) az 
(с) 2 (d) 2 


2. Тһе area of the region bounded by the curves у = f(x), 
the x-axis and the lines x = a and x = b, where 
-о<а< b<- 2, is 


(а) | 223 - 
а AFW – 1) 


b 


dx + bf(b) — af(a) 


X 


ы па зна 
а AFF- 1) 


b 


(b) dx + bf(b) - af(a) 


dx — bf(b) + af(a) 


с) | 2 
а ЗҮГООУ-1) 


b 
(ф – J 5 ах 
а AFH- 1) 


bf(b) + af(a). 


1 
3. The value of | ее is 


(а) 2g (-1) (b) 0 
(c) -2g(1) (d) 2g(1). 
Passage II 


If x = f(y) and x = g(y) be two functional curves, the area 
bounded by the curves x = f(y), x = g(y, y = cand y = d 
is given by 


d 
J fo – 2691 ду, 


where 4 > с. 4 
Іп case of g(y) always left of Қу), required area = | 
O) – 803. 3 


Оп the basis of the above information, answer the 
following questions. 
1. The area bounded by у =2x+landx-y-1=0, 


will be 
(a) 16/9 (b) 16/3 
(c) 8/3 (d) none. 
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2. The area bounded by у = log,x, x-axis and y-axis is 
given by 


со 0 
(а) | logeydy (b) | еа 
A L 


0 
(c) | edy (d) none 


3. The area bounded by y = tan ! x, y= cot ! x and y-axis 


is equal to 
(а) logV2 (b) log 4 
(c) log 2 (d) none 
Passage III 
Conseider the function 
[x] : ё 1 
x-[x]-— :x 
f(x) = 2 : 
0 : xel 


where [,] = GIF 
and if g(x) = max (x, Дх), ІП, 
where -2 <x < 2 


On the basis of the above information, answer the 
following questions. 


1. The area bounded by the curves y = f(x), x-axis and 
the ordinates x = 1/2 and x = 1 is 


(а) 1/4 (b) 1/8 
(с) 1/2 (4) попе. 

2. Тһе area bounded Бу у = g(x), x-axis and the straight 
line x = | is 
(a) 1/4 
(c) 1/8 

3. The area bounded by y = g(x), where -2 < x < 2, 
is 


(b) 1/2 
(d) none 


(a) 175/48 (b) 275/48 
(c) 175/24 (d) 275/24. 
Passage IV 


A normal to the curve x? + kx — y +2 = 0 at the point whose 
abscissa | is parallel to the line y = x. 
On the basis of the above information, answer the fol- 
lowing questions. 
1. The value of k is 


(a) -3 (b) 1 
(c) 0 (d) 2 

2. The equation of the normal is given by 
(a)y=x+1 (b y2x-1 
(c) у= -х + 1 (d у= - х - 1. 


3. The area in the first quadrant bounded by the curves, 
the normal and the x-axis is 


(a) 13/6 (b) 7/6 
(c) 10/3 (d) 43/6. 


Passage V 
Consider the functions f(x) = д2 — 4, g(x) = Ix — 21 and h(x) 
= Vx — 2 for x К, a function is defined as F(x) = max or 
min {f(x), 800, 100). 

On the basis of the above information, answer the 
following questions. 


1. The area of F(x) = min (f(x), g(x), h(x)} between the 
co-odinates axes for x < 0 is 
(a) 2л (b) x 
(c) 4x (d) none 

2. The area enclosed by F(x) = тіп Хо), g(x), h(x)) 
and F(x) = max( f(x), g(x), h(x)) for x е (0, 2] is 
(a) x (D 7-2 
(c) 7-2 (d) z - 1. 

3. Тһе area bounded by the curves F(x) = min{f(x), 
g(x), h(x)}, x = 2, y = 0 and x = 3, is 
(a) 3/2 (b) 1/2 
(с) 1 (4) попе 


Matrix Match 
(For JEE-Advanced Examination Only) 


1. Match the following Columns: 


Column II 
(P) 2/3 


Column I 


(A) | The area bounded by y = 3x and 
y= x is 


(В) | The area bounded by x = 4 – y? | (Q) 
and the y-axis is 


17/12 


(©) Тһе area іп squares units of te R) 32/3 
region bounded by the curve x 
= 4y and the line x = 2 and the 
x-axis is 
(D) | The area bounded by y = x°,| ($) 32/9 
y=x аах= 1, x = 2 is (T) 9/2 
2. Match the following Columns: 
Column I Column II 


(A) | The area enclosed by the curve (y| (P) (0) 
- sin! ху? = х х2 is 


(В) | The area of the region represented 
by 
V2 € Ix + yl + lx - yl € 2 is 


(Q) 1 


(С) If шинэ bounded by (R) 
y = x — 3 and the line 


y = ax + 2 attains its maximum 
value, the value of a is 


(D) | If kis a positive number and the area 
of the region bounded by the curves 
а k? and ky = х2 attains its (T) n/A 
maximum value, the value of k is 


3.14 
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1: 


. Match the following Columns: 


Match the following Columns: 


Column I Column II 


The area of the figure | (P) 4л 


bounded Бу у = tanx, 


2 Л Л 
= tanx, -> <x <> 
шиг 


(А) 


(В) | The area bounded by | (О) 
the curve у = xsinx and 
the x-axis, x = 0 and x 


= 27 15 


Ala 


The area bounded by R 
the curves x = tan 
МУ, x = 0, x = 7/4 and 
у= 0 15 

The area bounded Бу | (5) 
the curves 


(C) 2(л + 1) + V2 


~ 


(D) (108.2 o = 

2) 
f(x) = max (1 + sinx, 1, 
1- совх), between the 
co-ordinates x = —7 and 
ie = 115 


Column I Column II 
(А) | The area bounded by е | (Р) | 2 su. 
curves у = lsinxl, x-axis апа 
the lines Ixl = л. 
(В) | The area bounded by the (О) | 1su 
curves y - sin! x, y-axis, 
у = 7/2 
(С) The area bounded by the (К) | 8 su. 
2 
Eu 
=|— +2 
curves у 6A + 2 |, 
[] = GIF, y = х- 1, x = 0 is 
(D)| The area bounded by е | (5) | 45.0 


curves у = |x — П and 
y 23 —lxl, is 


Assertion and Reason 


Both A and R are true and R is the correct 

explanation of A 

(B) Both A and R are true but R is not the correct 
explanation of A 

(С) A 15 true and К is false 

(D) 

Assertion (A): The area bounded by the curve Ixl + У 

= 1181 su. 


(А) 


A is false апа R is true. 


Reason (R): The area bounded by the curve 
Ix - 21 + ly - 2 = 1 is also 1 s.u. 


. Assertion (A): The area bounded by the curve y = [x] 


шин D) s.u. 


and the linesx = 0 and x = n is | 


Reason (В): Тһе area bounded by the curve у = [x] 
and the lines x = 0 and x = 10 is 45 s.u. 


. Assertion (A): The area bounded by the curves f(x, y) 


= ((х, у) :2 + у < а, х + у2 а} 15 (2- 1) s.u. 


Reason (R): The area bounded by the curves 
Жх, у) = (буг жу < 1, х+уг= 1) 


is (£- 2) su 
БОЛА 


. Assertion (А): The area bouned by the curves 


y = min (lx + 21, bi, lx — 21) is 2 s.u. 
Reason (К): The area bounded by the curves y = 1 – Ixl 
and y = М — 1 is 2 s.u. 


. Assertion (A): The area of the region bounded by the 


curves у = Ix – ll and y = 3 - ixl is 4 s.u. 

Reason (R): The area of the region bounded by the 
curves y = lnx, y = ШЫ, у = ахі and у = Ша is 
4 s.u. 


Questions asked in past IIT-JEE Examinations 


1. 


Find the area bounded by the curve х = Ду and the 
straight line x = 4у- 2. [IIT-JEE, 1981] 


. Find the area enclosed by х + М = 1. 


ШТ-ЈЕЕ, 1981] 


. Find the area bounded by the curve у = f(x), x-axis and 


the co-ordinates x = 1 and x = b is (b — 1) sin (3b + 4). 
Then f(x) is 

(a) (x — 1)cos(3x + 4) 

(b) sin(3x + 4) 

(c) sin(3x + 4)(х- 1)cos(3x + 4) 


(d) none. [IIT-JEE, 1982] 


. Find the area bounded by the x-axis, part of the curve 


у = E + = and the ordinates at x = 2 and x = 4. 
x 


If the co-ordinates at x = a divides the area into two 
equal parts, find a. [IIT-JEE, 1983] 


. Find the area of the region bounded by the x-axis 


and the curves defned by 


[IIT-JEE, 1984] 


. Find the area bounded by the curves у = \5 – x? and 


у= 1х - 1! ШТ-ЈЕЕ, 1985] 


. Find the area bounded by the curves x? + y? = 4, 


x! = -N2 y and y = x. [IIT-JEE, 1986] 
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. Find the area bounded by the curves x у 225; 


Ду = 4 – х?| and x = 0 above the x-axis. 
[IIT-JEE, 1987] 


. Find the area of the region bounded by the curve 


y = tanx, tangent drawn to the curve at x = x and 


the x-axis. [IIT-JEE, 1988] 


. Find all maxima and minima of the function 


y2x(x- 1: 0 € x € 2. Also, determine the area 
bounded by the curve y 2 x(x — 1)’, the y-axis and 
the line y = 2. [IIT-JEE, 1989] 


. Find the area of the region bounded by the curves 


y = exinx, у = М and x = 1. 


[IIT-JEE, 1990] 


. Sketch the curves and identify the region bounded 


by у = ах, у = 2%, х= 5 and x = 2. Find the area 


of the region. [IIT-JEE, 1991] 


. Find the area bounded by the curves y = x? and 


Ус | . ШТ-ЈЕЕ, 1992] 


1+2? 


. The area of the region bounded by the curves 


у= lx — ll and y= 1 is 
(a) 1 
(c) 1/2 


(b) 2 
(d) none 
[IIT-JEE, 1993] 


. In what ratio does the x-axis divide the area of the 


region bounded by the parabolas y = 4x — x? and 
у= 2-2? [IIT-JEE, 1994] 


. Consider a square with vertices at (1, 1), (-І, 1) 


(-1, —1) and (1, —1). Let 5 be the region consisting 
of all points inside the square which are near to the 
origin than to any edge. Sketch the region 5 and find 
its area. [IIT-JEE, 1995] 


. The slope of the tangent to the curve y = f(x) at a 


point (x, y) is (2x + 1) and the curve passes through 
(1, 2). The area of the region bounded by the curve, 
the x-axis and the line x = 1 is 


(a) 5/3 (b) 5/6 
(c) 6/5 (d) 6 
[IIT-JEE, 1996] 


. Let A, be the area bounded by the curve у = tan"x, 


угбхебх= 7 If n > 2, then (A, + А, з) is 


Oo = (b) I 


(п + 1) 
1 


n-1 


(с) 


(4) попе 
[IIT-JEE, 1997] 


. Find all possible values of b > 0 so that the area of 


the region bounded between the parabolas y = x — bx? 


and y = + is maximum. [IIT-JEE, 1997] 


20. 


21. 


22. 


23. 


24. 


25. 


Let O(0, 0), AQ, 0), Zu | be tlie vertices OF a 


triangle. Let R be the region consisting of all those 
points P inside AOAB, which satisfy d(P, OA) > 
min ((Р, OB), d (P, AB)} where d denotes the distance 
from the point to the corresponding line. Sketech the 
region R and find its area. [IIT-JEE, 1997] 
Let f(x) = max {22,(1 — x, 2x(1 — x)} where 
O < x € 1. Determine the area of the region bounded 
by the curves y = f(x), x-axis, x = 0, x = 1. 

[IIT-JEE, 1997] 
Let C, and С, be the graphs of the functions y = x, 
у = 2х, 0 < х < 1 respectively. Let С. be the graph 
of a function y = f(x), O < x € 1, КО) = 0. 


(2 1) (1,1) 


Фо 
ES 


<< 


For a point P on С), let the lines through P parallel 
to the axes meet C, and С, at О and К, respectively. 
If for every position of P on С), the area of the 
shaded regions OPQ and ORP are equal, determine 
the function f(x). [IIT-JEE, 1998] 
For what values of m, the area of the region bounded 
by the curves y = x – x? and the line y = mx equals 
9/22 

(а) -4 
(с) 2 


(b) -2 
(а) 4 

[IIT-JEE, 1999] 
Let f(x) be a continuous function given by 


2x : 51 


ко = | 


х2 +ax+b :dxl»1 


Find the area of the region in the third quadrant 
bounded by the curves x = -2у? апа у = f(x) lying 
in the left of the line 8x + 1 = 0. 

[IIT-JEE, 1999] 
No questions asked in 2000. 
Let b + 0 and for j = 0, 1, 2, ..., n, let S, be the area 
of the region bounded by the y-axis and the curve 


| + Пл 
< mr Show that Sy, S}, 


jm 
xe? - sin by, Z <у< 


..., $, are іп GP. Also, find their sum for а = - 1 and 
b--landbz;z. 
[IIT-JEE, 2001] 
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26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


The area bounded by the curves y = М -1 and 
у=1-Ы is 

(а) 1 (b) 2 

(с) 2,2 (4) 4 


ШТ-ЈЕЕ, 2002] 
The area bounded by the curves y = vx, 2у + 3 = х 
and x-axis in the first quadrant is 
(a) 9 (b) 27/4 
(c) 36 (d) 18 
ШТ-ЈЕЕ, 2003] 
Find the curve passing through (2, 0) and having slope 
(х + у 50-5) 
(x + 1) | 
Find also the area enclosed by the curve and x-axis 
in the fourth quadrant [IIT-JEE, 2004] 
The area enclosed between the curves у = ax? and 
х = ay? (a > 0) is 1 sq.u., the value of a is 
(а) 1/3 (0) 1/2 
(c) 1 (а) 1/3 


of tangent at any point P(x, у) аз | 


[IIT-JEE, 2004] 
The area bounded by the curves у = (x + 1)? and 
y = (x – 1)? and the line у = 1/4 is 
(a) 4 s.u. (b) 1/6 s.u. 
(c) 4/3 s.u. (d) 1/3 s.u. 

[IIT-JEE, 2005] 
Find the area bounded by the curves v= y, v= 


and у? = 4x – 3 [IIT-JEE, 2005] 
4а? 4а l|[f(-)] |За? +3а 

If | 45? 4b 1|| 70) |=|3b?+3b 
4c 4с 1| 70) 3c? + Зс 


and f(x) is a quadratic function апа its maximum 
value occurs at a point V. A is a point of intersection 
of y = f(x) with x-axis and point B is such that the 
chord AB subtends a right angle at V. Find the area 
enclosed by f(x) and chord AB. [IIT-JEE, 2005] 


No questions asked in between 2006 to 2007. 
The area of the region between the curves 


_ „|1 + sinx ase 1- sinx 
ym cosx 200 y= cosx 
lines x = 0 and x = 7 is 

2-1 


1 
(а) — |4 
i | immer 


bounded by the 


deoa] 


4t dt тоот 


Үз +1 


(а) | 
0 


tdt 
———————— [IIT-JEE, 2008] 
[s + Ру = 2 
Comprehension 


Consider the functions defined implicitly by the equation 
у - 3y + x = 0 on varoius intervals in the real line. 

If x € (-о,-2) U (2, о), the equation implicitly defines 
a unique real-valued differentiable function у = f(x). 

If x e (-2, 2), the equation uniquely implicity defines a 
unique real-valued differentiable function y = g(x) satisfying 
8(0) = 

34. If f(—10V2) = 242, then /”(-10У2) = 


4N2 4N2 
аа e 
62 cfe 
773 733 


35. The area of the region bounded by the curve у = 
ТОО, the x-axis and the lines x = a and x = b, where 
—«coca«bc«-2,is 
b 
(a) J Cae је + bf(b) – af(a) 
3(f (x) 


(b) leas 
о! 


Жог жт 


EET 


ТШ + bf(b) — af(a) 
Зб)? – 


bf(b) * af(a) 


57 bf(b) + af(a) 


3(fGy - 
36. j gG)dx = 
-1 
(а) 28(-1) (b) 0 
(с) –28(1) (d) 240) 
[IIT-JEE, 2008] 
37. Area of the region bounded Бу y = e* and x = 0 and 
х=е 18 
()е-1 (b) Јлова + e - y)dy 
1 


1 e 
(c) e-f са (а) | Inydy 
0 1 
[IIT-JEE, 2009] 
Consider the polynomial f(x) = 1 + 2x + 3х? + 4. 


Let 5 be the sum of all distinct real roots of f(x) and let 
t = Isl. 


38. The real number s lies in the interval 


epi) (ај 


Area Bounded Бу the Curves 3.17 


39. 


40. 


41. 


obi- юру 


Тһе area bounded by the curve у = f(x) and the lines 
x = 0, у = 0 and x = f, lies in the interval 

3 | E 1) 

2 by) ЕЕ 
® % : 5) (68:16 

21 

9, 10 a) (0 2 

(с) (9, 10) (4) 64 


The function f'(x) is 

(a) inc in (- t, — 4) апа dec. in (- L, ) 

(9 dec. in (- t, - 1) and inc. in (- 4, ) 
4 4 


(c) inc in (- f, t) 
(d) dec in (ВВ 
[IIT-JEE, 2010] 
Let f:[-1, 2] — (0, о) be а continuous function 
such that f(x) = (1 — x) for all хе [-1, 2]. Let 
2 


| xf(x)dx апа R, be the area of the region 
4 


К, = 


bounded by у = f(x), x = – 1 and x = 2 and the x-axis, 
Then 


(a) К, = 2R, 
(с) 2R, = К, 


(b) R, = 3R, 


(d) 3R, = R, 
[IIT-JEE, 2011] 


42. 


43. 


44. 


45. 


Let the straight line x = b divide the area enclosed 
бу у = (1 – xy, у = 0 and x = 0 into two parts К, 
(0 € x € b) and R,(b < x € 1) such that К, - R, 


Р n Then b is 
(а) 3/4 (b) 1/2 
(с) 1/3 (4) 1/4 


[IIT-JEE, 2011] 


Let S be the area of the region enclosed by y = e”, 
y = 0, x = 0 and x = 1. Then 
(а) $21 (b) 521-2 
(с) $2 i (1 + = 
1 1 1 
4) $25 | = ШТ-ЈЕЕ, 2012] 


Тһе area of the region enclosed by the curves 

у = sinx + cosx and у = lcosx — sinxl over the 

interval |o. A is 

(b) 2202 – 1) 

(d) 222(N2 + 1) 
[IIT-JEE, 2013] 


(а) 4(N2 – 1) 
(с) 2042 + 1) 


No questions asked in 2014, 2015. 


Area of the region 

(G5 у):у € МЕ + 3, Sy Ex + 9€ 15} is 
(a) 1/6 (b) 4/3 

(c) 3/2 (d) 5/3 


[IIT-JEE, 2016] 


LEVEL-II 
1. (с) 2.(d 3, 4.4) 5. (а) 
6. (с) 7. (©) 8. (©) 9.(d)  10.(d) 
11. (b) 12. (6) 13. (а) 14.0) 158 
16. (а) 17.(d) 18®  19.(c)  20.(a) 
21.(d 22.© 23. (а)  24.(b 25. (с) 
26. дф 27. (Ы) 28. (с) 29. (4) 30. (а) 
31. © 32. (а) 33. (а) 34. (с) 35. (а) 
36. (4) 37. (а) 38. (b) 39. (а) 40. (а) 
41.(4) 42. (а) 43. (а) 44. (а) 45. (с) 
46. (а) 47. (с) 48. (с) 49. (Ы) 50. (с) 
51.(c) 52. (а) 53. (с) 54. (а) 55. (Ы) 
56. (4) 57. (а) 58. (с) 59. (b) 60. (Ы) 
61. ©) 62. (а) 63. (а) 64. (с) 65. (d) 
66. (a,b,d) 67. (а,Ъ, а) 68. (a,b,c,d) 
69. (b,d) 70. (a,b,c,d) 72. (b,c) 72. (a,b,c) 
INTEGER TYPE QUESTIONS 
1.4 2.2 3.2 4.4 5.3 


6.4 7.2 8.1 9.6 10. 4 
11.2 12. 8 13.а = 8 
COMPREHENSIVE LINK PASSAGES 
Passage I 1. (b) 2. (a) 3. (d) 
Passage П : 1. (b) 2. (c) 3. (c) 
Passage Ш: — 1. (b) 2. (a) 3. (b) 
Passage IV: 1. (a) 2. (b) 3. (b) 
Passage V : 1. (b) 2. (c) 3. (b) 
MATRIX MATCH 
І. (АТ), (B)2(R), (ОР), О) 
2. (АТ), (В)>$), (ОР), 0)-(0) 
3. (A)2(S), (ВР), (O—(Q,  (D)-R) 
4. (A).O(S), (ВР) (OS)  (D)—XS) 
ASSERTION AND REASON 
1.В 2.А 3. А 4. С 5. В 
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HINTS AND SOLUTIONS 


lever ( 


1. Hence, the required area 


2 
= | (2-2х-2)ах 


2 


8 1 
ЕРТЕ ТЕТЕ 
-Ї TTE | 


=3+1-2=2 squ. 


2. Hence, the required area 
2 
= | (ах + хап) ах 
1 


2 
= (xlogx – х)Ё + (xta 2 jlegll + ха) 
1 


= (2log2 — 1) + ЕШ ӨЛ БЭ: z) 
2 4 
5 (20022 + tan 12) — 5 1085 — (4 + 1)) sü 


3. Hence, the required area 


2л 


= ] (хівіп xl) dx 


2л 


= -| (xsinx)dx — | (xsinx)dx 


= - xcosx + їп — (-xcosx + злу 
= л- (2л — л) 
= Ax Sq.u. 


4. Hence, the required area 
= | dog, dx 
1 


=- be (xlogx — 3t 


- 2log 2- 
584423 = (2108 3) 
= tae (3 – 21052) вал. 
5. Hence, the 222 агеа 
1022 


= | (е зе + 2)dx 
0 


2х 1022 
= [S -se + z) 


рл 


-(8-642082-3-1| 


= (5 + 2102 84.4. 


6. Hence, the required area 
= | хах 
-1 


=0 
7. Hence, the required area 

2л 

= | sinxdx 
0 
л 2л 

= Біпхах - | sinxdx 
0 л 

= (-совх2 — (-совх) 


— (созх) + (сов xp? 


= -(-1- 1) + (1- (-1)) = 4 вал. 
8. Hence, the required area 
2л 
= | совхах 
0 
л/2. 3л/2 
- J cosxdx — | cosxdx + | cosx dx 
л/2. 3л/2 
= (їп)? 3 (віп хр” + (хэ 2, 
-ü-0-Cl-D-«(- CD) 


- 4 sq.u. 
9. Hence, the required area 
2 
-| (0 00 2) 


2 
{x(x — 1) (х – 2)}dx - | {x(x — (х- 2)}dx 
1 


2 
2-32 + 2дах – | (13 — 3x2 + 2х)ах 
1 


хо 5 
- (2-2 +2] 


4 0 4 1 
-(1-1%Ц- (4- 8 + 4) — (2-1+1)) 
=2(1-1+1) 

24 аа 

LU 


10. Hence, the required area 


- J {(x - DG - 26 - 3)dx 


Area Bounded Бу the Curves 3.19 


1 


= | (а DG – 2)(х - 3))dx 


+] (0 = DG -2)6 – 3)dx 


2 
| 
1 
3 
J (с DG – 2) (х – Зујах 


1 


4 
= Ё 243 + 1 x 2 
4 2 


0 


4 2 1 
4 3 
Ё 221 xX 2 
4 2 2 
1 11 
--(2-2 э |+@-8+22-12 
1 11 
| ву ср т. 
(а ШЕ) 6) 
-(%- Я 18) e 4-8422-12) 
= -> (23 - 8) + 12 - (22 - 72) 
4 4 
46 279 
uou 490 
2 233 400-233 167 
- 100 4 1 = 8 
11. Given curves аге у 2 x? and у = 2х – x” 
Y 
X -Х 
М 


Hence, the required area 


= J (Уз – урах 


1 
= | (Ох – x? – x)dx 
0 


12. Given curves are у = x and x? = y. 


=x 


Hence, the required area 


1 
= | (у; – урах 


13. Do yourself. 


2 
14. Given curves are y = ын and 3х-2у-12-0 


Х’ = -Х 
Y 
Y 
Hence, the required area 
= оаа 
22 
j | +12 32 
х х 
— == – == | ах 
J (232-3 
3 4 
=2 | Qv+8-xX)dx 
4% 
-3| 2 | 
1 х + 8x 313 


32222 
~ 
EN 
— 
[on 
+ 
о | об 
МА 
— 


-3( 54 
3 ((16 + 32 : 
3 


-105-3) 


222 (18:52). 46 23 
74 3 4 2 


15. Сіуеп сшуев аге х? = 4y and x 2 4y - 2 
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Y 


-Х 


1 Е z) 1 (2) 9 
= + = = – 64.0. 
413 6 4%6 8 


16. Given curves are у = 4ах and х? = Дау. 


А 


Hence, the required area 
4a 
= | (у = y) dx 


4a 2 
= | (мах а х 
0 4a 


2 зоүе ЕДЫ 
сәбет (d) 

NG. 3^ 0 12a/o 

ба | 
12а 

_ 32а" 16a” 164 
3 3 3 


аф өч | 


59.0. 


17. Given curves аге у = 4ax апа у = тх. 


Hence, the required area 


4a 


= | (уз = урах 


0 


4а 
= | @\ах- тах 
0 


ЕЕЕ! 


„Бев 0) е) 


= (22 - вт јаз 84.4. 


18. Given curves аге 


у=х +2, у= х, х = 0 and x = 3. 


Y 
А 
у-х 
Хх’ = -Х 
М 
у’ y=3 


Hence, the required area 
3 


= (у = yak 


19. Given curves аге 


у = 2x – x! and у = –х. 


Area Bounded Бу the Curves 3.21 


Y 
у’ 


We have 6x- х2 = xX — 2x. 


2х? = 8х 
х = 0, 4 
Hence, the required area 


Hence, the required area 
3 

= J Q2 = урах 
0 
4 

(Ох – х2 + х)ах -1 (уз = yp dx 


(6x — x? – + 2x) dx 


ouv Ov 


4 
-| 
0 
4 
= | (8х – 2х)ах 
[0] 


Hence, the required area 


= |402 – 22) 
(2 | 9 
-(---9|-- 89.0. 
2 2 128 64 
-|64----|---вашл 
20. Given curves are у = 2x — Хо у= 2апіх= 0, х= 2 3 3 
22. Let A, be the area of the curve у = 4х – х2 with 
r |/ x-axis and A, be the area of the curve y = 2-х 
with x-axis 
4 
mE А, = | уах 
х'—< -Х 0 
| 
1 =] (Ax-x)dx 
| х=2 0 
: | 


2 
= J (у; = y) dx = 


апа А, = 


zi d ЕТУ! 
2 3M 
(428224 Lj - ze) 
3 1052 1082 2 3/0 
PEN уы 
3 1082 \ . 


21. Given curves are А) 32 1 32 


y = 6x – х? and y = x? - 2x. A, 3 6 3 1 
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23. Given curves are 
x £y = 4 апі (х – 2): + у? = 4. 


Y 


CS. 
09 


Hence, the required area 
1 2 
- jj 4-33» «| 68-28 
0 1 


1 


? (822 - — + Sin (522)] 
pco «Sf 


0 


= 2-2 + дани (-7) - рт 


КЕТТЕР КЛЕТ |! | 
+2 sin (1) =з тс Ып (2) 


E [-3 л z4 V3 А 
С 2 3 27. v3 
3л 2л 8) 
-2(------ v3 
=, 
= (27 - 285) squ 
24. Do yourself. 
у у 
25. Given curves аге ~ + — = 1 and = + – = 1 
23743 а b 
Y 
n 


Хх’ 0 -Х 


26. Given curves аге {(x, yx + у <1<х-у). 


Хх i -Х 


1 
= с - ах 
0 


= [5% (2) -1+5) 
= 2 іп 5 1+ 
- 9-3 

2 2 2 
Я _ 
= 5 1) squ. 


27. Given curves are (х:у? < 4х, 4х? + ау? < 9). 


e. 


Y 


Y 
А 

X = -Х 
у 


Solving у = 4х and 4х? + дуг = 9 we get. 
4х? + 16x - 9 = 0 
4x! – 2x + 18x - 9 20 


= 
= 2x(2x — 1) + 92x- 1) 20 
> (2x + 9)(2х – 1) =0 
> хал 

2779 
Hence, the required area 


1/2 3/2 


B | Рах + | Еах 
0 12 


1/2 3/2 
= | 2xxdx + 1 | W- аах 
0 2 1/2 
1/2 1 3/2 3 5 
= | 2мхах + = | (5) сох di 
0 2 1/2 2 


Area Bounded Бу the Curves 3.23 


зо 86 UH 9 аа (1) 
3G 32 4(2 16 3 


223 y2 2 sin (2) 84.4 
124032 16 3 22 


28. Given curves are 


(х:х2 + y? € 2ax, y2axx20,y20) 


-Х 


- J (у = yak 


2 а 
.[x-a.[2 2 -|Хх-аү 2a 3⁄2 
= 5 а — (х ay + © ss (<=) 3 | 
= Maya ви 1) 
Е. 


29. Do yourself. 
30. Given curves are 
у=1+х+ П, х= -2, х= 3, у = 0. 
Ү 


х g—-X 


х=-2 х--10 x 


у 
Hence, the required area 


=5х2+0х1+7ж (1+2) х1+5х 2+5) х3 


-20 +2+21) = 27 squ. 


31. Given curves аге 
у=1+ + П, х=-3, х=З, у = 0. 


Y 


Hence, the required area 

1х 3+0х2+1х (1+2) х1+1х (2+5) хз 
2 2 2 
1 28 

= (4 21) = 22 = 14 
2 +3+21) 2 


32. Given curves аге 
у = lx- Папа у--Їх-1-1. 


> < 


Hence, the required area 
-2 x 1 x 5) = зала 
2 2 2 


33. Given curves аге 
f(x) = logx and g(x) = (logx)” 


Hence, the required area 
= | dogx - (logx))dx 
1 


= (xlogx - х – (x(logx)? - 2(xlogx - х))) 
= (B (xlogx – x) – x (logx)^)), 
= (3 — е) вал. 


34. Given curve is у =x – х. 
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Y 


у’ 


Hence, the required area 


1 
=4| @-xdx 
0 


3 5 Јо 
Е (5 = 5) "m 
375/151 
35. Given curve is 
у + 5 < gl 
Y 
A 
В (0, 1/2) 
Хх’ -Х 
C (-log2Q A (log2,0) 
D (0, —1/2) 
Y 
у 
Hence, the required area 
log2 
= 4 | eu 
0 
—х Mog2 
=4(-е ЈЕ 
-4(1-е1%2) 
=4(1-t)=4x 2 2 ал. 
2 2 


36. Given curve is 


Жоу-(По,у:0<у<х + 1, 


0<у<х-1,0<х<2) 


Хх 


Hence, the required area 


2 
GP + Ddx + о + Ddx 
1 


Hence, the required area 


1 
=2) (ж-да 
0 


desires 
38. Given curve is 
у=х(х— 1) 
Y 
А 
у-2 
Х’= -Х 
М 
у’ 


Hence, the required area 


2 
= о-ха- 12) ах 
0 


2 
= | (2 –х02 — 2х + 1))ах 
[0] 


Area Bounded Бу the Curves 


3.25 


39. Given curves are 
у=х + l,y=x,x=0andy=2. 
Y 


40. Given curves are 
y = log,x and y = 2, x = 1/2 and x = 2. 


Y 
А 
бы б -Х 
X= 1/2 
x=2 
Y 
у 


Hence, the required area 


2 
| (2x – logx)dx 
1/2 


2 


| 2" - (xlogx – 2 


1082 1/2 
-( A _ r110g2 +2 - 22 2325 | 
1082 1022 2 2 2 
„| ез? Slog2 + 2| squ 
солы ар я 


41. Given curve is (у – oy = (x — 1) and the equation of 
the tangent to the curve at (2, 3) is x – 2y + 4 = 0. 


Y 
Хх 7 -Х 
Ү 


Hence, the required area 


3 
= јо – хрду 
0 


((y – 2 + 1 – (ду – 4))dy 


j 
0 
3 
Jo? – 4y + 4 + 1 – 2y + дау 
[0] 
3 
Jo? - бу + ay 
0 


42. Given curve is 
У=@- Па - 2)? 


Hence, the required area 


2 
=2) (х 2) — idx 
1 
1 
= 4[(2 - Dar 
0 


1 
4| (A – Bat 
0 


P | 
ena 2 
ЦЕ 3 /0 
11 
= |4[— —- 
“5-3 
EM u 
15 4-7 


43. Given curves are 


у= (х – 1), y = (x + 1) and y = 1/4. 


> < 
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Hence, the required shaded area 


0 12 
2 («+ 07 – ујак + | (в- 12-21) 


[E +1) 1 | Ё M | 
- - —X t —-х 
-1/2 4 


3 0 
1 (5 У 1 1 1 
= + + 
3 24 8 24 8 3 
_ 1 2 +) #3 
3 24 8 3 
DE TIA Н И 


3 6 3 3 3 
44. Given curves are 
у = e, y = е and the straight line x = 1 
Y 


Хх” | > X 
М 
Hence, the required area 
1 
= | (е“ = е“) 
0 
ен —х\1 
-(е +e"), 
«(123 
Seta 84.4. 
45. Given curves are 


у = logx, y = loghi, y = Порх and у = Поз! 
Y 


Hence, the required area 


= 4(e)? 


= 4(e° - 0) = 4(1 – 0) = 4 вал. 


46. Given curve is 
x- 21+ у + П=1 


Thus, the length of each side 


= Үс = Ty? 3 (031-94 
Hence, the required area 
= (42)? 59.0. 


47. Given curve is [x] + [y] 53 


p 


Y 
| АХ 
Y 

у’ 

If [x] = 0, 1, 2, 3 then [y] = 3, 2, 1, 0. 

Hence, the required area 
=4(1х1+1х1+1х1+1х 1) 
=4х4 
= 16 sq.u. 


48. Given curves are 
xl + М = 1 and Ix + 1 + |у = 1. 


Y 


y’ 


Hence, the required area 


= хм ти | 
2 2 


-lsqu 
2 541. 


Area Bounded by the Curves 


3.27 


49. Given curves are 


y= cos! (cosx) and lx — zl + Қ - 5 = 2 


Y 
у-л 
x’ Х 
O Ат 
у’ 
Hence, the required area 
=2x1 x ax = 2 вал. 
2 2 2 


50. Since the given curve is symmetrical about x-axis as 
well as y-axis. 


- ~ 


Y 
у’ 


Hence, the required area 


45-1 

= 4| ydx 
0 
45-1 


-4| (5-(ж- дах 
0 


_ 4)3\V54+1 
= 4х se) | 
0 
8 
- gu + 545) ваш. 


51. Given curves аге 
y = ММ and у = bi 


Y 
А 


X -Х 


Hence, the required area 


1 
= 2) (ух - x) dx 
0 


2\1 
= 2(2.2° 3 «| 
0 


3 2 
2 1 
ae 
3 >) 
=2(4=4) = 2 х 1 зы 


52. Given curve is lx + yl + Ix — уі < 2 


х51,х2-1 
E ysLy2-l 
Y 
ШЕР 
Х’—= О > X 
ENS 
Х--1 у’ x=1 


Hence, the required area 
= (2)? = 4 вал. 
53. Given curves аге 
у= х, у=х + sinx, 0 <х<л 


Hence, the required area 
Л 


= | (xsinx — x)dx 
0 


(sinx) dx 


о =а 


= -(cosx)y = —(-1 – 1) = 2 зал. 


54. Hence, the required area 


B 
= J f@)dx = (Asin + 5 сов + v2) 
* 


Applying, Newton and Leibnitz rule, we get 


РВ) = Всоз В + sin – а sin В + V2 


f(F)=0+1-F4 2 


T T 
zz i=) "El 
5) | 4 

55. Сіуеп сшуев аге у = зшх апа у = созх 


T 
= 0 and x = =. 
х and x = > 
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A 


| з 
ма 


М 


Hence, the required area 


o ALR 


2 
2 
(cosx — sinx)dx + | (sinx - cosx)dx 
л 
4 


л Л 


= (sinx + cosx) — (cosx + sinx)? 


-(2-1-6-3] | 


зі 
-2(/2-1) зал. 


56. Given curves аге 


үлэ al onde = 
А 


X'< -Х 
Y 
Y 
Hence, the required area 
2 2-7 
= | (x-S)ar+J (4-х- Ча 
48 2 


f ј | Ї 2 | E" 
- ЕС Weg 292%) 


-h2 -3,3 ) 
-12- 3log2 2 + 2 1082 
(2-47) 


+ [aa em - 5 


– 3log(2 + V7) 


– 8 + 2 + 31052 


5 (2 + 5082) + зов =] + (27 - a 


= 3 2 
=(2V7 + = 10 2 – 5) + Blog| | 
| 2205 PET 


= (27 – 5) + зов _-=-- | + 3log (52) 


242 
-1(247- 102|--- 
5) + зов 22: 


57. Given curve is у = 4х – x 


> у=5-(х-2)? 


Now, Ше area ОАВО 


3/2 
= [| (тх)ах 
0 


2 (сай 2 (2) 
2 /0 8 
Hence, the area OABCDO 


3/2 


=f (4+4x-xX)dx 
0 


: хү? 
= (420 2) 
x Jo 


39 


| А Эт 1 
А ding to th tion, — = >.= 
ccording to the question 8 38 


Hence, the value of т is =. 


58. Do yourself. 


59. Given curve is y = sin !x and y-axis between у = 0 
and у- z/2. 


Area Bounded by the Curves 


3.29 


2 
= J (1 – sinx)dx 
0 


л 


= (у + cosy)? 
- (2 - 1) sq.u. 


60. Given curves are у? = 2x + 6 and y = x- 1 


„Й -Х 


‘| 


On solving, we get, (x — b =2x+6 


у= 2(у +1) +6 


y – 239-8 = 0 
(0- Фу + 2) = 0 
у= -2, 4 


Hence, the required area 
4 
-|(-х)ф 
220, 


4 6 
бони 


== |07-6-2у-2ф 


24 
2 


1 у? | 
— _ аи in 2 _ 
E > У – By 


-2 


J 02 = 2y-8)ay 
2 


НЕ 8 
2\ 3 3 


= НЕ -48%4- 16)| 


1 
= |=(28 – 64 
|208 64) 


= 7108 – 64) = = = 18 зал. 


61. Given curves аге 


х--2у? and x = 1 - зуг. 


Y 
у’ 
On solving, we get, 
–2у: = 1 – Зу: 
у =1 
у=+1 


Hence, the required area 


1 
J 0з-х)д 
-1 


1 
= | (C23 - (1 – Зуђуду 


| 
— 
c 
~ 
| 
— 
Мм 
> 


62. Сіуеп сшуев аге у = (ап 'х and У = сос!х and the 


y-axis. 
Hence, the required area 


ЁС 
4 

- | tanydy + | cotydy 
0 


~ — о] 3 


л л 


= (log (весу))& + (log(siny))2 
4 
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= log(N2) + |0 — [5 
= 2102 (72) 
= log (2) sq.u. 


63. Given curve is 
x= » + у + 2 and the y-axis. 


Hence, the required area 


2 

-| хау 
-1 
2 


= Су + у + 2)ау 
zT 


y y | 
оао 
Den 

8 11 
54| SE ore 5 
(-5 + DEI 7 | 
(4-1-4)-2 аш 
Е 3-2) 6 


64. Given curves аге у = АХ, у = х 


у=-@? - 2x - 4) =5 – (х – 1) 


> < 


х'—< Ó 


Hence, the required area 
2 


2 1 
= | cx + 2х Ax - | чхах-| Ха 
0 0 1 


| х 2 | 2 501! B 
(на) (8) - [5] 


65. Find the area of the region bounded by the curves 
4 = М — х2 and ІУ(х2 + 4) = 12. 

65. Given curves are 
Alyl = 14 — х2 and lyl(x? + 4) = 12. 


Y 
A 


Hence, the required area 


Чен  -1-51-08-4 | 


6tan (42) – 5 + E 2 


-4 


= 5 (18 шп (2) - 22) Sq.u. 


66. Given curves are x? + 2y? =2andy=1- x 


Y 
А 


Y 
у’ 


Hence, the required area 


= 21 (0 - 27 - 1 – y)dy 


Area Bounded Бу the Curves 3.31 


1 1 
=22 | 11-уду-2 | (1-уду 
-1/2 -1/2 


Е 202 (ЕМ 2 + Заа") 


2 -1/2 


3 xod Ls (1) Ни 
-э0( + 1 2 о СТІ 345 


- „05 x) |96) 
«8 208) 
= (24 + 3) - 46 | вал 


67. Сіуеп сшуев аге х2 + y = 4 and x? + ау? -9 


Y 
А 


D~.. 
ФР 


М 


x 


Solving the above equations, we get, 
2 + 4(4- 22) = 9 


> 32-7 


2 ый 
3 


Hence, the required area 


VIB 2 
-4| i-as] 4-ға) 
0 


7/3 


= 41 19-22. занг (2) 


68. Given curves are 


y = In(x + e) and x = in(+) 


=> y=In@+e),y=e*,y=0 


Hence, the required area 


6 Е 
| Іов (х + e)dx + | e “ах 
1-е 0 


со 


(х + e)log(x + e) - (х + e)? -(е 


= (eloge — e) – (1log1 – (1)) – (e s 
-(1-(0-0) 
- 2 sq.u. 


69. Given curves are x? + у? =4,y= x +x + 1 and 


у = И + cos(7)| and y = 0. 


Y 
А 
у=1 
esis (2,0) X 
– 3 СИ | 
Y 
y 


Hence, the required area 


= (43 x 1) + (43 - 1) 


0 2 
+] G3 + х + Ddx +2 | Na – ах 
21 ҮЗ 


(WB -1) + (++ 
-(38-1)- 45-63, 


+2(EN4 -» + asin (5), 


B 
= 6 – 1) + (0–(-1 + 1 –1)) 


2 
E + 7) - (8+2 


= [045 -1) +2 + 27-5] 


3.32 
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70. Given curves are 


х2 


4 


> ~ 


2 
2 


= + у = 1 апа = – у =1 


-Х 


2 2 

X X 

МЕ д 

452 

3x2 

ec» 
i 4 

2.8 
= => 

с> 

2 x 
Now, ве Еј. 
ow. y 4 

2 8 2-21 
=> = = 1 = 

У 4x3 377% 
5 еш 

V3 


Hence, the required area 


1/3 


3 
= 4| | (Hyperbola)dy + 
0 


1 


МЗ 


J (Ellipse) ај 


абе) sl nies] 


- 4% (5 ylty + Тог ју + Југ + ily" 


2 


2 


+ 220 + у? +в + Му: + il) 


1/3 


1 


1 


= о 1 2 + Нов 


х 
243 Уз 2 


+ 2 [5 + ges 2 D- x 


N2 


ВОДЕ l 


243 


| 


2 
КЕ; 


0 


" 


- i оз) 


71. 


72, 


1,1 
V2 


Let the area be A. 


1 1 
+ 2( 5+ plo v2 + 0-3 – 41023] 


-(5-E | 

12 
end 
(8-3 

58 =2>0 


So, the area is minimum. 


It will be minimum when A = 0. 


2a-4=0 


Thus, 
3 


> а== 


3 


Hence, the value of а is 2 


Hence, the required area 


1 
=А = fier + ах + 1)ах 
0 


2 (сс 


= — == 


So, the area is minimum. 


; БУ? 2а 
For maximum or minimum, * + 


EN 2а | 1 
3 2 
-2 
> т 


Hence, the value of а is – 3/4 


73. Do yourself. 
74. Given curves are 


у= 2 + 2х - 3 апду = тх + 1 


1 


2 


0 


sq.u. 


Area Bounded Бу the Curves 3.33 


Ү 
А 
к д -Х 
М 
у’ 


Solving, we get 
x + 2х- 3 = тх + 1 
х +(2—-m)x-4=0 
Let о, В be the roots such that 
а+В=т- 2, ap = –4 


Hence, the required area 


A (Line — Parabola) dx 


(qnx + 1) – (02 + 2x – 3))dx 


! 
Ј 


“к она 
[ero e а] 
(е ага о) = (в 2) 
(B-E -ð +46- 29) 
6-8 л с) + 4 | 
ТАС | ce ES 


Е (m – 2) te 
=p 2 6.23 


2 
= (а + В)? – sap |% -2 + 16 


(m – 2) 18) 
= – 2): + 16 | p cade 
(m — 2) 6 3 
The area is minimum, if т = 2 and the least area is 
_ 64 
3 


Lever lll 


75. Hence, the required area 


X 1 
шэн. (зе 
экш 

12 Х/4 
Е 1 2 1 
- + 
3 2a 12 
Tn 
4 2a 
dA a 1 
da 2 оғ 
EN QA d A 
а? 2 д 
Now for maximum ог minimum, 
dA _ 
da 
a 1 
rai t 
x 2 24 
=: a_l 
2 24 
> а-1 
> а-1 


Hence, the value of а is 1, when the area is least. 


(Problems for JEE-Advanced) 
1. Given curve is а? » = х? (а? - х2). 


Y 
A 


М 
у’ 


Hence, the required area 


= 4 | у ах 
0 

ш 4] (22 - x јах 
m2 


(Let = sin@) 
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2. Given curve is y = (x — 1)(х - 2)(х - 3). 


Hence, the required area 
3 


- J ((x — I(x – 2) - 3))dx 


1 


| © -Da - 26 – 3)}ах 


0 


{@ — DG – 2)@ – 3)}dx 


(x = DG - 2)(х – 3))dx 


=-(5-2+2-6)+4-8+22-12) 


1 11 
Ји зш 
(1 ШЕ 6) 


(= 54:22 18) + 4-8 + 22-12) 


4 2 
23 279 
= 2/2 - | 12 42 - 72) 
"usu 4 
46 279 
Ep A 100 
233 400-233 167 
= 1 = = и. 
00 " 7 "EE a 
3. Given curves are y = log,x, y = sin" (x) and x = 0 
Y 
А 
x= (e ORT > 


. Given curve is у = aX ees 


Hence, the required area 


1 | 
| logx dx +] біп хах 
0 0 


1 
= 2 
(logy — Df + | (Leer) 2 
0 


= 2 
(* em di 


| 
Ба 
+ 


1 
Га- 2cos(2mx) + cos? 27:0) dx 
0 


1+ XAR | 


1 
1824 20 5 


1- 


ТЕ 2sin(27x) x Sér») 


412 2л 8л Јо 


ТЕ НИ Ни 
1+ 415-0) =1+85 8 


2 


Y 


>- 


X Х--1/2| х-1/2, -Х 


Hence, the required area 


1/2 
2| Q- 2d 
0 


б БЕЗ 2p 
5 З /0 


- bí - 3) = 5 5 
80 24/| 120 47 


. Given curves are х? + у? = 64 апа у? = 12х. 


Area Bounded by the Curves 


Hence, the required area 


4 8 
= area of a semi-circle — 2 | Рах + | са) 
0 4 


4 8 
= бїл — jj 12 ухах + | N64 Pa 
0 4 


4 
= 64л- 225 x 200) 
2 0 


-2 5 Үба — х2 + 32sin 1(5)) 
2. 2/74 


= бал — 2443 2325 843 325i" (2)] 


= 327 – 815 + T 


= (19 - 8\5) 54.0. 


. Given curves аге 


y = In@ + e) and x = ш1) 


X 


-у-іІшШе-е,у-е,у-0 


Hence, the required area 


со 


0 
= | log(x + e)dx + | e “ах 
1-е 0 


= ((x + e)log(x + е) – (x + e,- (е7) 
= (eloge – е) - (1logl - (D) - (е7) 


=(1-(0-1)) 
= 2 sq.u. 


. Given curve is y = 1 + 4x – x 


эу=5-(х-2)° 


Ү 


Now, the area OABO 
3/2 


= | (mx) dx 
0 


(еріт 
2 /0 8 
Hence, the area OABCDO 


3/2 
= | (1%4х-эӘ 4 
0 


3132 


-(++22-= 
3 


According to the question, 
шинэ 
8 2 8 
13 
> =o 
цаг 


Hence, the value of т is 2. 


8. Given curve is 


> < 


Hence, the required area 


3 
= | (у; = yp dx 


3.36 
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9. Given curve is 


Hence, the required area 


2 
= || t«- DE- 2}dx 
1 


x? — Зх + 2)dx 
3 2 
-|x Зх 
- |5 ren 
-|(3 байрын 2| 
3 3.2 
ра 
(2+; 4 
- (29 4| 
6 
(odes 


З 2 
Неге, A, = | | х Е х а 
0 


11. 


12 5 
Also, A, = | [n5 = 2 as 
: 12 


21212203 x 12 
„баве 
| ДЕ, 36/5 


2 121 (2 27 
= (28 x 2 12412121-(2 243 х 3 ЕЙ 
(28 x2x 321-(1 x 28 x 3527 


3 

- -48)-(12-- 

(96 8) | 3) 
- 48 шал Sor ps гийг 


Thus, A,;:A, = 45:147 
- 15:49 


Given curves аге 
х + у < 6б. x + у? < бу and y? < 8х 


Ү 
А 


Hence, the required area 


21 NZ) -43- 49-52) ах 


0 


41 {(6 — = (3 - VW — х2 )}ах 


3 
2 3 2\3 
= 242. 3 GE Ја 19 х?)ах + (в - | 


= 84 (18-32-1242) 


3 
| xV9-x 9 ШЕ 
Зх sin ( ) 
2 2 3/10 
16 9л 27 
ic 9- 4 7 10 
Эл Ё 27 | 
“0 ep То 
9л 1 
= (Fg) sa 


-Х 
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12. Given curve is Hence, the required area 
2 
2 2 
x+y - 6x - 4y + 12 < 0, у < х, х < 5/2 = | (х + 2 – х®)ах 
= (х – 372 + (у – 2)2 < 1, у < х, x< 5/2 Ši 
2 3\2 
20-2!-ü-G-3 -(£en- E] 
2 зл 
= у= 2+1 - (х – 3) 
| са Spa emer 
3132 3 
—yz2-NI Е (s _ 1.1) 
22:23 
-_48-3-14_31, ы 
6 6 q.u. 
14. Given curve is y = xlogx and y = 2x – x 
Y 
А 
ХХ’ 
т, 
| T О (150) ue 
Hence, the required area | 
1 511 5/2 
=-|2 2-\1 3): ја ү 
2261 || o - 3 Jak у 
5/2 Hence, the required area 
-2-1| (2-4-о-3/7)ж 
8 2 21 (Ох – 2х2) — xlogx) dx 
( 3) 5/2 0 
X — 
32 [2x yl = (2 – 3)? + i dnce 3) =( 2 2 4 5 | 
8 2 2 = |х х logx 
3 2 4 
_9 [2-1 (1) 3 EN S 
8 2: 22 2 VT Wet 
Иа (1) - sis | EP 6 А 
+ + (sin 2 sin (-1) 3 +7 = т5 84.4 
9 МШ, аса; в 15. Сіуеп сшуев аге х? + (у- 12 =1 
7% (1-:244(-2-2) and сох + у? = с? where с = V2 – 1 
Y 
= 9 [1 + уз + т | 
8 8 6 
! V3 ај 
-(------ вал 
8 8 6 s = 
13. Given curves are х? = »у-х-2 LEONEL ЖЕР 
Y 
n Y 
Y 
Hence, the required area 
12 
x г -л(12-2| (с41-3-1-41-3) 
x=-10 x=2 0 
1/2 
ї = л-(12 – 2]  ((с + )М1— 22 – 1) 
0 
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Ар Hence, the required area 
= (1) – Де + ШЕШ х2 + sina) DH А 3 
à -3Ї 2:85-671| 
12 
= 0 425 ЕР sin x} -3| 
2 2 0 Ш (FZ 8 

“3 8-6 

орет) 
242 42 1 = (8-2) 59.0. 
т 2 
ШЕ (n 22, 18. The tangent at x = 7 to the curve f(x) = lcosxl will be 
4 parallel to x-axis and cuts the curve f(x) - cos! (cos x) 

t B and C. 

= 1004 – Ол + 242) 84.4. сае 
У 
16. Given curve is (у- 2° = (x — 1) and the equation of А 
the tangent to the curve at (2, 3) is x – 2y + 4 = 0. 
Y 
x Х 
О 
у’ 

Thus, AD = z- 1 

Hence, the required area Hence, the area of AABC 
3 
1 
= | о – хроф = 2х r- 2) х (п-1) 
0 


: = ах 2(л-1)х(л-1) 
(y = 2) +1- Qy - 4))dy 
-(7- 1)? 59.0. 


19. Given curves аге 


ју = 1-22, х2 + у = 1. 


=x 


О? – бу +9) dy 
0 


у? 3 
= + 
3 0 ХХ’ -Х 
-9-27-27 NP, 
9 


3 
! 
0 
3 
=] O? – ду + 4 + 1 – 2у + 4) 4у 
3 
! 


= 9 59.0 i 
17. Here D, E and F are the mid-points of the sides of 4 
the trangle ABC respectively. Hence, the required area 
1 
Y 
À Ж -z-a а -a 
2i а 0 
3\1 
ee) 
E 0 
== 4(1 Є 1) 
ХЭ -Х 3 
А(0,0) D(1,0) C(2, 0) 
| = (5-8) sau 


Area Bounded Бу the Curves 3.39 


20. Given curves are 


—Lxl 


lyl =e - and xl + М = In2 
Y 
A 
Х’= -Х 
М 
Y 


Hence, the required area 
1 112 1 
= (ішер E J (е = 1) 
1 2 (= 1 1) 
»-41-002 
(x a кетігі) 


= 2127 + 211( 2). 


е 


21. Given curves аге 
y — у + 4х + 5 = 0 апа х + 2х-у+2=0 
> (y-1z-4(x + 1) and (x + 1? = (y - 1). 


Hence, the required area 


-1 


= | (1+¥4@FD)-(4+ G4 Dax 


-1-3N4 
(x + ү 
3 


Ї + 2-20-6 + 13?) — Ї + 


214 ҚЗ E 
- [Eee en El 3 


- [tc [E] 


3 


-1-N4 
-1 


-1-44 


3 3 
22278: 22730 
-|% 2 le сйкес i 


22. Given curves are 
x + у -2х-4у-11-0 
апа y=—-x + 2х + 1— 243 
= (x – 1): + (у + 2): = 16 
ала у + 268 – 1) = -(« – 1) 


Hence, the required area 


2 
= | | (Parabola — Circle) «| 
0 


2 
= [fcr +204 1-208 
0 


- (-2 + V16- «- 12))ax) 


2 


0 


3 
- (ЕЕ + жаз A 


| 2х + = 16 (x—1» + Вз | - М 


4 0 


-2| 546 443 ( 9+ М5 + ssint(4)} 


23. Given curve is 
9? + 4у2 — 36x + 8y + 4 = 0 


= (9х? — 36x) + (4? + 8) + 4 = 0 

= 90? – 4х) + 4? + 2у) + 4-20 

= 9(х - 2): + 4(у +1) = 36 + 4 – 4 = 36 
> 9(х – 2): + 4(у + 1} = 36 

ds -2У O+] 


4 9 


3.40 
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24. 


>X 


Solving, we get 
x=2andx=4 


Hence, the required area 
4 


= Е Dax 


-Їнээ-1 5521-2225» 
~ | Е + зү Ё 2 5 + м 


ШЕК БЕНЕН) 
| 


ы 


к- 


4 2 
х-2 
b 1 | 
6x + 3( 1 


шан 
2 


+ Lau Е = 2) + ary 
2 2 4 h 


= (-24 + 3(7) + 12 + 12-3) 


The required area will be equal to area enclosed by 
у = f(x) and the y-axis between the abscissae у = —2 
and y = 6. 


РОО) = 2, f(-1) = -2, Ја) = 6 
Clearly, f(x) is monotonic in [-1, 11. 
Hence, the required area 


1 -1 

- J (6 – f(x))dx + J (f(x) - C2) dx 
1 —1 

= [(4 – х3 – хах + | о? + 3x + dx 
[0] [0] 


4 2\1 4 2 0 
Зх 
Е + АСТ 2 + ct 


=6-5= 1 squ. 


25. The required area will be equal to area enclosed by 
y = f(x) and the y-axis between the abscissae у = -1 
and y = 4 
70)-1,7С2)--1,70)-4 
Clearly, f(x) is monotonic in [-2, 2]. 
Hence, the required area 


+ 13x" + 2x) 
96 24 24 -2 


-(6 16 8 = (£ 8,3 4) 


96 24 24) (96 24174 
-| _ 32 104 
96 24 
1 2B 
eS (yee ee 
| 3 74 
14 
S бын 
LE 
ade шир 
34 


26. Given curves are 


у = хе, у = хе“ 


Y 
A 


Y 
у’ 


Hence, the required area 


1 
= J сет - хе ~) dx 
0 


1 
= (х(ё* езу – | (ех + eax 
0 


Area Bounded Бу the Curves 


3.41 


27. Given curves are 


|х – 2yl + lx + 2yl < 8 and xy > 2. 


Y 


Ц 


х'—< -Х 


у--2 
1 


--4 -4 
x v: x 


Hence, the required area 
р 2 
=> | (2 = 2) ax 
= 2(2x - 2log x) 
= 2(8 – 2log2 - 2) 


= 2(6 – 21062) sq.u. 


28. Given curves аге lxl + у > 3 and xy > 2. 


Y 


х'—< -Х 


М 
у’ 


Hence, the required area 


= (5 - 2082) 59.0. 


29. Given curves аге 


Ix — yl Ix + yl < 8 and ху > 2. 


М 
Х--4 ү” х=4 


Hence, the required area 
j 2 
= 2) {4 – = |ах 
(4-2) 
= 2(4x - 21ogx)?, 
= 2(6 – 41062) sq.u. 


30. Given curves аге 


Ix + yl € 2 and x? + y? > 2. 


x’ 


С М, 
«WP 


x 


Hence, the required area 
© (ҮЗҮ? 
= |1 x2x2- m: 02y 
2 4 


= (4 - 5) 84.4. 


lever (0 


1. Given curve is 
2x? + бху + 5y? =1 
Let x = гсозб, у = rsin 


1 
> Pr 


Y 
A 
\ "m 
Х-< 0 >-Х 
d u 


= 2(8 = 21692 — 2 + 2юз(5 | 


(Tougher Problems for JEE-Advanced) 


Hence, the required area 


л/2 
= | r^ 40 
—Л/2 


Е 2с0520 + бвіпбсов0 + 5870 


3.42 
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2. Given curve is x^ 


л/2 


= | |4 
р 1 2с08-0 + бѕіпӨсоѕ0 + 588070 


л/2 5 
Е | вес“0 | 
-w2 \2 + 6tanO + 5tan?0 


(Let ft = tan@) 


5Р шоо 


! 
а 
Dn 

m 
с 


3 + у“ a. 


Hence, the required area 


=4 а 


(a^? Е x 32 dx 


| 
гэ 


озо orn © 


4 | (а 51130) (За cos?0 8ш0)40 


(Let x = acos?0) 


m 
2 

= 12а 2f біп“0 cos^0 40 
0 


LE 
2 Еш 7 
8 
3. Clearly, f(x) = 2 + 1 
> РО) = 2х 
Now, т-(/(х),-о- 0 


Equation of the tangent at (о, В) is 
у-В-т(х-а) 
ш y- B = 2a(x - о) Же) 


Since the point (о, В) lies on the curve, so 


B= о + 1 
From Еа. (i) and (ii), we get 
а= +1, В = 2 


Hence, the equation of the tangent is 
Уу-2-:2(х- 1) 
у = 2х 


> X 
Y 
М 
Hence, the required area 
1 
=2 [02 + 1 – ах 
0 
3 2 1 
e 
3 2 i 0 
1 1 
арың) 
3-2 
3-2 
5 
=2х- 
6 
= 3 sq.u 
37 
4. Given curve is 
% 
у = хе“ 
а 
ec е 226% 
ах 
: E dy 
For maximum or minimum, — = 0 
dx 
— e* – 22“ 20 
> 1-2 =0 
= хаа 
“= | 
By the sign scheme, it is maximum at x = — 
V2 
1 
Thus, С--- 
V2 
Hence, the required area 
2 
= [хех ах 
0 
-e 
=-1[ dr, (Let -2 =) 
2% 


(8) 
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Туве 
= 72 (ез 


= 30-0) 


L 

заг е Sq. 1. 

The area is maximum, when с = al 
V2 


Hence, the maximum area 


= 41-69) 
aig 


5. Let the required area be A. 


1 
Thus, А = | (а2х2 + ax + Idx 
0 


3 2 0 
2 
а а 
(++!) 
dA (2 ; 
x da \3 3 
2 
> do л 
da 3 


So, the area is the least. 
For maximum or minimum, 


dA _ 

da 

га 1_ 
=> 455-9 
> $223 


Hence, the value of a is —3/4. 


6. Given curve is y = 2-1 


Y 
А 
C(0, a + 1) 
D Bla, a + 1) 
ANS О|0,0) А(а0) ~ 


Y 
ү” 


Hence, the required area 


= [02 + рах 
[0] 


It is given that, 
3 
24 + ај = (а? + а) 


223 + ба = За? + За 


= 
= a’ = За 
=> а = 3 
> а = V3 


Hence, the value of a is V3. 


7. Given curve is 


у = хе“ 
ЦЭЭР” 
- —=е*- 
dx хе 
d? 
— ын =e” — e” + xe” 
dx 
For point of inflection, 
dy 
— = 0 
ах 
= –е"“– ех + хе “ = 0 
=> х-2 = 0 
=> x=2 
So 2 


Hence, the required area is 
2 
= | xe ^ dx 
0 
2 
= (хе) + | €" dx 
0 
= –(хе “ + е 


= (1 – 3e?) вал. 

8. Given curves аге 
kl + Ы > 1 and х2 – 2х +1<1- у? 
Ixl + М > 1 and (х – 12 +y <1 


у. ж 


> and x – 1? +y <1 
х-у21,х-у&-1 ( у+у 
Ү 
А 
X -Х 
О 0) 
Y 
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Hence, the required area 


1 
-1| ICE ace Dai] 
: 2 


= 2552 J- а – 1 + 5 sin (= 3 +1 


9. Given curves аге 
lx + yl € 1, ly — xl < 1 and 332 + 3? > 1. 


Y 
A 


Y 
ү” 
Hence, the required area 


= area of the square - area of the circle 


= (2 - 5) 84.4. 


10. Given curves аге 


БЕ = 21 <3, x -4x+y+3<0 


and х у +2х-9<0 

= lx – 21 + ly – 21 < 3, (x – 2? &-(y + D 
ала (х + 12 + у: < 10 

> (x – 202 < –(у + 1), (+ 12 «y < 10 


х+у< 7, х+у>1 
х-у<3,х-у>-3 


Hence, the required area 


2 
= [Cx + 4x – 3) dr 
1 


V10-1 


+|2 | V10- @+ Dax + 
2 


1 
Га-х 
1 


х У 
= Ез зо xj 


(x + 1910 — (x + 10» LS ЕРДЕ 
+ 5sin mm 
2 410 


+2 


8 1 
= 8—6 2+3 
(- + t3 +3] 


+ 20 + 5віп 1 (1) 


22-1 2-1( 3 | 
== += + 5л- 3 – 10 sin |— 
3 2 Las 
11 in| 3 | 
-|5Л---- 10 sin | —— | | sq.u. 
| 6 416)) 5 


11. Given curves аге 


(12 + у) € 4 € 2+1) 


Hence, the required area 
— area of a circle-area of a square 


-4л-4 
= 4(л — 1) 34.1. 
12. Given curves аге 


2 
шим 51 easi 


2 
у=” and y = 7 bel 
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Hence, the required area 


30 к3)х4 [Е = Јах ЇЕ - 2n 


=2 


= 8 Е 8 | 
x c (2 5) poc 
- 2 16 2 

=2[18 +2 q S 2) 

= 32 sq.u. 


13. Given curves аге 
у= № +х- 2, у = 2х where 
хе +х- 2) >20 
> x(x- 1)(х+1)> 0 


Solving, у = X ELO у = 2x, we get, 


x=-lx=2 


Hence, the required area 


0 2 
= | [2x - (2 + х – 2)]ах + [2х – 02 + x – 2)dx 
21 1 


Е n 0 БОР": 2 
-|-----42х| + |-—-— + 2х 
2 3 -1 2. 3 
(ы 

6 3 6 

A 

69 


14. Given curves аге 
y? = 4a(x + a) and y? = Ab(b — x) 


Y 
А 


— В 


x’ 


“AC an) О A(b, 0) 


On solving, we get, 
B(b — a, V4ab), B'(b — а, — N4ab) 


Hence, the required area 


- e-a- 


2Nab 


ts zd 
= b Mu cres цо” а 
+ (a + b) 4 (а + b y 
Vab 2 2 
= а + b)-2Nab - | ЦУЛ я 
Vab 2 2 
E 1 y y 
= 4а + bab - 5 J (= Ы 
3 3 12 мађ 
о у 
=4 БУХ == а 
(а + b) Vab КЕЗЕНІ 
Led m L Sablab А Sabah) 
2\ 3a 3b 


= 4(a bab = ta + b)Vab 
= F(a + b)Nab sq.u. 


15. Given curve is 
у= 22 — 2x + 3 


dy 

IE mx 
> EA X 

a 

#24 22:20 

2 х-2 


Тһе equation of the tangent to the given curve at 
Р(2, –5) is 6x фу = 7 


X 5 —х 
Q(0, –5) |----- Ро, -5) 


Hence, the required area 
3 


J хау 
-5 


< < 


= 1.0.12 – 
2 


3 


Ге + 44 -»4dy 


-5 


2 3 
ЯЛ 


-12- 
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2 
= 12-|10- = 
1 
2-6 u 
д SQU. 


16. Given curves аге 
х фу 2х + 4у– 11-0 
ала у= = + 2x + (1 - 243) 
> (x – 17: + (y + 2Y = 16 
ала у=-(х – 1 + 20 – №) 


Solving, we get 
x=-1,3 


> < 


у’ 


Hence, the required area 


3 
= 1 (у, = удах 


3 
= | [x + 2x + 1-243) - -2- N16 – (x – 13] de 
= 


3 - 
КЕЗГІ D 16-0:-19 


2 
3 
+ 18 шаг? = 3] 
2 4 -1 


= [= – 443 + эл) sq.u. 


17. Given curves are 


ах + by = 1 and P3? + ay =1 
On solving, we get, 
1 


ЕЕ = 


== 
Va? + b? 


Hence, the required area 


а 


En 
zd І ЛЕГЕН TENES 
a 


dx 
0 b i 
(Let a= 1 
асар” 


18. Given curves аге 


bl + i < e" and (bd, bl) < 2 


= (2 – 2112) sq.u. 
19. Given curves аге 


Я 3 au Ё 5 
y = шш{х”, lx — 21, e^ ^), x-axis, y-axis and x = 4. 


Y 
A 1 
| NB( 1) | 
AC) | (4, e) 
х =X 
б 
Y 
ү” 
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20. 


On solving, we get, 
А = (1, 1), В = (3, 1), С = (4, е) 


Hence, the required area 


1 2 3 4 
= | ах + (2 – хах + JG - 2)dx + [eax 
0 1 2 3 


x 1 x 2 Y 3 РОР 
-1 | 4-5 Ea) 


= (2 Е 1 84.4. 
4 € 
Given curves are 
Қы y): x = 2у «2) 
ЗА оза 2х7 + у < 2} 


and 5%(х, у): 2 Фу < 2) 


9 
2 у= -х 


The area of the first quadrant 


N2/3 
= | (ЗҮ — 2 – х)ах 
0 


Hence, the required area 


= (2x - 442 аш | sq.u. 


Integer Type Questions 


. For хЕ [-2, 2], у= Еш + cos(7)| = 1 


Hence, the required area 


2 
= | 14х = (97, = 4 
22 


. Given curve is М + lyl = 1 


Y 
А 
B 


D 


у’ 
Hence, the required area 


= ar(ABCD) 


4(аг AOAB) 


ЕСТІСІ 
2 


= 2 sq.u. 


. Given curve is 1х – 21 + ly – 21 = 1 


Y 
А А 
С 
р у-2 
-<------ ---<----------5 >- 
B 
А! 
m 0 | -Х 
Y Y 
х= 2 


Hence, the required area 
1 
-4х-х1х1 
х 2 х1х 


= 2 sq.u. 


. Given curve аге 


et) > у, |і < 1 


х+12 У, М < 1 


Y 
А 
C1, 2) 
X x 
ACA, ОО В(1,0) > 
Y 
ій 


Hence, the required area 
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1 
-2х-х2х2 
хх х 


= sq.u. 
5. Given curves аге 


y = Шіл and y = 1 - Ixl. 


Hence, the required area 


0 
abs ea] 


—oo 


-2(1 уЗ 
=2(5+1)=2х5 = 3 squ. 


6. Given curves are 


у=3-Ы and у = іх - 1 


Y 


Here, АВ = 112 + 12 = 
апа ВС = 122 + 22 = 48 = 242 


Hence, the required area 


= AB x BC 
= V2 x 2V2 = 4 зал. 


7. Given curves are 


y =e #0 and y = хе - DE- 3) 


1 :x>0 
y= and y = x(x - 1) (х - 3) 
-1:х«0 


8. Given curves аге 
y=e,x=0,y=e 


Y 
А 
у-е 
Гэрэг 
Х’= О -Х 
Y 
у 
Hence, the required area 
1 
= Ге - г”) ах 
0 
= 1 
ха (е ын e 
=(e-e+ 1) 
= 1. 
9. Given curves are 
1€lx-2l-ly-1lx2 
Putting Х-х-2,Ү-у-! 
Thus, the equation redices to 
1 < IXI + [И < 2 
Y 
А 
Хх’ О -Х 
М 
у’ 


Hence, the required area 


-4(5х2х2-2х1х1х1) 


10. Given curve is 
М = sin(2x), where 0 < x < 27 
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Hence, the required area 


л/2 
=4| (віп(2х))4х 
0 


24 Ё 9020 n 


--2(-1-1) 
= 4 sq.u. 


11. Given curve is 


lx + yl + lx — yl < 4, ixl < 1, y 2 lx — 1l 


Hence, the required area 
1 
--х2х2 
2 х2х 
= 2 sq.u. 
12. Given curves аге 
4€ x + у? < 2 (bl + ll 


i 


6 


Hence, the required area 


Ё 4808 м 2) 
2 
= 4(л- (л- 2) 
= 8 squ. 
13. Given curves аге 
1 


‚х= 2, х= а, where a >2 


— x 


ух=12 х=2 Х-а 


Hence, the required area, 


J E 7 = ІШ i log( =] 


> 1) = tog( ©) 
5(26-1/ - 515 
= (4) 
2а-1 
105 
7115 
=> a=8 


Hence the value of a is 8. 


. Given curves are х? = 4y and x 2 4y - 2 


-Х 


Hence, the required area 


2 
= [о – yp dx 


2 2 

= [2 - | 
i4 34 
P 

== | +2- ха 
4 


ЦЕ | 
ший | qunm acte 
УНЫ 4 3/4 
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5. 


-Men-3- 8-7) 


Ji n 2423. : 
FON qu 


. The required area 


-4хүх1х1-2ваа 


5 


. Given [ f(x)dx = (b – 1)sin@b + 4) 
1 


Differentiating both sides w.r.t. b, we get 
f(b) = sin(3b + 4) + 3(b — 1) cos(3b + 4) 


= f(x) = sin(3x + 4) + 3(х- 1) cos(3x + 4) 


. Given curve is 


Y 
A 
ү, 
1<-------------- ---- 1-5 
X О | xz2 х= X 
Y 
у’ 


It is given that 


=> а:=8 


> а= 20 


Hence, ће value of a 18 242. 
Given curves are 


Hence, the required area 


л 
4 


0 2 
| tanxdx | + | tanxdx + Гсохах 
л 0 du 
3 


Ia 


4 
ЕД 
+ Човвес)@ 


(105 secx)’ л 
3 


л 
+ (log (віпх))2 
4 


= 105 (2) + ю:/-| - ю:/-| 


= log (2) sq.u. 
6. Given curves are 


Hence, the required area 


2 2 
= [№5 – dx —J у - Пах 
= -1 


-($438-$ 
2* 4) 2 
3 эл) 
| 22120 
е. 
4 2]°Ч 


7. Given curves are 
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3.51 


Hence, the required area 


- | [э | | |р се 
-40 0 -v2 


R2 


= (2) + (2 + 2л) 


1 
= |2л + = м. 
| Л 3 sq.u 
8. Given curves are 


x + у” 225,4y = И – x land x = 0 


Hence, the required area 


4 


2 2 4 (2 : 
-25e ПЕТЕР 


_ 25m 4 8 25л 25 ШЕ | 
= | + = + 4 7 sim 5 +6 


When x = x then y = 1 


De» _ [i-e 1а 68-26 


Hence, the equation of the tangent is 
edes 2| - 2| 
y А 


л 
-1l1=2x-4 
y X 2 


-Х 


Hence, the required area 


л 

4 

J tanxdx - НЕ - Е - 1)) х 1 
0 2 


4 4 2 
л 
юижэ-10-0-1) 
108042) – i 
4 
1 1 
-log (2) — = 
5 og (2) 4 
10. Given curve is 
у-х(х- 1)? 
Ү 
А 
/ 
у-2 
X= 5 -Х 
М 
у’ 


Hence, the required area 


2 
-|О-ха- dx 
0 


(2 – x(x? – 2х + 1))ах 
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16 | 
-|4-4----3 
DE 
zu a u 
gm 
11. Given curves are 
Inx 


у = ехшх, у = == апіх = 1 


1 | 
10 
= 1] | “АР? -e | xlogxdx 
Ме Ме 


_|е^—5 
4е 
12. Given curves аге 


Y 
A 
ED | 
Хх’ -Х 
О 
хЕ2 
У 
y X= 1/2 


Hence, the required area 


2 
= | Ох - logx)dx 
1/2 


2* V 2 


1 (ЕС у (X10 x) 1 Б 
е 2 Л 2 i: Ve 


=| 4222 | (2922 -2- Пов(2 


log2 Е 1052 
Эрэ “2 - 51082 + 5 84.4. 
1082 2 2 
i 2 2 
13. Given curves are у = хг and у = 
Г +х 


Y 
у’ 


Hence, the required area 


1 
2 2 
=> – јак 
oll + x7 
1 
БЕТ у 
0 
л 1 
22|2. 5-2 
2851 
= (7-2) sau 
3 4 


14. Given curves are y = lx – Il and у = 1 


Y 


y’ 


Hence, the required area 


=1х2х1=1 squ. 


15. Given curves are 


у = 4х – х? аау=х-х 


Y 
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5/2 
Now, A= J (4x – 7) — 02 – x))dx 


(5x – 2x? )dx 


2 


84.1. 


1 
-(% _ сэн 
-(% 


125 250) - 125 
24 


1 
апа А, = [(0 - 02 —x)dx 
0 


ET dh 
пасы 


Now, Area of the above x-axis 
-А,-А, 


125_1_121 


© 24 6 24 
Hence, the required ratio 
= (A; — Ap): A, 


121 1 
= —:=— = 121:4 
24 6 


Y 
C(-1,1) А В(1,1) 
0,1/2 


Х 
21125 (sp) 


0,1/2 
Ь(-1,—1) 


{ A(t,-1) 
у’ 
Equation of the sides of а square are 

x= 1l,x=-l, y= l and y = -1 
Let (x, y) be any point inside the region 5. 
Thus, according to the given conditions 


ү +y? < I1 + xl, I1 — xl, I1 + yl, I1 — yl 


= (2-у)« (143), (1-0), (1 + у, 1 - y? 


у<1- 2х, y <1+2х 
and х'^<1-2у,х^<1+2у 


Тһе region 5 is the region lying inside the four 


parabolas » = 1- 2x, y? =1+2х 


х = 1+ 2у, 2 =1-2y 
Y 
Қо, 1) (1, 1) 


5 
T 


О НО (1,0) 


Тһе parabola » =1-2х,х^=1- 2y intersect the 
line y = x and the point of intersection is (a, a), where 
= УЗ - 1. 
Let A = Area of the region OPQO 
= Area of OPR + area ЕРОК 
1/2 


= та + | аах 


1/2 
= 1 „ә (5 ай id 
2 3 a 
=; +3 +la- гау? 
a? а 
= — + — 
2 3 
ад 
4273 (3 + 2а) 


=1(3 _ 242)(3 + 22 – 2) 


= i (4/2 – 5) вал. 
Hence, the required area 
= Area of the shaded region 
= 4(2A) 
= 8A 


= (42 - 5) 


= 3(42 - 5) ваш. 
17. It is given that, 
= (2x + 1) 


ау = (2x + Пах 

Integrating, we get 
у= № +х+с 

which is passing through the point (1, 2), so 
2=1+1+с 

=> c=0 
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Hence, the equation of the curve is 


у= № +x 


y’ 
Hence, the required area 


1 
= Ге + x)dx 
0 


18. Given curves аге 


улайх у= 0 x20 x27. 


Ala 


19. Given curves are 


2 
у=х- be and y >. 


cal 
sm 


Taking logarith of both sides, we get 
logA = 2logb – 2log (P? + 1) - 1056 


1dA_2 45 


т Adb b +1) 
Ор = 2b 1 
= dA =| ( + ) 
db Ь(Ь? + 1) 


| a» dA | 
For maximum or minimum, db - 0 gives 


b=1 
Since b > 0, sob=1 
Thus А is maximum, when 6 = 1 
20. Let the co-ordinates of P be (x, y) 
Equation of the line OA:y = 0 
Equation of the line OB:N3y = x 
Equation of the line AB:N3y = 2 – x 
d(P, OA) = Distance of P from the line OA = y 
d(P, OB) = Distance of P from the line OB 
IR3y — xl 
E 
d(P, АВ) = Distance of P from the line AB 


| IR3y - x - 2 
E 2 


Area Bounded Бу the Curves 3.55 


It is given that, 
d(P, ОА) < min (d(P, ОВ), d(P,OA)} 


Хх’ 
Y 
у 
is IRS) =a W3y - x + 2] 
y < min NE 5 
< 3-Я 4 < ІКЗу-х+ 21 
TUI аа 2 
IR3y – xl 
Case І: When y € == Шеп 
(= УЗУ) 
2 
> (2 + 3) у<х 
= у< (2-53) 
> у < (tan15?)x 
МЗу – х + 2] 
Case П: Wheny < кес” жалан then 
2y < 2 – x - N3y 
> (2+ 43) у<2-х 
> у<(2—-\3)(2-х) 
> y < - (tan(15°)) (x – 2) 


Hence, the area of the shaded region 
= 5 x Базе x height 


= 5 x 2 x (1-tan15°) 


= (ап 15° 


= (2 – V3) вал. 


21. Given curve is 


f(x) = тах(х, (1 — x)”, 2x(1 - x)} 


X = 


X 
2 13 231° 


у’ 


From the graph, it is clear that 


1 
@-х? ред 
3 

1 
ТО) = 42Х0 –х) : “= 
х? : : <x<l 

3 

Hence, the required area 
13 2/3 1 


=f а – дах + | 2х(1- дах + | ах 
[0] 1/3 2/3 


{жее ы 
Ё 3 0 3 Ла 3 /2/3 


22. Let С, апа С, be the graphs of dunctions у = x, y 
= 2х, 0 < х < 1 respectively. Let С; be the graph of 
а function 


у = Л, 0 < x < 1, ДО) = 0. 


Y 
А 
0.1 №107 
ШЕ 
9 Р 
Хх -X 
О 
1,9 
Y 
y 


Let the co-ordinates P be (x, x), where 0 < x < 1. 


Area (ORPO) = J edt |да 
0 0 
x x 2 
Area (ORPO) _ = [ла – | ЕС 
0 0 2 
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According to the question, 


x 2x х 
$ pot- 8-4) 
Differentiating both sides w.r.t. х, we get 
x – Јао) = 2? — x? 
=> Ја) = L-e 
Hence, the required curve is 
Кд-х-х, where 0 € x € 1. 
23. Саве-І: When m « 0 


Y 


у’ 


Area of the region 


| x “| 1-т 
= | (1 даса Уі 
( m) 2 З Ло 
= Ја – т – 11 - m’ 
2 
1 
= == 
6“ т) 
Also, it is given that, 
1 3 9 
at — = 
Gu cm e 
> (1 – my = 27 
= (1 –- т) = 3 
=> т=-2. 
Case II: When т > 0 
Y 
А 
Х-< -Х 
у 
у 


Area of the region 


0 
= | (х = = тх)ах 
1-т 


24. 


: m | 
5 ( та 1-т 
1 3 
---(1- p 
6“ т) 
It is also given that 
1 з _ 9 
– =а –- ту = <= 
аа а 
-> ((-т)#=-27 
> 1-т--3 
> т-4 
We have, 
хе +ax+b : х>-1 
f(x) =12х : -l<x<l 


x? +ax+b : x»1 


As f is continuous on К, f is continuous at —1 and 1, 


Jim f@) = lim fl) = 70) 
and — lim f(x) = lim ЈО) = f() 


Thus, l-a+b=-2andl+a+b=2 
=> a-b=3anda+b=1 


= а = 2 and b = -1. 


x +2x-1 :x>-l 
Hence, f(x) = 42x :-Isx<l 


x!42x-1 :х»1 


Let us find the point of intersection of 
x = -2y? and y = f(x). 


These two curves meet at (-2, —1) 


-Х 
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-1/8 -1/8 


=Í ТЕДІ! Тодах 


Г) Л (2 + 2x – 1)ах 


— 1/8 


2! Ғодах 
- (== жир E Б +e- jJ. 
--xy* 
als) к +141) 


в P 5 63 
2M (уз _ 2792) 5 63 

a ты 

881 

192 


25. Let b + 0 and for j = 0, 1, 2, ..., n, let 5; be the area 
of the region bounded by the y-axis and the curve 
ji + Ол 
xe тул 0 ) 
b b 
іп С.Р. Also, find their sum for = -1 and b = л 
[IIT-JEE, 2001] 
26. The given curves are у = М – 1 and y = 1 — Ixl 


m 
®; ШЕ . Show that So, 51, ..., 5, аге 


Hence, the required area 
= ar(Quad ABCD) 
= 4ar(AOAB) 


1 
-4х-хіхі 
хх х 


= 2 sq.u. 
27. The given curves аге 


y=vr, 2y+3=xandy=0 


У 
А 
MIO; 3) [------------- Р(9, 3) 
х” 5 -X 
Y 
у 


Hence, the required area 


3 
= | Qy+3-y)ay 
0 


ҮГ 
s. 


З /0 
2949-9 
- 9 sq.u. 
| dy œ+ + (0-3) 
28. = 
8. Given dx (КЕТ) 
ау » 3 
EL. 1 = 
Bi uc шы DU CR EB 
dy y 3 
> --- = (x + 1) -——— 
ac Gap CBE 
which is a linear differential equation. 
je —log(x- 1) 1 
Thus, IF = e *+! =е %8 === 


(x + 1) 


Therefore, the solution is 


CAN 3 
х+1 zi "m Тш 


Put x = 2 and y = 0, then c =-3 
Hence, the equation of the curve is 


У 3 
= -3 
х+1 х+1 
= ysx-x43-3x-32 x! - 2x. 
Y 
X 0 -Х 
у’ 


Hence, the required area 
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2: 
-|0-(02- 2х))ах 
0 


= 8\_4 
-(4 3)-3 84.4. 


29. Тһе given curves are 


y= ax? and x = ay’, where a > 0 


It is also given that, 


рые 
За? 
2 1 
=> = — 
цав 
1 
5 -+t 
x 3 
=> du. aCe ii 
МЗ" | 


30. The given curves аге 


y=(x+ 1), у = (х – 1): and у = 1/4 


Hence, the required shaded area 


0 zd 1/2 " 1 
- | (w+ - ја: + | (e - 0 -ie 


к ЕЯ | 3 1 ү 
-| 3 e у! 


37494 791^ 24 83 
E 1 1\1 

E X3; +3) +3 

E NS ET 
3715-378 q 


31. The given curves are 


X = у, x = -y and y? = 4x - 3 


Hence, the required area 


1 1 
= 21а - | мах – 2 
0 


3/4 


Шы у 
ЕГЕН! 


32. Тһе given system of equations 
Ax?f(-1) + Axf(1) + КО) = 333 + Зх 
is satisfied for 3 distinct real numbers a, b and c. 


Comparing the co-efficients of x^, x and constant 
terms, we get 


4f(-1) = 3, 4f(1) = 3, f2) = 0 


Let Ја) = ax) + Вх + с 


Given f(-1) = i 


3 
=> a-b+c=— 
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3 
KD-i 
3 
> о АЈ 
Thus, b=0 
And f2)20 
> да + 25 + с= 0 
> с =-4а 


Solving, we get 


Y 
Ү(0, 1) 
jd AQ.0) y 
B(-8, -15) 
у 
Let the co-ordinates of В be В E 1- | 
1-0 1 
Let = AV) = —— = – = 
е m, = т(АУ) 0-2 7 
Te 
= B m = – 
ту = т(ВУ) 2-0 
ZAVB = ud SO 
2 
m; x m = –1 
3 Ї 
251 55125221 
x | 2 | | 
> = -8 


Therefore, the co-ordinates of В = (-8,-15). 


Hence, the required area 


48)) 


= |во + 8 -3 - 59 
Е 
130 
= |85 = DO 
[5-5 
_ 125 
3 


33. We have C,:y = ү I 


1 -со8(2 + x) 
— [27 


ШЕ + x) 
2 


281 42 5) 
И sin 4 + 5 
“| (Rx л x 
2sin( + |соз( + | 
4 2 4 2 


-үш(5%2) 


Similarly, С,:у = | Sur ап (2 E 3 


Hence, the area of the shaded region 


= (1 + ап (5) (1 tan(7)) " 
0 (1 = tan? (3)) 


T 


21 Qdr) | 


(1+ 2М1 - 2 


| At dt 


2- 
= ] [= р P ЛЖ 3 (Let tan (5) - 1 
34. Given curve is 


y -3y+x=0 


> 3yy' – 3y’ +1 =0 

> By – 3)у +1=0 

= jt ши чыр E 
Gy -3) 307-1) 

E ”--—2” NT 
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35. 


36. 


y 


37. 


From Eq. (1), we get 


2 2111 EM Y 
y’ C102) = 30-8 21 
From Eq. (ii), we get 
2(2V2)(-1 
уби = 200060 48. 
За – 8)' (21) (3) (7) 
Hence, the required area 
b 
= | /сдах 
д b 
= (f(x)? – Ток 
b 
e 1 х 
= (bf(b) 49-31 (re 
1 b 
- (bf(b) — > = (а 
(20) 4*3] [5 


b 
1 x 
= (bf(b) – аја) + = | (—*— \ах 
3 тете 


For x €(-2, 2), 

(gG)Y – Зе (х) + х 20 4) 
(BED – 3g(-x) -х=0 i) 
Adding Eqs. (4) and (ii), we get 

(G 09)" + (8 (0) } – 3{g@) + 739) 20 

(800) g C29) (G СО” + (в 0:9) – 869873)) -3) 20 
(200 + 273) 20 


1 
Now, | в (х)4х 
д 


= (g(x))!, 
= g(D - 8(-0 = 201) + g(1) = 28 (1) 
We һауе 
Y 
1-7 
у=е 
uu 4 
x О Х-1 =X 
Y 
у 


38. 


39. 


40. 


Also, the shaded area 


1 
=e - f edx 
0 


Р) = 1 + 2х + 333 + A? 
Ро) = 2 + 6x + 12x? 
> О for all x in R 


Thus, f(x) is an increasing function on R. So, f(x) 
can have atmost one root. It is clear that f(x) cannot 
have a poistive real root. 


We have 


Given 


and 


: 3 1 
Н h t -= – = |. 
ence, f(x) has a root in | T i) 


Let ас|-3-3| and ! = М = lal 
3 1 

A за md 

8 qe OS 5 

= ee ae 
4 2 


1/2 3/4 


= J годах < | одах < | одақ 
0 0 


0 


1/2 


> (etx tx + х) 


t 


< | годах < (х + х.х. x) 


1 
> (stata 16) < 098 
2 (2 " 9 $ 27 81 | 
4 16 64 256 
t 
15 525 
= ig < | fede < 555 
t 
3З 15 525 
Se oe а eie 
> 251651 fend <555 <3 
We have, 


f(x) = 1 + 2x + 332 + Ax? 


> ГО) = 2 + бх + 1222 
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= f= 6+ 2 EN Tsp ab 
By the sign scheme, we get that 3 12 
| сы "E ә —Q-5-i 
f(x) decreases in (-=, -1) апа іпсгеаѕеѕ іп (- 2 =) 8 
А > (pai 
In particular f’(x) decreases іп Е - z) and increases 2 
1 
> Р = = 
in (- L, | 2 
43. 
2 
41. We have Кү = | х/одах у А 
2 Ad.) le n 
1,24 
= а ола -Vd tel 
г — R — 
2 
= Ја -ofod Te 5. 
2 е 
1 "D ој 8 au 
Y 
= | одах –  х/сдах 
we 21 1 
2 $27 
= | Јодах - К, (Since area of a rectangle OCDS = 1/е), 
2 Sine  ё"её",Ухє(01| 
> 28, = | родах = В, | | 
E == sz [еа = (1-1) 
42. The given curves are у = (1 – xy, у = 0 апах =0 0 


Area of а rectangle ОАРО +Area of a rectangle 


QBRS > 5 
1 1-11(1 
> те ауы 
N2 2 we 
: 1 1 1 
« 
T Since а + = <1 > 
х Thus, option (с) is incorrect. 
y 44. The given curves are 
В y = sinx + cosx and y = lcosx — sinxl 
We have, R, = J (1 — x)°dx ү 
0 
(1- | 1 3 
= = 1 1 b 
| 37) 3 ( ( y) 
1 
Also, R = J - ха 
b 
„аш с Y 
m з |, 3 « у) Hence, the required area 
_1 л/2 
Now, а 4 ш | (sinx + cosx)dx 
0 
5 а тј (раван m 42 
3 3 4 - | (cosx—sinx)dx+ Í (sinx — cos x)dx 
2 ОП БМ! 1 0 л/4 
1-5) - = 
т дт Ра а По 
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= —(cos Dee + (віп ху? 


И 7 А 
-((sinxo7 + (cosx) — (соз) 


(віп х)"2) 


л/4 


=—(0-1)+(1—-0) 571 | 


22 (2 Wn 231 
-2-(2У2-2) 

=4- 202 

= 242 (42 – 1). Sq.u. 


45. Shifting the origin to (3, 0), we get the 


Area = {(х, у) єА2:у > У, 5у<х+6< 15} 


Hence, the required area 
= Region (OPK) + Region (QLKR) 


+Region (ОГО) - Triangle (РОК) 


СНАРТЕК 


CONCEPT BOOSTER 


1. INTRODUCTION 


A differential equation is a mathematical equation for an 
unknown function of one or more variables that relates the 
values of the function itself and its derivatives of various 
orders. It plays a prominent role in engineering, physics, 
economics, biology, and other disciplines. 

Differential equations arise in many areas of science and 
technology, specifically whenever a deterministic relation 
involving some continuously varying quantities (modelled 
by functions) and their rates of change in space and/or time 
(expressed as derivatives) is known or postulated. This is 
illustrated in classical mechanics, where the motion of a 
body is described by its position and the velocity as the time 
value varies. 

Newton’s laws allow us (given the position, velocity, 
acceleration and various forces acting on the body) to express 
these variables dynamically as a differential equation for the 
unknown position of the body as а function of time. In 
some cases, this differential equation (called an equation of 
motion) may be solved explicitly. 

An example of modelling a real world problem using 
differential equations is the determination of the velocity of 
a ball falling through the air, considering only gravity and 
air resistance. The ball's acceleration towards the ground is 
the acceleration due to gravity minus the acceleration due 
to air resistance. The gravity is considered constant, and the 
air resistance may be modelled as proportional to the ball's 
velocity. It means that the ball's acceleration, which is a 
derivative of its velocity, depends on the velocity (and the 
velocity depends on time). 

Finding the velocity as a function of time involves solving 
a differential equation. 

Differential equations are mathematically, studied 
from different perspectives, mostly concerned with their 


Differential Equation 


solutions—the set of functions that satisfy the equation. Only 
the simplest differential equations admit solutions given by 
explicit formulae; however, some properties of solutions of 
a given differential equation may be determined without 
finding their exact form. 


2. DEFINITION 


An equation that involves the dependent variables, indepen- 
dent variables and the derivatives of dependent variables is 
called a differential equation, i.e. 


d 
БОЛЫП [А у] =0 
For examples, 


1. Zh = sinx 
dx 

азу 
ie 5 


dy 
2: +4 + 10у=0 
59 


ах ах а 
dy? d? 
3. 111 + (2) = 12 + S] 
dx de 

d dv 


4. + = ичу+и 


— + — 
dx dx dx 


each are differential equations. 


3. ORDINARY DIFFERENTIAL EQUATION 


A differential equation that involves the derivative with 
respect to a single independent variable is called an ordinary 
differential equation. 

It can also be expressed as a function of variables x and 
у, and the derivatives of y w.r.t. x, i.e. 


2) 
fs У, лог 0. 


42 
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dy 
2. — + 2y = sinx 
dx 
Ф 
з. 422 4 5у= 0 
dx dx 
d"y 
4. — + пу = 0 
ах! Д 


are ordinary differential equations. 


4. PARTIAL DIFFERENTIAL EQUATION 


A differential equation which contains two or more 
independent variables and partial derivatives w.r.t. them is 
called a partial differential equation. 


For examples, 


Oz Oz 
„а um 
ЕЯ 
Ox ду? 


5. ORDER or А DIFFERENTIAL EQUATION 


The order of a differential equation is the highest order 
derivative of a differential equation. 


Example 1. The order of the differential equation 
d 
эг + 2 + 5у = 0 
dx? d. 
is 2. 


Example 2. The order of the differential equation 


аз 100 
ы | 5 


15 4. 


d'y ау 
+ 
а yA dx 


+ 50у 20 


Example 3. The order of the differential equation 


(2) - 
sin di = х 
is 1. 


Example 4. The order of the differential equation of the 


curve 
у = (а + b)e™ + (c + de” 
a, b, с, d, ER 

is 2. 


The order of the differential equation of the 
curve 


Example 5. 


y = (a + b)cos((c + d)x + e), 
where a,b,c,d, е, Е R 


is 3. 


Example 6. The order of the differential equation whose 
genral solution is given by 


у = (сү + су)соз(х + с?) c*e*9, 


where Сү, со, сз, c4 and с; are arbitrary constants 


is 3. 


6. DEGREE or A DIFFERENTIAL EQUATION 


Тһе index power of the highest order derivative of а 
differential equation is called the degree of a differential 
equation, and is free from any radical sign. 


Example f. The degree of the differential equation 


ау 2102 
os 


ау 2 
ах 


2013 
+ 2) + 5005y = 0 


x 
is 1. 


Example 2. The degree of the differential equation 


4 d 5 d 
EE 
dx? dx? 


155. 


Example 3. The degree of the differential equation 


dy dx. 
dx dy А 
15 2. 


Example 4. The degree of the differential equation 


dy 
ек = х + 1 
is not defined. 


Example S. The degree of the differential equation 


^ 
1 | —| = 
og ЖЕР х 
is not defined. 


Example 6. The order and the degree of the differential 


equation 


dy\23 d 
| + 24 = 48 
ах 4х 


are 3 апа 3, respesctively 


The order and the degree of the differential 
equation 


ШЕГЕР 


аге 2 and 4, respectively. 


Example 7. 


Differential Equation 


4.3 


7. LINEAR AND NON-LINEAR DIFFERENTIAL EQUATION 


A differential equation in which the dependent variables and 
all its derivatives present occur in the first degree only and 
no products of dependent variables and/or derivatives occur 
is known as linear differential equation. 

A differential equation which is not linear is called a non- 
linear differential equation. 


For examples, 


dy 
1. T + 5y = x is linear. 
x 
d^y 
2. s 52 + бу = 0 is linear. 
dx 
d'y ау 
3. — + y— + 10x = 0 is not linear. 
d? dx 
495, ау heres 
4. — — + 5— + 10у = 0 is linear. 
FEE dx 


8. FORMATION or А DIFFERENTIAL EQUATION 


Let the equation of the curve be 


Хо, У, сі» Су... Ср) = 0, ...0) 
where Сү, c5, ..., с, are n arbitrary constants apart from х 
апа у. 

To obtain the differential equation of the curve (i), we 
have to differentiate (1) up to и times w.r.t. x and eliminate 
those arbitrary constants from (и + 1) equations, which yield 
the required differential equation. 


9. DIFFERENTIAL Equation or First ORDER AND First DEGREE 


A differential equation of the first order and the first degree 
can be written as the form of 


d 
z = f(x, y) or Mdx + Ndy = 0, where M and N are 


functions of x and y or constants. 


All differential equations of the first order cannot be 
always solvable. However they can be solved by suitable 
methods if they belong to any of the following standard 
forms. 


(i) A differential equation is of the form 2 = f(x). 
(1) 
(iii) 
(iv) 
(v) 
(vi) 

(vii) 


(viii) 


Variable separable form. 

Reducible to variable separable form. 
Homegeneous differential equation. 

Reducible to homegeneous differential equation. 
Linear differential equation. 

Bernoulli’s differential equation. 

Exact differential equation. 


(ix) Reducible to exact differential equation. 
(x) Clairauts differential equation. 


91 Differential Equation of the Form 
ду _ 
S Јо) 

=> dy = f(x)dx 


Integrating, we get 


> Jay = [reoax 


Thus, у = @ (x) + с is the required solution. 


9,2 Variable Separable Form 


Let the differential equation be 


ду _ 
сэ 


> A m a = f(x)dx 
Integrating, we get 
dx 
12. 5e 
> 90) = VO) + c, 


which is the required solution. 


9.3 Reducible to Variable Separable Form 


Let a differential equation is of the form 


dy 
— = ј(ах + by + c) 
dx 


Let (ах + by +c = v) 
Ё ө цео 
dx Бах 
The Еа. (i) reduces to 
dv 
sas а) 79 
dv E 
zi moe = 
Integrating, we get 
dv e 
x io uude 
> Фо) = х + с 
= ф(ах + by + с) = х + с, 


which is the required solution. 


0) 
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9.4 Homogeneous Differential Equation 


Homogeneous Equation 
If the degree of each term throughout the equation is the 
same, it is called a homogeneous equation. 


For examples, 
1. х2 фу: = 0, х2 + хуфу =0 
аге the homogeneous equations of 2nd degree. 
2. x + ху + у? = 0, 
x + ху +ху+у =0 
аге the homogeneous equation of 3rd degree. 
A homogeneous differential equation is of the form 


dy оу) 


dx g(x, y) s 


where the degree of f(x, y) is the same as the degree of 
g(x, y). 

In this case, divide the numerator and the denominator 
by the highest power of x. 


Thus the given differential equation reduces to 


(ii) 


Let 


The Eq. (ii) reduces to 
ду _ 
у+х vm fo) 


dv__ dx 


fo-v x 


Integrating, we get 


dv 


а 
хээ 


9 (v) = loglx + с 


— 


> (2) = 1051 + С 
which is the required solution. 


9,5 Reducible to Homogeneous Differential Equation 


Let a differential equation is of the form 


dy axtby+c, 
ах ах + by + Со j 
h a, b à) 
where --ж--, а 
а b, 


Тһе Еа. (i) сап Бе reduced into homogeneous equation 
form by means of suitable substitutions. 
х= Х + о, у = Y + f, where о, В are constants. 


> Ах = АХ, dy = dY 
а 
Thus, 2 = dY 
dx ах 


Now, Eq. (4) can be reduced to 
dy ах+я9+ьЬО+В+с 
dX qX + 0) + D(Y +B) + с 


(а,Х + bY) + (аро + bib + с) 


© (aX + BY) + (ахас + bab + с) x 
Let us choose o and f in such a way that 
аи + bB-c 20 
and аа + Б.В + с, = 0. 
Solving, we get 
2 Бүс» - bye, 24261 - 4102 
a,b, - ab, ab, - ab, 
Then the Eq. (ii) reduces to 
Ж ue (іі) 


dX aX + bY 


which is a homogeneous equation of the first degree. 


Y 
Let = = 
2 Х 
аү ХУ 
> — = V+ 
dX dX 
Then the Eq. (iii) reduces to 
ау а -ыУ 
У + Х— = —. 
TA ауу 


Integrating, we get 
Ф(У) = loglXl + k 


= 9 (2) = logix) + с 
> p| E] = roger m + с 


which is the required solution of the given differential 
equation. 


9.6 Linear Differential Equation 


A differential equation is said to be linear differential 
eqation of the first order, when the dependent variable and 
its derivatives appear only in the first degree. 


Let a differential equation is of the form 


4.5 


Differential Equation 


— + Ру = О .40) 
where P and О are either functions of x or constants. 


Here IF = nr =e, 


Multiplying both sides of Eq. (i) by IF, we get 
а 
er 2 + Ре“у= Q- e™ 
dx 
d px x 
> ОЕ" 
ах 
Integrating, we get 
yet = Jo- ax +c 
y CF) = [0-авах+с 


y (Т.В) = ф(х) + с 


ye’ = ф(х) + с 


у у} 


у = (фо) +с)е” 


which is the required solution of the given differential 
equation. 


Note: Sometimes it is convenient to express the differential 
equation in the form 


dx 
== + Px = 
dy ve 


where Р and О are either functions of y or constants. 
Then пса 


Thus the solution is x(IF) = Јоарах + с 


9.7 Bernouli's Differential Equation 


A differential equation is of the form 

dy ; 

a OY (i) 
x 

where P and Q are either functions of x alone or constants. 


Dividing both sides of Eq. (1) by y", we get 


Let = = 5 
e Y ERRI ЕСЕ 7 
Thus, 4 pid wy Юа) 

dx 


which is a linear differential equation. 
IF = BE - n)dx = гч - нв 
Thus the required solution is 


v(IF) = | 0-0Будх + с 


25 ХАЖИЛ = |о| 21-95) ay is 


is the required solution of the given differential equation. 


9.8 Exact Differential Equation 


A differential equation is said to be an exact differential 
equation, if it is formed by the equation, an exact differential 
to zero. 
Thus a differential equation is of the form 
M (x, y)dx + N(x, ydy = 0 
said to be exact, if the expression 
M (x, y)dx + N(x, y)dy 
is the exact differential of some function u(x, y) i.e. 
du = Мах + Мау = 0 
Its solution is given by u(x, у) = с, Усе R. 
For examples, 
1. &-cosydy + e':sinydx = 0 
is an exact differential equation. 
Since, it is derived by 
d(e‘siny) = 0 
=> é'siny =c 
which is the required solution. 
2. xdy + ydx =0 

is an exact differential equation. 

> d(xy) =0 

=> ху-с 

which is the required solution. 
General Form of Variable Seperation (By Inspection) 


Dear friends you should remember the follwoing exact dif- 
ferentials. These help us to find the integrating factors. 


1. d(x + y) = dx + dy 
2. d(xy) = хау + ydx 


59 


a(®) - ydx — хау 


М у? 
y xdy – ydx 
4. а] = — — 
UE 
| _ dx + dy 
5. d[log(x + y)] = vty 
xdy + ydx 
6. d[log(xy)] = —X — 
хүр. dx – xdy 
= 


8. 4| өг(5)| Е а 


Frog (x је y) , хах + уау 


2 + у? 


4.6 


Integral Calculus, 3D Geometry & Vector Booster 


х+у\] хау – ydx 
10. d =>] = 523 


Xi =F. 


32 
1 
2 98 


1 хау + уах 
4-5) 23 
ху 


12. 4|шш(5)) _ У4х - xdy 


y 2 + у 
dy — yd 
i. аа 05] - 282 
x+y 
_ хах + уду 


14. de + y?) | 

үх + у? 

15. When the expression is in the form of 
э (2 + y) 


Let x = гсо$ 0, у = гут 0, 


х. у = r, Ө = tan! (2) 


> хах + уау = гаг, хау – ydx = ?аө 


where 


16. When the expression is in the form of: > (х2 - y) 


Let x = гзес Ө, у = rtanO, 
2 PR е A 
where x-y = 2, Ө = ѕіп (2) 
=> хах – уду = rdr, xdy – ydx = r sec 040 


10. ORTHOGONAL TRAGECTORIES 


If a curve intersects а family of curves at right angles, then 
previous one is the orthogonal trajectory to the later one. 


The differential equation of the orthogonal trajectories of 


d 
the curves f s У, 2) = 0 is the family of the curves, whose 
x 
: Я X dx 
differential equation is f | x, inm - 0. 
у 
Rule to find out the orthogonal trajectory: 
(i) Let the equation of the family of curves is 
f(x, у, с) = 0, where се К. 
(1) Form a differential equation of the given curve. 
ET dy dx 
ii) Replace — by – —. 
Gu) Replace асру dj 
dy 


We will get the required orthogonal trajectories. 


(iv) Solve the equation fs У, = 2 - 0, 


11. First Orper Ніснеп Decree DIFFERENTIAL EQUATION 


The most general form of a differential equation of the first 
order and of higher degrees (say nth degree) is 


а n d п-1 а n-2 
елеу" ee 
d 
+ Раб ЛЕ ef) 20 220) 


"M 
«(Ф| +f,=0 


> р + Ар"! Фр" +... 


tfaptf,-20 ..@ 
20 
20 ах 
and fi, fo, ..., f, are functions of x and у. 


where 


The Eq. (1) can aslo be written as 
fx, у, р) = 0 ...(ii) 
For Examples, 
1. The equation 


ЖЕ 
-- 201 --|-у- 
(2 + 2013x Ер у-0 


is a differential equation of 5th degree. 

2. The equation 

dy \2014 dy 
[27 + x(2) - 2015y = 0 
is a differential equation of 2014th degree. 
The differential equation f(x, y, p) = 0 can be 
solvable 

(1) for p 

(ii) for x 
(11) for y 
(iv) for the first degree in x and y. 
Now, we shall discuss the varoius methods to solve 
the above types of equations. 

(i) Equations Solvable for p 


Consider a differential equation of the form 
(р fi Gc у) (p - Љу) ... (p — f, Gs ») = 0, 
which is solvable for p. 

(p - р(х, ») - 0 5 

(p -fha y) = 0 


Each of these equations is of it first order and 
of first degree. 


Let the solutions of these equations are given 
by ф(х, у, с) = 0, 


P(x, у, с) =0:, 


4.7 


Differential Equation 


i) 


(iii) 


(іу) 


Фау, с) = 0 
where сү, со, 


с, are arbitrary constants. 
Hence, the general solution is 


Q(X, У, су): 9505 У, с)... 6,0 у, с) = 0 


which contains и arbitrary constants, whereas 
an equation of the first order and of first degree 
should contain only one arbitrary constant. 


So, we can take, without loss of generality, 
С=С =C, = С. 
Hence, the genral solution of Eq. (i) is 
Фб, у, c): ф(х, у, с) 
Pn(X у, c): M, у, с) = 
Equations Solvable for x 


When the differential equation 
fœ, у, p) = 0 


is solvable for x, it can be expressed in the form 


of x = f, p) (i) 
Differentiating w.r.t. y, we get 
а ар) 
ду d dy 
dp 2 
- 1 pero p. ЕЙ ii) 


which is a differential equation of two variables 
y and p and hence it can be solved. 


Let us consider its solution be ф(у, р, с) = 0 
(ш) 

Eliminating р between (i) and (ili) gives the 

required solution. 

Equations Solvable for y 


If the given equation is solvable for y, it can be 
expressed in the form 


y = ЛС, p) 

Differentiaing w.r.t. x, we get 
dy | а 
— = = 5 . — = 0 
ах dab dcc dx 


which is a differential equation in two variables 
x and p and hence its solution is possible. 


40) 


Let us consider its solution be 


y(x, р, с) = (ii) 
Eliminating p between (i) and (ii) we get the 
required solution of Eq. (1). 


Clairaut’s Differential Equation 


A differential equation of the first order in the 
form 


y = Рх + f(P), 
а 
where Р = — 
ах 


is called the Clairaut’s differential equation. 


Rule to find the Clairaut’s Differential Equation 


1. Given y= Px + f(P) .-(i) 

Differentiating w.r.t. x, we get 

dy dP аР 

Were TIN 
= Р-Р- x2 +P mZ 
> «зу = 

x 

> P = 0 or (x + f) =0 
> Р-с (ii) 
ог, (х + f(P)) = 0 (ш) 


Eliminating Р between Eq. (i) and (ii), we get, 
у-ех flo) 

where is the general solution of Eq. (i). 

Eliminating P between (i) and (iii), we get an 

equation, which has no constant. 

This is the singular solution of (1). 


12. HicHER ORDER DIFFERENTIAL EQUATION 


(i) Let a differential equation is of the form 
2 


TZ = 09 
- Цэн 


Integrating, we get 

dy 

л Ota 
Integrating again, we get 

y= ІКәж + CX + с; 


= у= ф(х) +ах+ Cy 
which is the required solution. 


(ii) Let a differential equation is of the form 


Фу 
a2 0) 440) 
4у 
Let ues 
5 ах P 
5 d'y dp dp dy_ dp 
dé dx dy dx P dy 
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(iii) 


From Eq. (i), we get, 


dp 
P = f(y) 
> рар = f(y)dy 
Integrating, we get 
2 
р 
Z = роф + а 
E P => [буду + 2c, 
= 90) + 2с, 


> р-ка 
> оа 
- dy = + (90) + 2o dx 
Integrating, we get 

у = Jt (60) + 2e dx + с, 


> y= W(x) + с› 
which is the required solution. 
Let a differential equation is of the form 


Фу dy 
be dx 
ЭР dy __ Фу а (2) ар 
n Те ах) ах 
Тһе Еа. (1) reduces to 
dp | 
ф ЕЭ P\= 0 


which is an equation of the first order. 


0) 


(ii) 


Then solve Eq. (ii) and get the required solution. 


Also, Eq. (1) can be written in the form 


dp 
== = (0 
ој» ду 2 


which is also an equation of the first order. 


Solve it and get the required solution. 


13. APPLICATIONS or DIFFERENTIAL EQUATION 


Geometrical Application 


(ій) 


(i) Lengths of tangent, sub-tangent, normal and sub- 


normal to the curve at a point 


A 


P (x, у) 


Let the curve be y = f(x) and the point be P(x, y). 


Th axe 
en an(y) = de 
(1) Length of the tangent (PT) 
ш AR 
siny = PT 
= РТ = ycosecy 


=yyl + собу 


— ТМ = ycoty 
Е ах 
M 
(iii) Length of the normal (PN): 
y 
cos V = ру 
=> РМ = ysecy 


= У\1 + tan’ y 


(iv) Length of the sub-normal (ММ): 


tany = —— 
= MN 

> ММ- Е | 

m ах/ 

(ii) Length of Intercepts of the Tangent Бу the Axes: 
Y 
A 
-4УР 
Х,-« д 0 -Х 

Y 

М 


(1) The equation of the tangent to a curve at 


(хі, yj) 18 


E: 
ЭЕ” Бо ВН и: 
(1) The length of the x-intercept is 


атла 
Ни 
(iii) The length of the y-intercept is 
dx 


=x- — 
NR 


Differential Equation 4.9 


Levet / 
(Problems based on Fundamentals) 


Find the order and the degree of each of the following dif- 


ferential equations: 


d? 
| 4 Ay - 0 
dx 
dye 
2 (2) acp 
dx dy 
Ф 2 
Зоо (2) +xy=0 
d) “ах 
dy? sd 
4. 41 (2) = к. с> 
x dx 
d ауу 
B aues 1 + (5: 
ах x 


17. 
18. 


19. 
20. 
21. 
22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


у = mx, where т is a parameter. 
y = Acosx + Bsinx, where A and B are parameters. 
у = ае + Бе“, where a and b are parameters. 
y = sin(bx + c), b and c being parameters. 
y = ae" + ђе“, where а and b are parameters. 
Find the differential equation of all circles touching 
the 

(a) x-axis at the origin. 

(b) y-axis at the origin. 

Obtain the differential equation of all circles of the 
radius r. 

Find the differential equation of all the circles in the 
first quadrant which touch the co-ordinate axes. 
Find the differential equation of all the circles 
which pass through the origin and the centre lies on 
x-axis. 

Find the differential equation of all non-vertical lines 
in a plane. 

Find the differential equation of all the parabolas with 
the latus rectum 4a and whose axes are parallel to 
the x-axis. 

Find the differential equation of all the ellipses having 
foci on the x-axis and the centre at the origin. 

Find the differential equation of the family of 
parabolas having vertex at the origin and the axis 
along positive y-axis. 

Find the differential equation of the family of curves 
у = 2c(x + Nc). 

Find the order апа the degree of the differential 
equation of all parabolas whose axis of symmetry is 


азу ау 
7 ТЫН в 
ах ах 
diy 2 dy\6 d 
8. |— (2) = xsin| — 
ағ ах x? 
dy 
9. е = (x + 1) 
d d 
10. sin( 2) + cos( 2] => 
Formation of a Differential Equation 
11. Find the differential equation of all non-vertical lines 


12. 


in a plane. 

Find the differential equation of the family of 
parabolas having vertex at the origin and the axis 
along positive x-axis. 


. Find the differential equation of the family of all 


circles, whose centre lies on x-axis and touches the 
y-axis at the origin. 


. Find the differential equation of all parabolas 


whose axes are parallel to the x-axis and have latus 
rectum 4a. 


. Find the differential equation corresponding to the 


family of curves y = c(x — су, where c is an arbitrary 
constant. 


. Find the differential equation of the system of 


2 


2 
ellipses 5 + Z = 1, where а and b are arbitrary 
a b 


constants. 


parallel to x-axis. 
Differential equation of first order and first degres 


d 2 _ 

32. Solve: 2 = х ІҢ 
dx 341 
d 

33. Solve: АНЕ ! : 
dx +l 

34. Solve: ау Е cos2x — cosx 
dx 1- cosx 
d 

35. Solve: ed = -—— 
dx — x(x4 + 1) 
d » 

36. Solve: ud = mra 
dx  sinxcosx 
d 2 

37. Solve: еи = ———, 
ах (3 + 2x) 
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cde ФП-ж | 61. Solve: (х2 — yx*)dy + (у? + xy) dx = 0. 
ах 1+ ух 
ау Reducible to Variable Separable Form 
39. Solve: T = (Ntanx + Ncotx). 4 
7 62. Solve: 2 = (x + y + 1). 
d dx 
‚ aY 1 
40. Solve: EC x 
dx их cos?x dy Р 
63. Solve: — = sin(x + у) + cos(x + y). 
ау 1 ах 
41. Solve: E = - y 
* (мах + vcosx) 64. Solve: (x + y) (ах – dy) = (dx + dy). 


Variable Separable Form dy, . 
65. Solve: tany = sin(x + y) + sin(x – y). 
x 


d 
42. Solve: -lexeyx di 
T 66. Solve: — — xtany (y – x) = 1. 
dx 
43. Solve: e e? хє? 
і ` dx | ду («-уз3 


67. Solve: — = | 
OUS de (к-у) +5 


44. Solve: 3e*tanydx + (1 — e)sec?ydy = 0. 
68. Solve: (x + y) (dx — dy) = dx + dy. 


d 
45. Solve: 11 Ta +y Ау ху = 0. 4 
x 69. Solve: = = sec (x + у). 
dy siny + cosy y 
Е а 
И С вре 70. Solve: sin (2) = ++, 
ду ду а 
47. Solve: ЖЕ” aly? + | 71. Solve: = = cos(x * y + 1). 
ау 
48. Solve: 52 = јез унау, 72. Solve: (х2 + 2ху + y + D = 2(х + у). 
х 
ау 73. Solve: 2" = sin(10x + 6) 
49. Solve: (x + D - 2ху. Ма а аны 
x 
да 172 
50. Solve: sec*xtanydx + sec*ytanxdy = 0. 74. Solve: > dy е 20 +у)-1 = 
* dx X +у +1 


51. Solve: (1 + е) ду + (1 + ује ах = 0. 
2) Homogeneous Differential Equation 


3 xt +) 2 у. 
52. Solve: — = 27 + хе? 75 


ах . Solve: (х? + у) dy - xydx = 0. 


dy 


53. Solve: у] +x +х + 22-0. 76. Solve: хау – ydx = үх? + y! dx. 
Х 


77. Solve: (22 - y) dx = 2xy dy. 
54. Solve: V1 + x? dy + М1 + y dx = 0. ёс 
78. Solve: (1 + 2e?) dx + 2e” (1 — xly)dy = 0. 


55. Solve: (1 + x? + y? + ху? + xy = 0. а а 
у л. 79. Solve: (2 + 1 - | 8! 
4у ах ах 
56. Solve: ху — + 1 + х фу + xy 0. ау 
dx 80. Solve: Ns ty 
57. Solve: (1 + 3) (1+ ујах + (1 + у)(1 + х)ду = 0. 1 
ду у-х 
58. Solve: х\1 — y! dx *yNl- x dy - 0. шаш dx ужх 
4у 2 ^ dy 5,2 
esee ed 82. Solve: 2ху— = х? Фу. 
59. Solve: Ї 2) aly + 22). olve мч 
2 
агары асан а а 83. Solve: (у? - 2xy)dx = (х? - 2xy) dy. 


Differential Equation 


4.11 


84. 


85. 


89. 


Solve: 


Solve: 


. Solve: 


. Solve: 


. Solve: 


Solve: 


Оуах- О? + ydy = 0. 


Gs Зху?) ах = (у? - 3х2у) ау. 


с aM rl 
dx X x у 
ЕЕЕ 

x2 = y xtan(2) 


(1 + 69108 + ё (1 - 5) - 0. 


Reducible to Homogeneous Differential Equation 


90. 


91. 


93. 


94. 


95. 


96. 


Solve: 


Solve: 


Solve: 


Solve: 


Solve: 


Solve: 


ау х+2у +3 
ах 2x + Зу + 4 


ду (х + у) 


dx  (x*2)(y -2y 
(x + 2y + 3)dx = (2x + 3y + Фау. 


dy х%2у-5 

ах 2x+y-4'` 
ду 4x + бу -– 5 
ах 6x + ду +7' 


ду бх-2у-7 
ік Зх-у+4` 


Linear Differential Equation 


97. 


98. 


99. 


100. 


101. 


102. 


103. 


104. 


105. 


106. 


Solve: 


Solve: 


Solve: 


Solve: 


Solve: 


Solve: 


Solve: 


Solve: 


Solve: 


Solve: 


ydx — хау + Inxdx = 0. 


d 
xt Зху = Ax’ + 222. 
ах 


У : 
— = ytanx – sinx. 


dx 
КЕЗ жуз 21773 
ах Е 


хах = Е - 14 
М 


ау 
((-3у-2)---і. 
ах 


ау 


— + у = e”, 
ах as 
ое 

ах “ 


pean y = хе". 


dx 


dy 
х— + у = xlogx. 
Ах 


а 
Spica 
dx Х 


107. Solve: 


dy 
108. Solve: — 
dx 
D 
dx х 


= ytanx — 2sinx. 


109. Solve: = 2х2. 


| ау 2 

110. Solve: xlogx— + y = = log x. 
dx x 

111. Solve: ydx —(х + 2y?)dy = 0. 


112. Solve: ydx + (x – y*)dy = 0. 


dy 
113. Solve: x— – ay = x + 1. 
dx 


dy ba п+1 
114. Solve: (х + 1)——–пу=е (х + 1)". 
ах 
115. Solve: (1 + У?) ах = (tan! y – x) dx. 
ау 
116. Solve: (x + 3y + 2) — = 1. 
ах 


117. Solve: (1 + У) ах = (xy + y? + y) dy. 


Bernoulli's Differential Equation 


dy y y 2 
118. Solve: — + —logx = —(logy)’. 
dX 32 
4 
119. Solve: йн + xy = 26. 
а sin? 
120. Solve: Z == = cosy. 
X 
d 
121. Solve: = у + ху = 0. 
X 


d 
122. Solve: (1 – х2) + ху = xy”, 
ах 
а 
123. Solve: x S + y = луб, 
ах 
а ИК 
124. Solve: (1 + DZ + у = gn 
dx 


d 
125. Solve: 57 (223 + xy) = 1. 
dx 


126. Solve: (ylogx – 1)уах = хау 


d 
127. Solve: Ž = 33 — xy 
dx 
d 
128. Solve: Z ts == = мај. 


ду 
129. Solve: — + 
ах 
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130. 


131. 


132. 


d 
Solve: 2 + + -sin2y = x°- cos 2y. 
Solve: (ху? — e! dx — xy dy = 0. 


_ dy 23 3 
Solve: y + х(х у) ox Got y) = 1. 
x 


Exact Differential Equation 


133. 
134. 
135. 
136. 
137. 
138. 


139. 


140. 


141. 


142. 


143. 


144. 
145. 
146. 
147. 
148. 
149. 
150. 


151. 


152. 


153. 
154. 
155. 
156. 
157. 


Solve: хах + уау = хау - уах. 

Solve: xdy – ydx = х ах. 

Solve: хау + ydx = sinydy. 

Solve: xdy + ydx + уХхау- ydx) = 0. 
Solve: xdy + ydx + хугах - xy dy = 0. 
Solve: (4х – 3y) dx + (2у – 3x)dy = 0. 


Solve: (siny + ysinx + Lax. 
+ (хсову — созх + 3) -0. 


хах + ydy уах- хау 


Solve: 5 
үх? + y x 
: ; 2 
Solve: pm + х) + | - RN - 0. 
М 
ау 
х+у— 4 
Solve: axia xX + 2y? + ын 
2:20 x 
dx 


Solve: x + y— = 


Solve: хах + ydy = О” + ујјуду. 
Solve: (x + y)dx + (x – y)dy = 0. 
Solve: ydx + x(x — Пау = 0. 
Solve: ydx + x(1 – xy)dy = 0. 
Solve: (x + у) (dx - dy) = (dx + ау). 
Solve: dx dy = хау + ydx. 

Solve: xdy – ydx = (2 + y?) dx. 


Solve: Б + 5) ду + ydx) = dx + dy. 


Solve: (xdy + ydy + у? = x ydx + xy? dy. 
Solve: (x — x°)dy = y(dx + хау). 

Solve: (x + 2y)dy + ydx = 0. 

Solve: (x + siny)dy + ydx = 0. 

Solve: е ах + (хе? – 2y)dy = 0. 

Solve: 2ydy + (cosx-coty - y) dx. 


158. 


159. 


160. 


161. 


162. 


163. 
164. 


165. 
166. 


167. 


168. 
169. 


170. 


171. 


172. 


173. 


174. 


175. 


176. 


177. 


178. 
179. 


Solve: 


Solve: 


Solve: 


Solve: 


Solve: 


Solve: 


Solve: 


Solve: 


Solve: 


Solve: 


Solve: 


Solve: 


Solve: 


Solve: 


Solve: 


Solve: 


Solve: 


Solve: 


Solve: 


Solve: 


Solve: 


Solve: 


= (2ху + sinx- cosec? у) dy 
dy (2х-3у-1 
© \3х-2у-2/ 
x(dy + dx) = y(dx - dy). 


dx 


ц ху 
x(tan x – logx)dy + ydx = | је 
1 + 22 
х(ду – хах) + уах = 0. 
ду 
ved did 
Г ду 2 у? 
y ха 


x ydy - хугах = хау + xydx. 
dx + x(ydx + xdy) -е ? dx. 
у(угах + (x dy – xydx)) = тэ 
ydx —xdy + xy dx = 0. 


dy dy 
a(x - У оа + у) = 07 – У - 53 

ах ах 
Оо? + » + адууау = (2 + у – а?)хах. 


(1 + xy)ydx + x(1 – xy)dy = 0. 


Цас 


4 
2 ОА. 

= х + 2у + 2. 

ау : и x 


хах + ydy = m(xdy - ydx). 


х+ ул Я xsin?( + y?) 
dy 3 | 
d y 
Ч хах 
{x y 
oe ду _ ах y 
Уы X +y у 
хах + уау at === у 
xdy – уах kd у 
хах – уду 13: y 
хау – уах vay 
ШЕШЕ — хау) = ху (хау + ydx). 


хау + удах + у (хау - ydx) = 0. 


(4х3 + e'siny)dx + e'cosydy = 0. 


Differential Equation 


4.13 


Orthogonal Trajectories 


180 


181. 


182. 


183. 


184. 


185. 


186. 


. Find the orthogonal trajectories of the family of the 
straight lines which are passing through the origin. 
Determine the 45° trajectories of the family of 
concentric circles x? + y =a’. 

Find the orthogonal trajectories of the family of the 
curves ax? + » - 1. 

Find the orthogonal trajectories of the circles 

xi у — ay = 0, where а is а parameter. 

Find the orthogonal trajectories of the family of 
parabolas » = 4ax, where а is а parameter. 


Find the orthogonal trajectories of the family of 
rectangular hyperbola xy = c. 

Find the orthogonal trajectories of the family of 
curves x? — y? = с>. 


First Order Higher Degree Differential Equation. 


Equ 


187. 
188. 
189. 
190. 
191. 
192. 
193. 


Equ 
194 


195. 
196. 
197. 
198. 
199. 
200. 


Equ 


201. 
202. 


203 


204. 


205 
206 
Clai 


207 
208 


ation Solvable for p 


Solve: (x + y + p)(2x + p) = 0. 
Solve: p? – р(е + e?) + 1 = 0. 
Solve: р? + 2pycotx = y 

Solve: р? = рх – ху – у = 0. 
Solve: py + (x - yp - x = 0. 
Solve: (p? - 1)xy = (2 - yp. 
Solve: xyp? - Q? + ур + ху = 0. 
ation Solvable for x 

. Solve: px — ур? -ар. 

Solve: у = 2px + yp. 

Solve: уЛову = хур + р>. 

Solve: p?y + 2px = y. 

Solve: p — 4xyp + 8p? - 0. 
Solve: yp = 2р?х ур. 

Solve: хр? = ур-р+1 = 0. 
ations Solvable for у 

Solve: y = (1 + p)x + ap’. 

Solve: y = ур? + 2рх. 

‚ у= 2рх + tan! (хр?). 

xp + 2хр = у. 

yt рх = Śp. 

. y = psinp + cosp. 

raut Differential Equation 

. Solve: (y + DP - xP? 2 = 0. 

. Solve: Р?х — Р?у - 1 = 0. 


209. Solve: (у + DP – xP? + 2 = 0. 

210. Solve: зту · сов Рх – сову-віп Px – P = 0. 
211. Solve: (х – а)Р? + (x -yP- y = 0. 

212. Solve: y = px + а + рг. 

213. Solve: y = P(x – b) + > 


Higher Order Differential Equation 
е Эрт Фу 
Differential equation is the form = ТОО 
ах 


214. Solve: ын =x + sinx. 
dx 
d? 
215. Solve: — = е + е + 2014. 
ах 
d? 
216. Solve: 2- біп х. 
ах 
ау 
217. Solve: — = Cos x 
dx 
Ф 
С ee ене 
dX sin’xcos*x 
2. 
219. Solve: us sin^x + cos^x. 
dx 
d 
220. Solve: — = xe". 
dx? 


d 
Differential equation of the form ын = (у) 
ах 


2. 
Su das 


221. Solve: 5 
ах 


222. Solve: 


223. Solve: — = 


224. Solve: a^ — 


225. Solve: 


226. Solve: 2— = 
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227. 


d 
Solve: »(5 = -l, 


: 2) - 
укр = = (2) 59 


d'y d 
Differential equation is the form (2 4) 
X 
Фу d 
208. Solve: x—. +2 + х = 0. 
dà dx 
d? d 
229. Solve: Z -12 4 y, 
dà Хах 
d? dy? 
230. Solve: mua + (2) - 1. 
ах? ах 
Фу (Фү а 
231. Solve: у= - (2) -У(2) 
ас Mx dx 
d айу [а 
232. Solve: (x + а) У их 4 -[ У] 
ас ах ах 
d? dy? (4 
233. Solve: x 5 Ц 3 -| |] 
dà 4\ах ах 
Ф дур 
234. Solve: y— = sa 
dx? dx 
d? d 
235. Solve: ыг = |) 
dé dx 
АСЫ 
236. Solve: у= - [2] = y*(—=}. 
olve Жа dx y Jx 
d? d 
237. Solve: > 12) ao, 
ас dx x 
Фу (2) 2 
238. Solve: у - у= һу =|—]. 
38. Solve У y x: ny г. 


Geometrical Applications 


239. 


240. 


241. 


The slope of the curve at any point is the reciprocal 
of twice the ordinate at the point. The curve passes 
through the point (4, 3). 

Find the equation of the curve. 

Find the equation of the curve whose slope at 
any point is y + 2x and which passes through the 
origin. 

Find the equation of the curve which passes through 
the origin and the tangent to which at every point 
(x, y) has slope equal to 


x + 2xy- 1 


x1 


242. А curve passes through (2, 0) and the slope of the 
(ЕЛУ жу 3 
(x + 1) | 


Find the equation of the curve. 


tangent at P(x, y) is 


243. A curve C has the property that if the tangent drawn 
at any point P on C meets the co-ordinate axes at A 
and B, P is the mid-point of AB. The curve passes 
through the point (1, 1). Determine the equation of 
the curve. 


244. A curve passing through the point (1, 1) has the 
property that the perpendicular distance of the origin 
from the normal at any point P of the curve is equal 
to the distance of P from the x-axis. Determine the 
equation of the curve. 

245. If the length of the tangent at any point on the curve 
y = f(x) intercepted between the point and the x-axis 
is of length 1. Find the equation of the curve. 

246. At any point (x, y) of a curve, the slope of the tangent 
is twice the slope of the line segment joining the point 
of contact to the point (—4, —3). Find the equation of 
the curve, given that it passes through (—2, 1). 

247. The ordinate and the normal at any point P on the 
curve meet the x-axis at points A and B respestively. 
Find the equation of the family of the curves satisfy- 
ing the condition AB is the AM of abscissa and the 
ordinate of P. 

248. Find the nature of the curve for which the length 
of the normal at any point P is equal to the radius 
vector. 


lever (M 
(Mixed Problems) 


1. The order and the degree of the differential 


equation 
[йу _ ау 
4---7у-0 
dx dx ^ 
are 
(a) 1 and 1/2 (b) 2 and 1 
(c) 1 and 1 (d) 1 and 2 


2. The order of the differential equation whose general 
solution is given by 
у = cert + сзе“ + саѕіп(х + cs) 
is 
(a) 5 (b) 4 
(c) 3 (d) 2 

3. The differential equation of all straight lines passing 
through the origin is 


[ ау ау 
(ај у = C Oo уН 
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Differential Equation 


dy y 
(0-2 х 


= (4) none of these 


. A differential equation associated by the promitive 
у = а + ђе“ + ce” is 
(a) уу + 2y5 + y, = 0 
(b) 4y; + 5у, – 20у, = 0 
(с) уз + 2у; – З5у = 0 
(4) попе of these 
. The differential equation of the family of curves 
у = acos(x + D) is 

2 2 
74:30 0) £420 
ах ах 


(а) 


71 


а 
(с) ын + 2у = 0 (4) none of these 
dx 


. The differential equation, whose general solution is 
у = Asinx + Всоѕх, is 


Фу а?у 
(аа py b) —-у=0 
ах ах 
ау 
(с) p» +y=0 (d) none of these 
x 


. The differential equation of all straight lines passing 
through the point (1, —1) is 


dy dy 
(а у= (х+ 1) +1 (b)y-(x-1—-1 
ах ах 


= p2 1 4) y= p2 1 
()»-&-DT «1 @y=@-H2- 


. The differential equation of the family of parabolas 
with focus at the origin and the x-axis as axis is 


2) ау 

Z] +4х— = 4 

(a) (2 + ae У 
а ау 

(b) ~ (4 = 2. y 


(d) БЕС РЕТ 
dr оет 


. The differential equation of all lines іп Һе xy-plane 


dy dy ау 
— - = Б) —-x— = 
(0-2 х-0 Ыс; Uk 0 
d? d 
(©) 5-0 а) 2+0=0 
X X 


10. 


11. 


12. 


13. 


14. 


15. 


The solution of the differential equation 
dy Тера? 
ах 24 


15 


-0 


(a) у = —уат!х с 
2 
() ул шх+ и + с=0 
l, л 
(с) у = (ап x+c 


2 
(d y-Inx- =c 


The solution of the differential equation 
xcosydy = (xe'Inx + е") ах 

is 

(a) sin у = lg tc 


(b) sin y+ ёх + с= 0 

(c) sin y = e'Inx + c 

(d) none of these 

The solution of the differential equation 
x(e” – Ddy + (2 - Dedx = 0 

18 

x 
2 


(а) ее” = шх- > + с 


2 
(b) ё – 6 = Шх - 7 + с 


2 
(с) e+e mnt + с 


(4) none of these 


Solution of the equation 
(1- x) dy + xydx = xy dx 


is 
(a) (у - D'ü -x)20 

6 (у – 71 – х5) = су? 

(с) (у - ТУ] + х) = су 

(4) none of these 

The general solution of the differential equation 
ydx + (1 + х®)їап !хау = 0, 

18 

(а) ytan x =с (b) xtan ly = с 


(c) y + tan!x = с (d) x + tan ly = с 


а 

For solving X = (Ax + y + 1), suitable substitution 
x 

is 


(a) y 2 vx (6) y 24x + у 
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20. 


21. 


22. 


(c) y = 4x (d) y+ 4x + 1 =v 


. The solution of the differential equation 


dy xy 
ах Фу 


15 
(а) ay? =e” (b) ay = e? 


(с) у= её + еу + с (d у 2e! + у + с 


‚ 02 + y) dy = xydx, if у(х) = e, У) = 1, the value 


of xo = 
(а) 3e (8-2 
2 2 
(©) e – 1 (а) е Il 
. The solution of (1 + xy)ydx + (1 – xy)xdy = 0 is 
xd- х\_ 1 
@у+уу=К (b) (у) = ту +k 


(c) 5 = +k (а) ов (5) = ху + К 


. The solution of the equation (х + logy)dy + ydx = 0 


is 

(a) xy + ylogy = с 

(b) xy + ylogy-y=c 
(c) xy + logy-x=c 
(d) none of these 


The solution of (x — y*)dx + Зхуду = 0 is 


(a) logx + =k 


(b) logx + =k 


~ 


(c) logx - = =k 
y 

(d) logxy - y! = К 

The solution of the differential equation 

dy ~ 332. их 

dx 14% 


1+x 

15 

па jsin2x m 
Ф) y(1 + X) = ex + jsin2a +c 
© уй +?) =сх- jsin2x pe 
Oyl +7) =5 


The solution of the equation 


23: 


24. 


25. 


26. 


27. 


28. 


ау 
— + Зу = 
У Ди у X 
is 
E 


4 
@xy+T+e=0 (b) Ху-7ржс 


4 
(жут c 


The solution of the differential equation 


(d) none of these 


d 
2 + 2ycotx = 3x° cosec”x 
dx 


is 
(a) ysin?x = +с (b) ysinx =c 
(c) ycosx? = с (4) ysinx? = с 
The integrating factor of the differential equation 
хау — ydx = ху? ах 
15 

1 1 
(a) + (b) 5 

x y 

1 

(d) 55 

xy. 
The equation of the curve through the point (1, 0) 
which satisfies the differential equation 


(1 + y) dx – xydy = 0, 
15 


© 55 


(b хе - у= 1 


(4) попе of these 


(а) х + у =l 
(с) 22 + у? 22 


The equation of a curve passing through (2, 2) апа 
having gradient E - a at (x, y) is 
х 


(b) ху = х + х +1 
(4) попе of these 


(а) у = хе] 
(с)ху=х + 1 
The differential equation of the family of circles 
passing through the fixed points (а, 0) and (-а, 0) 
is 

(a) yx – х2) + Ixy + а? = 0 

(b) yy + ху + ax = 0 

(с) x0? - x7 + а?) + 2xy = 0 


(4) none of these 


+1 
The number of solutions of y = —, y(1) 22 
X — 
18 
(а) попе (b) опе 


(с) two (4) infinite 
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29. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


The solution of 


d 
S 1+ х+у + 17, У) = 0 
ах 
18 

2 


(а) у = у; 


(р) у =1 + мэн 


(с) y = tan(c +x + x) 


(d) y= tan(x + =) 
2 


d'y 
If === 0, then 
ах 
(а) у = ах + Ь (b у = ах + 5 
(c) y = log x (d y=@ +С 
The order of the differential equation whose general 


solution is given by 


y = (су + Cy) cos(x + са) - ce" 


where Сү, со, Сз, C4, Cs are arbitrary constants, is 


(a) 5 (b) 4 

(c) 3 (d) 2 

A solution of the differential equation 
dy Ї 4у 

(2 — 0 +у = 0 

15 

(a) y=2 (b) y = 2х 

(c) y 22x - 4 (d) у = 2x3? -4 


d 
If y (t) is a solution of (1 + 8-2. — ty = 1 and 


у(0) = -1 then у(1) is equal to 


(а) -1/2 (b) e + 1/2 
(c) e - 1/2 (d) 1/2 
2 2 + sinx ^ и Ж 
If y = у(х) and —— (2 = —cosx у(0) = 1, 
then 32) equals 
1 2 
(a) 3 (b) 3 
© -5 (d) 1 
If хау = у(ах + уау), y(1) and у(х) > 0, 
then у(-3) = 
(a) 3 (b) 2 
(с) 1 (а) 0 


The differential equation representing the family 
of curves у? = 2c(x + vc), where с is а positive 
parameter, is of 


37. 


38. 


39. 


(a) order 1 
(c) degree 3 


(b) order 2 

(d) degree 4 

If f'(x) + f(x) = x, when f(0) = 2, then f(x) is 
(a) x + 2 (b +1) + е 
(c) (x – 1) + Зе“ 
The degree of the differential equation 


(М + х2 + V1 +y) -А(хү + y - УМ + х) 


15 


(4) попе. 


(а) 2 (0) 3 

(с) 4 (4) попе 
The degree of the differential equation 
d. P Ф а 

| | +5 +4=0 

ах ах dx 

18 

(а) 1 (b) 2 

(с) 3 (4) попе. 


(More than one options аге correct) 


40. 


41. 


42. 


If m and n be the order and the degree of the dif- 
ferential equation 


E 

S) dêl 4» , 

ах? [5] ах? ^ | 
ағ 

then 


(а) т = 3 andn=5 
(c) т = 3and n = 3 


(b) т = 3 апа п = 1 
(d) m = 3 апа п = 2 


If y = e* + 2e™ satisfies the relation 


d'y dy 

— + А— + Ву = 0, then 

ас ах 

(a) А = – 3 (b В--4 

() А-В-і1 (d А+В=-7 
. dy aU eyed 2 

The solution of — = satisfying 

dx 2xy 


y(1) = 1 is given by 

(a) a system of hyperbola 
(b) a system of circles 

(с) у= ха +) -1 

(d (х – 2) + (у – 3): = 5. 
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43. 


44. 


45. 


46. 


47. 


48. 


49. 


50. 


The function f(x) satisfying the relation 


СРО) + 4-fG-f'G) + ГОР) = 0 
is given by 
(a) ke Qs (b) ke Q9 

(c) ке) (d) ket V3)x 

If the order and degree of the differential equation 
у= с sin !x + Cy cos іх + с; tan ју + C4 cot !x where 
Сү, C5, C4 and c, are arbitrary constants, are т and п 
respectively, then 


(a) m = 3 
(с) т+п = 5 


(b п= 2 

(d т-п=1 

The value of К such that the family of parabolas 
y= cx’ + k is the orthogonal trajectory of the family 
of ellipses 


x + 2у – 2у =c is 
(a) 1/2 (b) 1/4 
(c) 2 (d) 4. 
A differential function f satisfies the relation 
x+y 
[s] =) У ху RCM), 
+ xy 
where 0) z 0 and f’(0) = 1. Then 
(а) 0) = 1 


(©) јод = 157 


1+х 


(4) None of these 


Let соз) = х – 1, where x #0 and x = 1, у = 0. 
х 


Тһеп 
А 2 11 1 
(a) The solution of the curve is у = = – = + — 
2 * y 
(b) The set of values of x, where x is increasing is 
(-e, 0) U (1, ә) 
(с) The set of values of x where x is decreasing is 
(0, 1) 


(d) None of these. 


d а dy 
Let y = + БЕС 
ах ах ах 


(а) The genral solution is y = cx + с — с? 


(b) The particular solution is y = 2x – 4 

(c) The singular solution is 4y = (x + 1)? 

(4) None of these 

ау 1-3х-3у 

ах 1+х+ у 

If the solution of the above differential equation is 
mx + у + п logell — x — yl + C then 


Let 


(a) m=2 (b) п-3 

(с) т+п = 5 (d п-т= 1 
ду _ ах+Ь | : : 

Let — = . If the solution of the given differ- 
ах суға 


ential equation is a parabola, then 


Lever (її 


14. 


15. 


. Solve: 
. Solve: 


. Solve: 


. Solve: 


. Solve: 


. Solve: 


(a)a=2,b=0 

(b) c=0,d=4 
(c)a=0,b=2,c=4 
(d)c=0,a=2,b=2,d=4 


(Problems for JEE-Advanced) 


. Find the equation of the curve which passes through 


the origin and the tangent to which at every point 

x + 2ху - 1 

(х, у) has slope equal to ENTRE VE 
1+х 


[Roorkee-JEE, 2001] 


. Solve the differential equation 


ycos(7.) (xdy — ydx) + xsin(2) (dy + удах) = 0 


when у(1) = > [Roorkee-JEE, 1997] 


. Solve the differential equation 


d 
cos?x— - (tan2x)y = со8 х 
ах 
where -2 < x < Z апі г = 33 
4 qo eg 


[Roorkee-JEE, 1996] 


„Ту + (ху) = x(sinx + орд), find убо) 
X 


[Roorkee-JEE, 1995] 


. Solve the differential equation 


x(1 – x)dy + (22у - y – 5x°)dx = 0 
[Roorkee-JEE,1994] 


. А tangent to the curve y = f(x) cuts the line y 2 x 


at a point which is at a distance of one unit from 
y-axis. Find the equation of the curve. 


. Solve: xdy – ydx = xX + y dx. 


(лем - узіп (2) ax + xsin()dy = 0. 
(x + 2y)(dx — dy) = dx + dy. 

(1 + у) ах = (tan! y – хау. 

ду _ 
dx X .2y-l 

xdy – {y+ хуђ(1 + logx)}dx = 0. 


2ху 


ѕес2х· tan y dx + sec^y-tanx dy - 0. 


а 
yx +у+ arty. 
x 


(1+ e)dy + (1-5) = 0. 


Solve: 


Solve: 
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20. 


21. 


22. 


23, 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


. Solve: (1 + у) + (x- e 


. Solve: (4х – у + 3)dy + (2x – 3y – Пах = 0. 


у ду 
їап-1 
— = 0. 
У) ах 


. Solve: ydx – х(1 + xy)dy = 0. 


. Prove that the equation of а curve whose slope at 


—(х + 
ауы a 
(2, 1), is х2 + 2xy = 8. 
If the square of the intercept cut by any tangent on 
the y-axis is equal to the product of the coordinate 
of the point of contact, find the equation of such 
curves. 


and which passes through the point 


Find the curves for which the length of the normal 
is equal to the radius vector. 


Sol Ей с аныд 
Olve: | — — (e e => = U. 
dx dx 
dy \2 d 
Solve: (2) + 2х = = 352 
ах ах 


2 2 aD 

-1|-в SA 
Find the equation of the curve passing through the 
point (0, —2) given that at any point (x, y) on the 
curve, the product of the slope of its tangent and 
y-coordinate of the point is equal to the x-coordinate 
of the point. 


At any point (x, y) of a curve, the slope of the tangent 
15 twice the slope of the line segment joining the point 
of contact to the point (-4, —3). Find the equation of 
the curve, given that it passing through (-2, 1). 
Find the equation of the curve passing through the 
point (0, 1). If the slope of the tangent to the curve at 
any point (x, y) is equal to the sum of the x-coordinate 
and the product of the x-coordinate and y-coordinate 
of that point. 


Find the equation of the curve which touches the line 
y = | and passes through the point (0, 1) and satisfies 


| : р 3 Фу 
the differential equation у қаста Бе 1 
ах 


The ordinate and the normal at апу point P on the 
curve meet the x-axis at points A and B respectively. 
Find the equation of the family of curves satisfying 
the condition AB = arithmetic mean of abscissa and 
ordinate of P. 


A normal is drawn at a point P(x, y) of a curve. It 
meets the x-axis at Q. PQ is of the constant length k. 
Find the coordinates of Q. Also find the differential 
equation of the given curve. 


Find the equation of the curve, the slope of whose 
tangent at any point (x, y) is for all x, y > 0 and 


which pass through the point (1, 1). 


32. 


33. 


lever (0) 


10. 


11. 


Let С be а curve such that the normal at апу point P 
on it meets x-axis and y-axis at A and B, respectively. 
If PB: PA = 1:2 (internally) and the curve passes 
through the point (0, 4), prove that the curve is a 


hyperbola and it passes through the point (М10, 6). 


A normal is drawn at any point P(x, y) of a curve, 
it meets the x-axis and the y-axis in points A and B 
1 1 : 
ОА * og ^ b Where O is 
the origin. Find the equation of such a curve passing 

through (5, 4). 


respectively, such that 


(Tougher Problems for JEE-Advanced) 


. Find the order of the differential equation whose 


general solution is given by 
y = C,cos(2x + C) – (С, + C3 * + Csin (x – С) 


. Form the differential equation that represents all 


parabolas each of which has a latus rectum 4a and 
whose axes are parallel to x-axis. 


. The slope of the tangent to a curve at a point P (x, y) 


1 x, у > 0 and which passes through the point 


У 
5 => 

x 
(1, 1), find the equation of the curve. 


. A сопіс C passes through the point (2, 4) and is such 


that the segment of any of its tangents at any point 
contained between the coordinate axes is bisected 
at the point of tangentcy. Find the equation of the 
conic. 


. Solve the differential equation 


& Р СІН 
2у t x 2 xc AE 


. Find the integral curve of the differential equation 


dy 
x(1-xlny) — + у = 0, 
dx 


which passes through the the point (е, 1) 


. Solve the differential equation 


d d 
ЈЕ - © joe жу) = (х – У - x2) 


. Ifyt £ (xy) = x(sinx + logx), find y as a function 
x 


of x. 


. Solve the differential equation 


(хау + ydx) ѕіп (ху) + Gy dx + хусах) сов(ху) 
- 0. 

Solve the differential equation 

dy 2у”совх + ysin2x + 2совх- sin?x 

ж” 2 | 


sin^x 
Solve the differential equation 
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23: 


24. 


25: 


. Solve: у 


усов(5 (хау - ydx) + xsin(*) (dy + ydx) = 0, 


Л 


where y(1) = 2 


. Solve the differential equation 


dy BY = aÉ quy — by оу 
ах _ yl = х2у2 + ey — уу 


x 


logt 
. If fœ) = J —=\ а, x > 1, prove that 
11-1-1 
1 
је) = f(4). 


. Solve the differential equation 


dy x+y + Зх + Зу + 2ху + 1 


ах х2 + у — Зх – Зу + 25у + 2. 


. A differentiable function f satisfies the relation 


f(x + у) + 70070) = fay + D. 
Given f(0) = —1, 7(0) = f'(1) =1, find the function 


. A differentiable function f satisfies the relation f(xy) 


= xf(y) + yf(x) for every x, y in К. 
If f'(1) = 1, the find the function f. 


. Solve: [че (5 > cos 2 ) + а 


у 32 x 
1 y Kf 1 
ШЕШЕ ;sin(s) + 6-0 
y y 
d 1 + у: 
. Solve: e = ду). 
ах ху(1 + х?) 
а 
. Solve: ы = ! 


х dx sin’ (xy) + cos? (xy), 


. Solve: (х2 + y? + 1)ду + 2xydx = 0. 


а 2 + у2\? 
шэн ар 


ах 2, 


yt віпхсов (ху) 


хау 


. Solve: х + =0 


cos? (xy) cos? (xy) " 


Find the general solution of the linear equation of 
d 

the first order X + p(x)y = q(x), if one particular 
x 


solution y,(x) is known. 

Find the curve such that the square of the intercept cut 
by any tangent off the y-axis is equal to the product 
of the co-ordinates of the point of tangency. 

If f(x) is a function such that 


x 


х] а - ода = | (кода, fA) = 1, 


[0] 
find f(x). 


26. 


27; 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


: ау 
. The solution of — 


Find the equation of the curve passing through (3, 4) 
and satisfying the differential equation 


oy dy 
X2 + (x У: х = 0. 


/ 
Solve: у’ = цөн 200 


Х Ф(у/х) 
А differentiable function f satisfies the relation 


х + у 1 
A | и he 
1 + ху 


ТО) = 0 and 700) = 1. Find f(x). 

A differentiable function f satisfies the relation 
f(xy) = xf(y) + yf(x) for all x, y in А". 

If f(1) = 1, find f(x). 

Find the curve for which the portion of the tangent 
included between the coordinate axes is bisected at 
the point of contact. 


Find the nature of the curve for which the length of 
the normal at a point P is equal to the radius vector 
of the point P. 
Find the equation of the curve passing through (2, 2) 
such that the slope of the tangent at any point to the 
curve is reciprocal of the ordinate of the point. 
A curve is such that the length of the perpendicular 
from the origin on the tangent at any point P of the 
curve is equal to the abscissa of P. 

Prove that the differential equation of the curve is 


d 
y -2529 2=0 
dx 


and hence find the equation of the curve. 

Find the orthogonal trajectories to the curve 

у = а(х + а). 

Find the equation of the curve in which the регреп- 
dicular from the origin upon the tangent is equal to 
the abscissa of the point of contact. 


Integer Type Questions 


. Find the degree of the differential equation 


d 2/3 d d 
| | 3 2185 2| +4y=0. 
ах ах x 


. If the order of the differential equation of the curve y 


= (су + сә)віп(х + c3) — сде “5 is M, find the value 
of (M – 1). 


. If y = е + 2e™ satisfies the differential equation 


dy dy 

— + A— + By = 0, the value of - В + 4. 

de dx 

_ ах+Ь 
ах by+k 

b = 0, represents a parabola, find the value of a + b 

+ 4. 


where а < 0 апа 
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d 
5. The solution of the differential equation |) = 
x 
3x + 4у, y(0) = 0 is 
Де“ + Ве? + С = 0, 
А +В + С + 5 15... 
6. The polynomial f(x) satisfies the equation f(x + 1) = 


where 


x? + 4х. The area enclosed by y = f(x – 1) and the 
1642. 


curve x? + у=01 ‚ Where К is ... 


7. If the number of straight lines which satisfy the 


‚ ау (Фү. 
differential equation — +х|—| = y is т, the value 
dx dx 
of m + 2 is... 


8. If f(x) + РО = x, where f(0) = 2, then f(x) is 


(x — 1) + ke“, where k + 2 is ... 

9. The solution of the differential equation 
dz z 2 2. 1 1 
— +2 ]nz= (l = — + С, 
э: 209 is C VE 


where т + 4 is 


10. The solution of the differential equation 
(» - 3) -x ydy = 0, 
x 
given y = 0 when x = 1, is у = 
k+5is... 


Comprehensive Link Passages 


In these questions, a passage (paragraph) has been given 
followed by questions based on each of the passage. You 
have to answer the questions based on the passage given. 


Passage I 


The differential equation corresponding to 


y = се" + сое" + ce”, 


where сі, с; and с; are arbitrary constants and ті, т, and 
m, are the roots of т — 7m + 6 = 0 is 


азу Фу Е 
of 5 шал сан 


where о, В, y and 6 are arbitrary constants. 


On the basis of the above information, answer the following 
questions. 


1. The order of the differential equation is 


(a) 1 (b) 2 
(c) 3 (d) 4 
2. The degree of the differential equation is 
(a) 1 (b) 2 
(c) 3 (d) 4 


3. The value of с and В, respectively, are 


(a) 0, 1 (b) 1, 0 

(c) -1, 0 (d) 0, —1 
4. The value of y is 

(a) 6 (b) -7 

(с) 2 (d) -І 
5. The value of 6 is 

(a) 6 (by -7 

(с) 2 (9) -І 

Passage II 


The order of the differential equation is the highest order 
derivative appearing in the equation and the degree of the 
differential equation is the index power of the highest order 
derivative and is free from any type of radical sign. 

On the basis of the above information, answer the 
following questions. 


1. The degree of the differential equation 


х=1+ [92] + Цэ + Lily А) + : 
ах 2 ах 3 ах 4 
(2) +... to оо is 
ах 
(а) 0 (b) 1 
(с) 2 (4) not defined 


2. The dgree of the differential equation 


3 [45| 4| (фу 
1+ = = ES Ta is 
dx dx 


(b) 1 
(d) not defined 


3. The order and the degree of the differential equation 
of the curve y = mx + m? +m + тё 18 


(а) 1,3 (5) 1,4 
(с) 2,3 (а) 2,4 
4. The order and the degree of the differential equations 


d 
п (2) = лав 
dx 


(а) 1, 4 
(c) 1, not defined 


(b) 2, 4 
(d) 2, not defined 
Passage III 


Differential equations are solved by reducing them to get 
the exact differential of an expression x and y, i.e. they are 
reduced to the form d[f(x, y)] = 0 


For example, 
хах + ydy хау-уах 
1 У 2xdx + 2ydy _ хау - уах 


ya? + » я 
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ао? + уд) (у 
2 хау 1 4) 


> а42жуу--«() 


Thus the required solution is 


МЕ + у +5 = с. 
On the basis of the above information, answer the following 
questions. 
1. The general solution of 
(2? — ху?) dx + Оу? - x’y)dy = 0, is 
(a) № + йу -y =с (b) Х-ху +y zc 
(c) xb -xy-yzc (d) Оу + у= с 
2. Тһе general solution of the differential equation 
d 
ЕЕ 


№ + у? 


х +у 


је = 0, 
15 


(a) x + tan" (2) = с (b) x + tan! (5) = с 


Aa(). 
(c) x — tan (2 = с 
3. Тһе general solution of the differential equation 
e dy + (хе – 2y)dy = 0, is 


(b) хе“ - x = с 


(d) none. 


(а) хе - y? = c 


(с) ye - x 2c (d) xe – 1 = cy’. 


Passage IV 
d 

The differential equation E = f(x): g(y) can be solved by 
x 


d 
seperating the variable г: f(x) dx and then integrating 
8 


(у) 
the function and get required result. 
On the basis of the above information, answer the following 
questions. 
1. The equation of the curve to the point (1, 0) which 
satisfies the differential equation 


(1 + y) dx – худу = 0, is 
(а) xà «21 (b) -y =1 


(0x3 њу: =2 (d 2- у =2 


2. The solution of the differential equation 


o e 1+2 
dx V1 + x7 


(a) tan іу + sin!x = c 


= 0, is 


(b) tan !x + sin ly = с 


1 


(с) (ап | у. ѕіп іх = c (а) (ап | y-—sin^ с: 


а 
3. If = = 1 +x + у + xy and УС = 0, then y is 
X 


(1-х)? 
(b) e 2 


(d) 1 4 x. 


(1-х)? 
(a) е 2 


(с) па +) - 1 


-1 


Passage V 


A normal is drawn at a point P(x, y) of a curve. It meets 
the x-axis at Q. PQ is of constant length k. 


On the basis of the above information, answer the 
following questions. 


1. The co-odinates of Q are 


(а) E + Z, 0) (b) | 4 У o) 


(d) [x - sae o) 


d 
e [oe 5 


4. 


2. The differential equation of the curve is 
dy? dy? 
(a) |] =y -K (Ы 52) -0-у 
ах ах 


ау Ї 2 р Ё Ї 2 2 
-- = - k d —— = k ын 
© (2) => ( (= y 
3. The cartesian equation of the curve, if it passes 


through the point (0, k) is 
(а) х2 + у? = 0 (b) х2 + y = 242 


(c) log(y 2) =0 (4) sim" (7) Ed 


Matrix Match 
(For JEE-Advanced Examination only) 


Given below are matching type questions, with two columns 
(each having some items) each. Each item of Column I has 
to be matched with the items of Column II, by encircling 
the correct match(es). 


Note: An item of Column I can be matched with more 
than one items of Column II. АП the items of Column II 
have to be matched. 


1. Observe the following Columns 


Column I Column П 
(А) | The degree of the differential | (P) 3 
equation of the curve 
y? = 2c(x + Nc) is 
(В) | The degree of the differential | (О) | Not 
d 
equation log( 1 + 2 =x is Defined 
dx 
(С) The order (1) and the degree (R) 4 
(M) of the differential equation 
of the curve y = asin(bx + c) 
where a, b and с are arbitrary 
constants, the value of L + M 
is 
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the degree of the equation 


d^ dy \4 

C» шу + (2, then (m 
dx dx 

+ п) 18 


(Ы) | The order (L) and the degree | (S) 5 
(М) of the family of parabolas 
having vertex at origin and axis 
along positive y-axis, then L + 
М + 3 15 
2. Observe the following Columns: 
Column I Column II 
(A)| The integrating factor of the| (P) 
differential equation Pad 
d 
X E xy — xy is 
(В) | The integrating factor of the | (Q) 
differential equation : 
4 е” 
ава 
ах 
1 is 
(C) The integrating factor of the (R) 
differential equation 1 
4 
хуйх -( + y)dy = 0 is x 
(D)| The integrating factor of е | (S) 
differential equation NE 
4 
(хус AUS dx – x! ydy = 0 is М 
3. Observe the following Columns: 
Column I Column II 
(А) | @ + y)dy + (х – y)dy = | (Р) ју + 2x = Зу 
0, y = 1, when x = 1 
(B) | x dy + (xy + у)ах = 0, | (Q) |cos(/x) = 
у = 1 when x = 1 loglcxl 
dy y y x 
(©) i passes | = В) |y = 2—— 
(C) ООХ + совес (>) 0, | (В) |у 1 - log 
у = 0, when x = 1 (x #0, x +e) 
d 20818832 
шог со. 
ах 2tan (y/x) 
у = 2 when x = 1 = (5 +182) 
4. Observe the following Columns: 
Column I Column II 
(А) | If m and n are the order and | (P) | віп(у/х) = 
сх 


Codes 
(a) 


(b) 


(ВЭ! e Q| s 


2 + sinx dy 
== = --совх, 
і+ у dx 


у = l at x = 0, then 32 


18 


sin (y/x) = 
с 


(С) (R) 


The solution of 


dy 12 
Х-г- у + x tan> 15 


ах 


(О) | The solution of (S) 1/3 
dy 
y E L3. 


= 252 is 


Assertion and Reason 


Both A and R are true and R is the correct explanation 
of A. 


Both A and R are true and R is not the correct expla- 
nation of A. 


R is true and A is false. 
R is false and A is true. 


. Assertion (A): The order of all the non-vertical lines 


in a plane is 3. 


Reason (R): The order of all the non-vertical lines 
in a plane passing through the origin is 1. 


. Assertion (A): The order of the differential equation 


. (2 : 

sin} —] = x is 1. 
dx 

Reason (R): The degree of the differential equation 

dy 

edx = (x + 1) is 2. 


. Assertion (A): The integrating factor of the differential 


d 
equation шил ху = 10 is æ. 
dx 
Reason (R): The integrating factor of the differential 


d 
equation X + Ру-0 18 «рак 
x 


. Assertion (A): The orthogonal trajectories of the 


curve xy - c is x= » = с. 
Reason (В): Тһе solution of he differential equation 
хау + уах = 0 15 ху= с 


. Assertion (A): The solution of the differential 


3 


| қ 


equation х2уйх = (х? + y))dy is y = сез”. 
Reason (К): The integrating factor of the differential 


tion Мах + Мау = 0 15 ———. 
equation х + Мау тте 
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. Assertion (A): The order of the differential equation 


of the curve у = се! + coe" + сзех+5 is 2. 


Reason (R): The order of a differential equation is the 
highest order derivative of a differential equation. 


Questions asked in Previous Years’ 
JEE-Advanced Examinations 


. A normal is drawn at a point P(x, y) of a curve, it 


meets the x-axis at Q. If PQ is of constant length k, 
prove that the differential equation describing such 
d 
curve is Үс = 12 – у. 
ах 


Find the equation of such а curve passing through 
(0, k) ШТ, 1994] 


. Let y = f(x) be a curve passing through (1, 1) such 


that the triangle formed by the co-ordinate axes and 
the tangent at any point of the curve lies in the 
first quadrant and has area 2. Form the differential 
equation and determine all such possible curves. 


ШТ, 1995] 


. Determine the equation of the curve passing through 


the origin in the form y = f(x) which satisfies the 


а 
differential equation z = sin (10x + бу) 
Ix 
ШТ, 1996] 


. А curve у = f(x) passes through the point Р(1, 1). 


The normal to the curve at P is a(y — 1) + (x – 1) 
— 0. If the slope of the tangent at any point on the 
curve is proportional to the ordinate of the point, 
determine the equation of the curve. Also, obtain the 
area bounded by the y-axis, the curve and the normal 
to the curve at P. [IIT, 1996] 


. А spherical rain drop evaporates at a rate proportional 


to its surface area at any instant f. The differential 
equation giving the rate of change of the radius of 
the rain drop is ... [IIT, 1997] 


. Let u(x) and v(x) satisfy the differential equations 


ай + роди = f(x) and gv + роду = g(x), where 
dx dx 


р(х), f(x) and g(x) are continuous functions. If u(x,) 
> v(x,) for some x, and f(x) > g(x) for all x > хі, 
prove that any point (x, y) where x > x, does not 
satisfy the equation y = u(x) and y = v(x). 

ШТ, 1997] 


. Acurve C has the property that if the tangent drawn at 


any point P on C meets the co-ordinate axes at A and 
B, then P is the mid-point of AB. The curve passes 
through the point (1, 1). Determine the equation of 


the curve. ШТ, 1998] 


. The order of the differential equation whose general 


solution is given by y = (c, + Cy) cos (x + са) – сде“ * 5, 


10. 


11. 


12. 


13. 


15. 


where Сү, Со, Сз, c4, and с; are arbitrary constants 
18... 
(а) 5 
(с) 3 


(b) 4 
(4) 2 
ШТ, 1998] 


. А curve passing through the point (1, 1) has Ше 


property that the perpendicular distance of the origin 
from the normal at any point P of the curve is equal 
to the distance of P from the x-axis. Determine the 
equation of the curve. 


ШТ, 1999] 
A solution of the differential equation 


dx dx 

is 

(a) у= 2 (b) y = 2x 

(c) y 22x - 4 (d) y = 2x32 - 4 


ШТ, 1999] 
The differential equation representing the family 
of curves y = 2c(x + Үс), where с is a positive 
parameter is of 
(a) order = 1 
(c) degree = 3 


(b) order = 2 
(d) degree = 4. 

ШТ, 1999] 
If x? + y? = 1, then 
(а) yy” - 20? +1 =0 
6) уу” +O’ + 1=0 
(с) уу” + 9 -120 
(d) уу” + 209): + 1 = 0. 

ШТ, 2000] 

If у(0) is a solution of (1 + 2% — ту = 1 and 
y(0) = –1, then у(1) is 
(а) -1/2 
(c) e – 1/2 


(b) е + 1/2 
(d) 1/2 
ШТ, 2003] 


. A right circular cone with radius R and height 


H contains a liquid which evaporates at a rate 
propeortional to its surface in contact with air 
(proportonality constant (k > 0). Find the after what 
time which the cone is empty. ШТ, 2003] 


= —cosx and 


2 + sinx ^ 
If y = d 

уау ган ул! (2 
y(0) = 1, then 52) equals 


(a) 1/3 
(с) -1/3 


(b) 2/3 
(d) 1. 
ШТ, 2004] 
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20. 


21. 


22. 


23. 


. А curve С passes through (2, 0) and the slope at (x, 


(х+ 12 +у-3 ) 
у) аз Ut UE. р Find the equation of the curve 


and the area enclosed by the curve and the x-axis in 
the fourth quadrant. 


ШТ, 2004] 


. If y = у(х) and it follows the relation xcosy + ycos 


x = л, the value of y"(0) 18 
(а) 1 (b) -1 
(c) x (d) -л 
[IIT, 2005] 


. If the length of the tangent at any point on the 


curve 


y = f(x) intercepted between the point and the x-axis 
is of length 1, find the equation of the curve. 


ШТ, 2005] 


. The solution of the primitive integral equation 


(х2 + у?) dy = xydx is y = у(х). 
If y(1) = 1 and y (xy) = e, then the value of ху is 


(а) ү2(е2 — 1) (b) A2 (€? + 1) 


2 
(c) МЗе (йб ү +1 


2 
ШТ, 2005] 
For the primitive integral equation ydx + ydy =xdy, 


xER, у > 0, y = y(x), y(1) = 1, then у(-3) is 


(а) 3 (b) 2 
(c) 1 (d) 5 

ШТ, 2005] 
A curve у = f(x) passes through (1, 1) and the tangent 
at P(x, y) cuts the x-axis and y-axis at A and B, 
respectively such that BP:AP = 3:1, then 


(a) the equation of the curve is xy’ — 3y = 0. 
(b) the normal at (1, 1) is x + 3y = 4. 
(c) the curve passes through (2, 1/8). 
(d) the equation of the curve is xy’ + 3y = 0. 
ШТ, 2006] 


а 
If y satisfies the differential equation = = = + у, 
x 


y(1) = 1, then (x + y + 2)? e equals ... 
ШТ, 2006] 


Ee _ dy /-у 
The differential equation doc ak ae determines a 
x 


family of circles with 

(a) the variable radii and fixed centre at (0, 1) 

(b) the variable radii and fixed centre at (0, -1) 

(c) the fixed radius 1 and variable centre along the 
X-axis. 


24. 


25. 


26. 


27: 


28. 


29. 


30. 


(4) the fixed radius 1 and variable centres along the 
y-axis. 
[IIT, 2007] 
Let f(x) be a differentiable on (0, го) such that 


Вх) — КО 
f= 


| cioe eee 
X 


Та) = 1 and lim 
0, then f(x) is 


] 2 1 42 
cU e Бүре е 
ИЕ зн 
1 2 1 
= (d) = 
X 


ШТ, 2007] 


Let a solution y = y(x) of the differential equation 


xd T dy у — 1 dx = 0 satisfies y(2) = 2. 


V3 
Assertion (A): у = (x) = sec (sec х - А 
Reason (R): у(х) is given by 1 E 25 (27 
X 


(a) Both A and В are true and В is the correct 
explanation of A. 


(b) Both A and R are true but R is not the correct 
explannation of A. 


(c) A 16 true and В is false. 
(d) A is false and R is true. 

ШТ, 2008] 
If y' = y + 1 and у(0) = 1, the values of y(In2) is 


ШТ, 2009] 
Find the domain of the definition of non-zero solution 
of the differential equation (x — зу у +у=0 
ШТ, 2009) 
Let f be а real-valued differentiable function оп А 
(the set of real numbers) such that f(1) = 1. If the 
y-intercept of the tangent at any point P(x, y) on the 
curve y = f(x) is equal to the cube of the abscissa of 
P, the value of f(—3) 15... 
ШТ, 2010] 
Let y'G) + убдг (о) = 808", y0) = 0, xeR, 
, df (x) 
where f'(x) denotes "MES and g(x) is a given 


non-constant differentiable function on А with 2(0) 
= g(2) = 0. The value of y(2) 15... 


ШТ, 2011] 


Let f:[1, го) > [2, о) be a differentiable function such 
that f(1) = 2. 
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If 6] f(t)dt = 3xf(x) – xX — 5 for all x > 1, the value 
0 


of f(2) is ... 
(IIT, 2011] 


31. If у(х) satisfies the differential equation 


у! — ytanx = 2хѕесх and у(0) = 0, then 


НЫС 


ШТ, 2012] 
32. А curve passes through the point [s г Let the 
: y y 
slope of the curve at each point (x, y) be x вес (>), 
x > 0. The Кое of the curve is 
(a) sin( ) = logx +5 - 
(b) сове (2: ) = logx + 2 


(c) гес (23 У је logx + 2 


(д) сов [2 АЕ logx $5 - 
[IIT-JEE, 2013] 
33. The function у = f(x) is the solution of the differential 


d 4 
equation 2 + 2 EIER in (-1, 1) satisfying 
dx 2-1 (4-0 
3 
2 
ко) = 0, then | f(a) = dx is 


43 


2 


[IIT-JEE, 2014] 
34. Let y(x) be a solution of the differential equation 
(1 + ex) у’ + ye = 1. If y(0) = 2, which of the 
following statements (is/are) true? 
(a) y(-4) = 0 
(b) y(2) =0 
(с) y(x) has а critical point in (-1, 0) 
(d) y(x) has no critical point in (-1, 0). 
[IIT-JEE, 2015] 
35. Consider the family of all circles whose centres lie 


on the straight line y =х. If this family of circles is 
represented by the differential equation 


Py” + Оу +1= 0, 


where Р, О are functions of x, у and у 
, ду ” ау Я . 
Негеу’ = —, у” = — |, which of the following 
dx dx 
statements (is/are) true? 
(a) P=y+x 
(b P=y-x 


© Р+О=1-х+у+у+ (у)? 
(9 Р- О=х+у- y= (у) 
[IIT-JEE, 2015] 
36. A solution curve of the differential equation 


d 
(уч +) — У = 0, x>0 
x 


passes through the point (1, 3). The solution curve 


(a) intersects y = x + 2 exactly at one point 
(b) intersects y 2 x + 2 exactly at two points 
(c) intersects y = (x + 2)? 


(4) does not intersect у = (x + зу 
[IIT-JEE, 2016] 


LEVEL | 

190. (у-сед(у-х-се 9-0 
191. (х–у+ обе фу + с) = 0 
192. (ху - 00 -y - с) 20 
193. (y - c0? - 2-6 20 
196. шу = сх + c. 

197. у = 2сх + с? 


198. с(4х- с)? = 64у 
199. у? = 2сх + с 

200. у= сх- 1 + Ш 
203. у = 2Vex + (ап (о) 
204. y = 2х + с? 
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LEVEL Il 
1. (d) 2. (b) 3. (c) 4. (c) 5. (b) 
6. (a) 7. (d) 8. (b) 9. (c) 10. (b) 
11. (c) 12. (a) 13. (b) 14. (a) 15. (d) 
16. (a) 17. (a) 18. (b) 19. (b) 20. (b) 
21. (d) 22.(b) 23.(а) 24. (b) 25. (d) 
26. (b) 27. (c) 28. (a) 29. (d) 30. (a) 
31. (a) 32.(b) 33. (© 34. (d) 35. (b) 
36. (c) 37. (c) 38. (a) 39. (b) 40. (a,c) 
41. (a,b,c, Ч) 42. (a,c) 43. (a,b) 
44. (a,b,c, Ч) 45. (b) 46. (a,b,c, d) 
47. (a,b,c) 48. (a,b,c)49. (a,b,c,d) 50. (b,c, d) 
LEVEL Ill 
| 2 
1.1 aae ээ? = х+с 
АРУ 
3: i tan! : tan( 4x + ша 5] - 3| - ~ 
4. 4 squ. 


5: x + у? = 2х 


7. у + yx? + y? = cx’ 
8. logx = с + 1 сэх (мах + сов | 
2 х х 


9. xto=al[x+2y + АХ + 6-1] 


Қан ? Ма 
10. xe?" У + c = (tan ly -1) e? > 


2 
if + 2шу- у= с 
2 3 
12. = (2 па) жс 
y 


13. tanx.tany = с 


14. Хе чу +2 Шер жуж1-1) 


-Ë in RFF +142 


1 
ase: 


15. x +y e 
16. x + y + zh = с(у - 2x - 1? 
17. хе = с(у – 2x -1 

1 
18. Iny = xy tc 
20. x z cet? bis 
21. d + y? = а? 
22. (у –е + с(у+е + с) = 0 
23. Qy - х2 – с)(2у + 33 - с) = 0 


24. 
25. 
26. 


27. 
28. 
29. 


30. 


31. 
32. 
33. 
34. 
35. 


«у-д(2-у-д-0 
х -у +4=0 
(у + 3) = (х +4)? 


y = Cer? = 1 


x + у – 8(х + у) + 16 = 0 
(x – 13 + (у - 1 = 25 


у= сх, х = су 


LEVEL IV 


1. 
2. 


17. 


18. 


оо» RY 


2415 


у-х 


ху - 8. 


. (Iny + 1) + еу)х = 1 


‚ log [02 — у? + (ia (2)) = С 


= -xcosx + 2xsinx + 2cosx 


yx 
PS x 

-1-1 -— +С 
С 


. (xy) sin(xy) = С 


2 (5 + sinx 


= loglsinxl + С 
415 sinx | 5 


· (У) л 
š у(х) = = 
2 3 
о ЫНА +С 
3 2 
: Y 75 ВК + y) +И=х+С 


2у-х-1 
. y = xlogixl 


-сов(;)) + sin(4.) +х- y = с 


(1+ у2(1 + у) = с х2 
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А je — sin(2xy)) + Цэ + 


sin (4xy) | 
4 


1 | 8112 (xy) 
+52 +t— 


| = loglxl + c 


+у+ху=с 


— = 
(x7 + y) 


ye Je ac ax +c 


y ed ео ao ax + с 


. AE + logixl = с 


. f(x) = giz 


; (42 + у) = 2х + с 


35. х + у? = сх 
36. х + у? = 25, у = х + 1 
INTEGER ТҮРЕ 


1. (2) 2. (2) 3. (3) 4. (4) 5. (5) 
6. (3) 7. (4) 8. (5) 9. (6) 10. (8) 


COMPREHENSIVE LINK PASSAGES 
PI: L(c 2. (а) 3.0) 40 5. (a) 


РП: 1.0) 2. (а) 3.) 46) 
Р-Ш: 1.(b) 2.(а) 3. (а) 
PIV: 1.0) 2. (а) 3.0 
P-V: 1. (а) 2.06) 3.(а) 


МАТНІХ МАТСН 
І. (А) Р); (В)-ХО) (ОК); (D)>(S) 
2. (А)-Э(Р); (В)-«Р); (О–О); (0)-3(В8) 
3. (А)>($), (В)—Р), (O>Q) (D)>R) 
4. (А)>(0), (B)2(S), (ОР), D)>R) 


ASSERTION AND REASON 


1. (d) 2. (c) 3. (d) 4. (b) 5. (a) 
6. (a) 


HINTS AND SOLUTIONS 


lever ( 
1. Clearly, the order is 2 and the degree is 1. 
2. Clearly, the order is 1 and the degree is 3. 
3. Clearly, the order is 2 and the degree is 1. 
4. We have, 
dy s d 
1+ (2) E сс 
X dx? 
dy 22 Фу 1/3 
ИСЕ 
x ах? 
21-14) 
= e | = ГЕН 
| ах 3 ах 
Thus, order is 2 and degree is also 2. 
5. We have, 


d 
=> 2 +2х 2 1 
ах 


So, the order is 1 and the degree is also 1. 


6. We have, 


dy Ї 
ах 


ау | | 
=х— + + 
У ms a 


мн! 


So, the order is 1 and the also degree is 1. 


7. We have, 


{у | ю [2] TM | Ф | M 
dx* ағ ад! 3 do) 5 


So, the order is 4 and the degree is not defined. 
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. We have, 


Әр өр caue 
dé dx ах? 


So, the order is 2 but the degree is not defined. 


. We have, 


dy 
edx = (x + 1) 


d ауу ау \3 
1+(2) 44 (9) «hg +... 
ах 2 \dx 3 Мах 


So, the order is 1 and the degree is not defined. 


. We have, 


(= 
ТЕГЕ 


4у\? dy\4 ау\в 
Ч 16,1%) "+. == 
2 \dx 4 (ах 6 \dx 


So, the order is 1 and degree is not defined. 


. Let the equation of the family of non-vertical lines 


in a plane is 
y = mx + с, 


where т апа с are arbitrary constants. 


d 
2 = m and Ee - 0. 
ах аг 


From the above three equations, we should eliminate 
т. 


Now 


Thus, the required differential equation is 
Фу 
772 - 0. 
ах 


. Let the equation of the parabola be 


у = 4ах. 
where а is an arbitrary constant. 
Differentiating w.r.t. x, we get 


dy 
2y — = 4 
4 ах Е 
зо Du 
2 ах 
Thus, the required differential equation is 
dy 
2 
= 2xy —. 
d D dx 


. The equation of the circle be 


(x-ay4y-2d, 


where a is an arbitrary constant. 
> x y – 2ах = 0 


ау 
> 2x + 2y — – 2а = 0 
ах 


14. 


15. 


16. 


ду _ 
> TR sa 


Thus, the required differential equation is 


The equation of all parabolas whose axes parallel to 
X-axis is 

(y = ky = 4a(x - №) 

Here, ћ and К are two arbitrary constants. 
Differentiating both sides, we get 


dy . 
(у – b = 2a 40) 
x 
Differentiating again w.r.t. x, we get 
Фу (аур 
06-822 «(2| 2o i) 
dx dx 


Eliminating k from Eq. (i) and (ii), we get 


d? dy? 
|42) + Е =0 
ас ах 


which is the required differential equation. 
The given curve is 
у = с(х – cy NO) 


Differentiating w.r.t. x, we get 


ду. Ж 
d c(x — c) ...(11) 


1 1 (Фү 
From Eq. (1) and (ii), we get, c = — |— 
4y \dx 


Put the value of c in Eq. (ii), we get 


dy 5d Ей 1 (| 
dx 4у \dx | Ду \ ах 


ду 1 (2) 

дунг (eas а 

= 4 ах | Ду V dx 
dy (2) 

2 = on жаз 

Е Ву = OY ae (ах 


which is the required differential equation. 
The given curve is 
2 2 
x : 
то: 40) 
dp 
Differentiating w.r.t. x, we get 
2x x 2 yy" 
2 p 


& 
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20. 


Again differentiating w.r.t. x, we get 


” ^A 
1 ) 
++ oy 39 
a b b 
1 хуу” xO” 
= 2 2 2 0 
а b b 
, ” ^2 
2 уу хуу? ху) 0 
b? p p 
ЗЭ2-12) 
> + =0 
D e oue eds 


which is the required differential equation. 


. Given curve is 


у = тх 
ау 
=> — = 
ах e" 
шэг 
ES. 


which is the required differential equation. 


. Given curve is 


y = Acosx + Bsinx 


dy 
> HL —Asinx + Bcosx 
x 
d^y | 
= T —Acosx – Bsinx = –у 
ах 
Hence, the required differential equation is 
а? 
2 +у = 0 
x 
. We have, 
у = ае + ђе“ 
а 
X = ае – ђе * 
x 
d? 
ын = ае + be^ = y 
dx 
Hence, the required differential equation is 
Фу 
ap 7^ 
x 
We have, 
у = sin(bx + c) 
> у’ = bcos(bx + c) 
> y" = —b’sin(bx + c) 


21. 


22. 


> У”(1 - у) «yo? =0 
d ауу 

> 4-99 0 
ах ах 


which is the required differential equation. 


We have, 


у = ае“ + ђе“ 


а 

> = 2ae^ + 3be* 
dx 
d? 

-> ын = 4ae^ + 9be* 
dx 


= 2 (гае“ + 3be™) + 3be™ 


Ф а 
2Y uoc 4 Bho 
de dx 
dy Ё | 
== ыз a 
dy? ^y 
> 1-(% + (у ој 5 -0 
2 y „йй 
ас ах y 
а? а 
E AE баб 
dx dx 


Let the equation of the circle be 


x + (у – а? = а? 


= x у – 2ау = 0 
y dy 
> 2x -2у---2а---0 
ХЭ Дд Ug 
dy ау 
- ку----а-- 
Час ах ах 
ау 
+ i 
= mS: Уах x+y» 
ау У 
ах 
Hence, the required differential equation is 
х + 
= r+ у = 2/ 2) 
У 
а 
> ж + » - 2у?) - 2ху 
ах 
а 2 
- ас 
dx (2-у) 


(b) Do yourself. 
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23. 


24. 


25. 
26. 


27. 


28. 


Let the equation of the circle be 
(х – В? + (у – =r 


where Л апа К are parameters but not r. 


dy 
> 2(х = №) + Ay -a)— = 0 
ах 
ау 
> (х-+0-Ю—=0 
ах 
ауу d? 
4 1+(2) + ij ep 
dx ас 


Let the equation of the circle be 


(х – а} + (у – а) = а? 


> х + у – 2а(х + у) + а = 0 
= 2х + 2y -2a(1 ту) = 0 
= х+у-а(1+у) = 0 
+ 
> PR bur: 
1+y, 


Hence, the required differential equation is 


2 2 x+y x + y\2 
-2Ї--- -0 
Д про ЈЕВ | а 


(1+ y + у) – 2(х + yy фу) + (с + у) = 0 


Do yourself 
Let the line be 


у=тх+с 


ду _ 
= 2 um 
d 
> 70 
ах 


which is the required differential equation. 
Let the equation of the parabola be 

(у – ky = 4a(x - h), 

where Л and k are parameters. 


dy 
- 2(y — k) — = 4а 
dx 
dy 
=> (у = К) — = 2a 
ах 
ауу (2) 
- К) — + |—| =0 
= (у c d 
Фу 2: 
> 2a — + |—] = 
ах? 4 


which is the required differential equation 
Let the equation of the ellipse be 


2 

x y 

= "+ = = 1 
2 p 


Q 


29. 


30. 


31. 
32. 


2уа 
= 2X Q9 EY. 
а ыж 
> а ogg 
d 52 dx 
Ж Шен т = 
a b \dx 52 ас 
а 2 ? 
és у Ae) = 
bx ах p \dx 52 а? 
d dy d? 
à Е Уф 
х ах ах dx? 


which is the required differential equation. 
Let the equation of the parabola be 
(x — hy = 4a(y – k) 


where Л and k are parameters 


dy 
=> 2(x – А) = 4а — 
dx 
бе у 
= х- = uem 
d 
— 1 = 2a 72 
dx 
dy 1 
= dà 2a 


which is the required differential equation. 


Given curve is 


y = 2c (x + Nc) 


> ---2 
T 4 
> D 
ri 
d'y (dy 
> S. -0 
ас ах 


which is the required differential equation. 
Do yourself. 
Given differential equation is 
2 
х-1 


ах. 
x +1 


dy 


Integrating, we get 
2 
x -1 dx 
+1 


Jay = J 


1-2 
> | ја 
е 


= x — апіх + с 


which is the required solution. 
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33. Given differential equation is 


dy = 24 ах 
e +l 
Integrating, we get 
Jay = x dx 
е +1 
> у= [| + 1)–< + ах 
е 
1-е 
EX - d. 
: ЈЕ + | 2 


= х – 10616 + П + с, 
which is the required solution. 
34. The given differential equation is 


dy _ cos2x – cosx 


dx 1- cosx 
ay цас Биш - cosx |в 
1 — cosx 


Integrating, we get 


Jay = [ee - сов Jy 


1- cosx 


=. у= (1- cosx) 


= -[Qcosx + 1)ах 


--(2віпх +x) + С 


which is the required solution of the given differential 


equation. 
35. The given differential equation is 
dy 1,4 
Tx = Zo + 1) 
dx 


=> = ————-——— 
x(x* + 1) 


Integrating, we get 


zu dt 


diei 


| + 1)(1- cosx) 
dx 


36. 


37. 


=. log 
4 х +1 
which is the required solution. 
The given differential equation is 
dy ^ Уялх 
dx віпхсовх 


Vsinx 


> y= 
5ІПХСО5Х 


Integrating, we get 


Jay аи Үбіпх 


Х 
sinxcosx 


yz] m. Nsinx 
= = 
sinxcosx 
2 
Е =| бес x dy 
vtan x 
(Dividing the numerator and the denuminator by 
cos?x) 
> у = 2vtanx + C 


which is the general solution. 
The given differential equation is 


d 
D = xx + 2x)? 
dx 
2 
> --- ах 
(3 + 2x) 


Integrating, we get 


(3 + 2x) 
хах 
=> Е 5 
(3 + 2x) 
Let 3+2х=1 
1 = 
B^ | 2 a% 
_ ЕЕ 3\2 
-41 t ja 
41 зү 
= 201-2) « 
1 6 9 
= а - + ја 
24 1 
= + (1 - бов - Ес 


=3 (6 + 2x) – 6105 (3 + 2x) – 


NE 
(11201727 
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38. 


which is the required differential equation. 
The given differential equation is 


dy П-ж 
dx \l+vx 
> у= ЕУ ДУ 
У 1+ ух 


Integrating, we get 
1 — vx 
dy = 
J " | 1+ ух 
1-х 
= = а 
У hi +ух 


Let x = cos?20 


> dx = —2sin 40 d0 


Integrating, we get 


1- cos20 у 
= јј = x -2sin4 
= у | т. x —2sin40d@ 
= ІСІ x -2чп40а0 


2-2 [соз20 - cos20)d0 


2-2 | (2cos20 — ]- сов40)40 


+С 


= -2(sin20 -0- MUS 


= (-2sin20 + 20 + sin20cos20) + c 


= – 241 -x + соз 145 + Ax(1 х) +e 


which is the required solution of the given differential 


equation. 


39. The given differential equation is 


а 
X = (Мапх + Ncotx) 
x 


= dy = (Nianx + Vcotx) dx 


Integrating, we get 
Jay = | сапх + Ncotx) dx 
=> y= Јох + Vcotx) dx 


A + F 
Vsinxcosx 


240 = + ax 
J N2sinxcos x 


= 2 fe + E 
] vsin 2x 


Let sinx — cosx = f 

=> (cosx + sinx)dx = dt 
Also 1-sin2x = 1 

= ѕіп2х = 1 - Ё 


— з й 
2| = 


= V2sin КО + c 


= \З біп”! (sinx — cosx) + с 
which is the required differential equation. 
40. The given differential equation is 


ду _ 1 
dX — sin?x + cos*x 
=> ду = dx 


| 3 
sin?x + cos?x 


о we get 
[у = J———- 
зшЗх + cos?x 
ах 
sin^x + cos*x 


-|- ах 


(sinx + созх) (1 — sinxcosx) 


sinx + cosx 


24 
а + совх) 


ГТ om 


C + cosx) 


+3] sinx + cosx 
(1- sinxcosx) 


ire. мей 
342 sin(x + 2) 


eus + cosx 5 
(2 — sin2x) 


1 
=> ов]; + d 


+5 tan (ѕіп х - cosx) + c 


(1 – sinxcosx) 


which is the required solution of the given differential 


equation. 
41. The given differential equation is 
dy _ 1 
ах (Мах + Vsinx)* 
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dx 


> ау = ае 
(Nsinx + Ncosx) 


Integrating, we get 
dx 
Је = | — —— 
(Nsinx + Ncosx) 
dx 


Ёё ин ] (Vsinx + Vcosx)* 
Ж ѕес2х dx 
(Мапх + 1)“ 
г. y (Let tan x = 2) 
(t+ 1) 
t+1)-1 
ЕЙ 
] (t 4 1)4 | 
1 1 
- 2 dt 
Је + 13 (t+ T 


1 1 
=> + +c 
[s +1? 3+ 7) 


= 2| 1 + 1 | tc 
– 2Мапх + 1)? ЗСЛапх + 1»? 


which is the required solution of the given differential 
equation. 


42. Given differential equation is 


I = [а + хах 


Integrating, we get 


D. Se 
= = (1 + х)ах. 
(1 + у) 
x 
> logll +yli =x po + с, 


which is the required solution. 
43. Given differential equation is 


dy 


2 e?(& + x) 
d 

= л = (e + x)dx 
е 


Integrating, we get 


dy x 2 
Z= Је + x°)dx 


> [гау = Ге +2) ах 
3 

=> ё = ё* + *^— + с, 
3 


which is the required solution. 


44. The given differential equation is 


3e'tanydx + (1 – е) ѕес2уду = 0 
Зе sec?y 
= dX = ау 
(1-е) tan y 
On Integrating, we get 
2 
* sec 
| Зе -dx= І М dy 
a-e (апу 


> 


> -3 log I1 – 27 = logltanyl + c 
which is the required solution of the given differential 
equation. 

45. The given differential equation is 


d 
Пау + + 2-0 
ах 


а 
= Ма + ха +2) +272 20 
ах 


> ЕЕ 3 ecd 
dx 

Ма + x) y 
dx = dx 


i МА + у» 


Integrating, we get 
Ма + x) y 
| x dx = І 5 ау 
AL) 


ШЕТІ! 2 
+ Му =c 
V1 +х^ + 1 


which is the required solution of the given differential 
equation. 


=> + +5 log 


46. The given differential equation is 
dy siny + cosy 


dx x(2logx + 1) 


dy = dx 
siny + cosy x(2logx + 1) 


> 


Integrating, we get 


І ау 2 | ах 
siny + cosy x(2logx + 1) 


1 | 4у 2 | ах 
\2 sin(y E z) ^^ x(2logx + 1) 


> т 10 tan(> + £) = j logl2logs + 1 


which is the required solution of the given differential 
equation. 


47. The given differential equation is 
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48. 


49. 


50. 


51. 


а 
> (х- а). = ау? 
ах 
-> y dy = —©— ах 
(<- a) 


Integrating, we get 
=> -j = alogh - al +С 


which is the required solution of the given differential 
equation. 


The given differential equation is 


d 
woe = 1—2 + у? – у 
ах 
а 
> ху? 7 igo30.y 
ах 
2 2 
Б ——R ја 
(1+у) 
1 1 
-> S ау = (= – x}dx 
i-o- 


Integrating, we get 
2 
y- tan'y = loglxl – a tc 


which is the required solution of the given differential 
equation. 


Given differential equation is 


dy 
(x + 1)— = 2xy 
dx 


dy 2x 
=. y` (5 + j^ 
dy 1 
ту у 2(1 x+ је 


Integrating, we get 
loglyl = 2x – 2loglx + Il + c 


which is the required solution. 
Given differential equation is 


sec^x tanydx + sec?y tanx dy = 0 


2 
ѕес2х ѕес у 
tanx tany 


> ау-0 


Integrating, we get 
logltanxl + 102 Капу! = loge 
> tanxtany = c 
which is the required solution. 
Given differential equation is 
(1 + е2) ду + (1 + ује dx = 0 
CONCERNS 


5 dx = 0 
1 +у 


1 + ex” 


52. 


53. 


54. 


55. 


Integrating, we get 


tan (у) + tan (е) = (ап "с 


re 
> tan”! | 1 Ё tan іс 
1-еу 
+ ех 
Е | ТЫ 
1-еу 


which is the required solution. 
Given differential equation is 


dy 


aT e се 
d 

> ши (ех + х2)е? 
ах 

> e?dy = (е“ + х)ах 


Integrating, we get 
x 
–е>=е + Ate 


which is the required differential equation. 
Given differential equation is 


WES +l ко 
dx 
dy 
— 20 
> Ма јен 
ах , dy 
> udo eH 


Integrating, we get 

loglxl + loglyl = loge 
=> ху= с 
which is the required solution. 
Given differential equation is 


V1 +x ду + М + угах = 0 
ау ах 
+ 
ҮІ + у? М +? 


Integrating, we get 


> =0 


ов |у + Му + 1| + loglx + Мх2 + 1| = logc 


=> (у + +1) (у + 2 + 1) = с 


which is the required solution. 
Given differential equation is 


d 
Ма + ау + 22 try 2-0 
ах 


4 
25 Ха + ја + у) 42 20 
ах 
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56. 


57. 


58. 


59. 


d 
> ху2 = а + х)а + у) 
Х 
уау Vl +27 


=> = dx 


V1 + у » 


Intergrating, wet get 
Vx +1-1 


\1+у = (24143 
V? +1+1 


which is the required solution. 


+c 


Given differential equation is 


d 
зу +14+х+у+лу= 0 


dx 
dy 
> ху— + (1+ 0)(1 + у) = 0 
ах 
У 1+х 
E es | + ( |%-0 
1 
=> [i-re sexes 


Integrating, we get 
— logll + yl + x + 109] = c 


x 
шем | а 
у 


= (x + y) - logi 7 


Given differential equation is 


(9 01 + у)ах + (1 + 0 + x)dy 20 


1 +у 
> (= је + ду=0 
1+х 1+ у: 


Integrating, we get 


tan х + tan! y + 5 logo? 4-1) 02 + = с 


Given differential equation is 


xN1 — y? dx + УМ -x dy =0 


Integrating, we get 


11-32 441-у =c 


which is the required solution. 
Given differential equation is 


idest 


dy 
> уа - ау) = (х + aa 
25 ах _ dy 
х+а y(l- ау) 


zx ах _ b а 
х+а ДУ тем 


60. 


61. 


62. 


Integrating, we get 


loglx + al + loge = loglyl – 
=> с(х+а) = 
1 – ay 
which is the required solution. 
We have, 
1+ 
Pe и +х +) 
ду 1+х 
yd (1+х +20) 
> s 7 ах 
1 +у (1 + x?)x 
_О+х+х) 
(1 + хх 
= 4х | ж. 
X л 
э зов + y! = ог] + tan! x + с 


which is the required solution. 
We have, 
(12 — yx*)dy + (у? + xy*)dx = 0 


= Х (1 - ydy фу (1 + дах = 0 
1- 1+ 
( ay + bit ( ae = 0 
y x 
Integrating, we get 
-l loghi 2 + logkl = с 
> юм | = с + (2+2) 
М Х У 


which is the required solution. 
The given differential equation is 


d 
= (ау) 


Let х+у+1=у 

dy _ dv _ 

dx ах 

dv 2 

ME ES 

dx 5 

> -8-а 
у“ + 1 


Integrating, we get 


dv = [ах 
ed 
=> (ап (у) = х + с 
> (ап (х фу + =х+с 


10511 – ayl 
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63. 


64. 


is the required solution. 
The given differential equation is 


а 
СУ = sin(x + у) + cos(x + y) NO 
dx 
dy ау 
Put = 1+ — = — 
ut х+уг=у= T d 
dy _ 4 4 
dx dx 
@ _ 1 = sinv + сову 
ау : 
> — = | + sinv + cosv 
dx 
> — m 


1 + sinv + сову 
Integrating, we get 


| ау 
——————— = х + с 
1 + sinv + сову 


= | dy = EE 
is | = а , | 2tan(v/2) | 
1 + tan?(v/2) 1 + tan? (у/2) 


І sec? (v/2)dv 7 
2(1 + tan(v/2)) | 


ХОС 


=> 10811 + tanQ/2)l=x + c 


=> logll + tan(v/2) = x + c 


=> log 


x+y 
1 + tan | зе 


which is the required solution of the given differential 
equation. 


The given differential equation is 
(x + У (ах – dy) = (dx + dy) 
=> (х + у- 1)4х = (х + у + бау 


ду (%+у-1) | 
= уза 2-4) 


dy dy 
Let = — m] 
е x+y xd di 
EN dv , v-1 
dx у + 1 
ЕА AV y-l ЕТТЕ 2у 
dx у+1 у + 1 
> (+4) ay = 24x 


Integrating, we get 


65. 


66. 


f(1 «la = 2 + с 


> (v + loglvl) = 2x + c 
> (x + y + 1055 + yl) = 2x + c 
> (у + 105 + yl) = х+с 


which is the required solution of the given differential 
equation. 


The given differential equation is 


d 
tany = = sin(x + y) + sin(x — y) 
x 


dy  sin(x * y) * sin(x — y) 
=> = 


dx tany 
. 2sinxcos y 
^ tany 
tany Р 
> cosy 9) = 2sinxdx 
siny . 
— CU E 2sinxdx 
cos’ ydy 
Integrating, we get 
sin 
[ —— = [2sinxax 
cos^ydy 
— созу = с – 2cosx 


which is the required solution of the given differential 
equation. 


The given differential equation is 


pede 
dx X y X 


dy 
> — = | + xtan(y - x) 
dx 
У dv 
Let -x=v>—=— il 
et y-x=v 1 P 
> ДИ са 
ах 
= Z = мапу + 1 
=> cotvdv = xdx 


Intergrating, we get 


(сыға =x+c 


: x 
> loglsinvl = > tc 
42 
= loglsin(x — У = > +c 


which is the required solution of the given differential 
equation. 
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67. We have, 


68. 


69. 


dy (x-y)*3 
dx Ax-y)+5 


33 ^W dy dy 
dx dx 
dy... ow 
ах” ах 
- (1-2) = 23 
ах 2+5 
EZ dv _ _ y *3 
dx 2v + 5 
-wx+5-v-3_yvy+2 
2v + 5 2v + 5 
= ЕНШІ 
у+2 
= (2+1) = a 
у+ 2 


Integrating, we get 
Qv + log + 2) = х + с 


=> О(х-у) + 102] - у + 2) 2x + с 
> (x — 2y + 055 -у+) = с 
which is the required solution. 
We have, 

(x + У) (ах — dy) = dx + dy 

d(x + у) 

= d(x у) 
(x + y) 4 


Integrating, we get 


loglx + yl = (x-y)*c 
dy 

We һауе — = sec(x + y) 
dx 


dv 


> — 1 = зесу (Let v=x + y) 
dx 
= 1 + зесу 
Es a dx 
1 + secv 
совуау 
=> — = 
1 + сову 
cos v(1 — cosv)dv 
> 5 = dx 
sin^v 
> (совесу соғу — (созесу - 1)]dv = dx 


Integrating, we get 


—cosecv + cotv-v=x+c 


0) 


> —cosec(x + у) + cot(x + у) 22x + у + с 
which is the required solution. 
70. We have, 
^ 
. -1 
sin |—] =x + 
(2 а 
ау. 
> — = sin(x + y) 
ах 
ау | 
> — — 1 = siny, (Let у-х-у) 
ах 
=> dv = 1 + у 
dx 
dv 
=> SS Sed. 
d +siny ^ 
1 – sinv)d 
u == 
cos^v 
> (вес?у - secvtanv)dv = dx 
Integrating, we get 
{апу —secv=x+C 
=> tan(x + y – sec(x + y) 2x*c 
which is the required solution. 
71. We have 
dy 
— = cos(x + y + 1) 
dx 
ау 
> — — 1 = cosy, (Let x + y + 1 = у) 
dx 
dv 
= — = 
1 + сову 
€ 1 — COSY = dx 
sin^v dv 
=> (соѕес2у - cosecv.cotv)dv = dx 
Integrating, we get 
cosecv – соју = х + c 
> cosec (x + y + 1) - cot(x + y + 1) 
72. We have, 
dy | 2(x*y) 
ах  1+(х+у) 
> шил 1- Боол v=x+ 
dx Dey d 
ау 2у 
> —-l- 
dx 1 + у: 
Е Е: 
1.» 1.» 
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73. 


=> 5 dv = dx 
(1 v) 
=> 1- 1 ду = dx 
(+)? 
= ыгы ЕЕЕ. 
l+v it py 
Integrating, we get 
v - 210811 чит -x4c 
2 


> y = 2logll +x + yl – 


which is the required solution. 


We have, 
ау. 
— = sin(10x + бу) 
ах 
> qe - 10) = sinv 
3 d». Gein 10 
ах 
ау 
-— — = 
" быту +10“ 
> dy = dx 
2 tan(v/2) 
6| = | + 10 
1 + (ап (7/2) 
sec?(v/2)dv 
=> 5 = ах 
10(1 + tan^(v/2)) + 12tan(v/2) 
2 АИ = ах, 1 = лапи) 
108. + 1^) + 12 
5(1 + f^) + 6t 
= хх Ей 
5? + 61 + 5 
= I—— = 5ах 
PRSE 
5 
dt 
> ———————— = 5dx 
(174 
3 5 
Integrating, we get 
t + (3/5 
Sian | uS ) =5x+c 
=> Stan (27 3) = 5х+с 


(+х+» < 


74. 


75. 


5t /2) + 3 
> Зиг | nw’ јез +« 
5 кап (5 3 3 
= | ОКА БЭХ 
4 4 
which is the required solution. 
We have, 
уау 202+у)-1 
Lie 22 =0 
ах х фу +1 
1 dv 2у-1 
1 - 0 
= 2d | v41 
5 14у || 2—1 
2 dx У+1 
_2-у 
туж] 
=> (H av = 22s 
2-у 
> В = | = —2ах 
у-і1 
> (232 = 2ах 
у-2 
3 
> 1+ dv = -2ах 
у-2 


Integrating, we get 


Q + y?) + logie? + y) – 21 = с - 2x 


which is the required solution. 


The given differential equation can be written as 


ду _ xy 
dv ty 
y 
dy (5) 
m dx yy 
1+ (5) 
3 
Let 
= 
= 
= а ы ш 
dx 1-р 
> Е === 
dx 14+ 
3 
v + 1 ах 
— 


LN 

= У 

у = ух 

а а 
dde 
dx dx 
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Integrating, we get = dy = i Bes | 
1 dx 217 x 
Јову] - — = с – loglal 
3v Let zL-v-y-w 
y x 
a) {Зз Ме з. беа а 
-> бог | зу c — logll E Saver? 
1 
> Ісі! – — = c, ду _ 1(1 
33 > vafe = F(t – 
which is the required ду 1 3v 1-324 
> х— = = 
solution of the given differential equation. dx 2у 2 2у 
76. Тһе given differential equation is = 2у : TE e 
1-3 
хау – ydx = + y dx : i 
Integrating, we get 
dy 21.29 
ТЫҚ цай № ЭВЭР 
- Зу 
> Do > Поз — 3/1 = loge + Лов 
d ox x -3108 - Зу] = logc + loglx 
dy y ур : 1 | y 1 = 
= EISE Е 6) э -ilog|l - 3(5) | = loge + Iogi 
Let y = ye pe which is the required solution of the given differential 
2 equation. 
dy dy 78. The given differential equation is 
> Ae =vt+ m 
Ж (1 + 2e") ах + 2е (1 — xly)dy = 0 
> не Ly xy 
p E = ау " (1 + 227") 
а dx 2291, - 1) 
> y= =М+и У 
ах 
ху|Х _ 
2% фу _ dx d, ? (5 1) 8 
= — => = ew 
Ми * dx  (1+2е%) 
Integrating, we get Ге X2 
y 
J = | => хуу 
2 X 
ҮІ +» ах ау 
=> d» -у- Уа 
> logly + V1 чу = loglxl + loge 2 d 
ау  2e'(v- 1) 
> (у + 1 +з?) = сх > HIY реј 
> (2-4 + (2) = v 
x x TEN 2 ау 2e(v- 1) 
dy (1 + 2e’) 
=> (у +x + У?) = с? 
T» ; : : 3 : Зуе"— Зе" — v — 2ve" 
which is the required solution of the given differential = (22 
equation. 
77. The given differential equation is =: 2е+у 
(х2 - y) dx - 2xydy Бену 
у ду 
ду | = 1 + 2e dois 
Ха -y= ya? +y 2-4) у + 2e" 2 у 


Differential Equation 
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79. The given differential equation can be written as 


80. 


=> loglv + 22" + loglyl = loge 
> yv + 267) = с 

> JE + 24%) = с 

> (x + 2ye”) = с 


which is the required solution of the given differential 


equation. 


dy у-х 
ах ytx 
М 
(Let == 7 ә у = ух) 
Бор 
ах ах 
> Vade rel 
а у + 1 
2У-1- 
у-і1 
cdd ET 
v+1 
EE y? 
у-і1 
> шэн lay - dx 
у“ + 1 
5 322 + Ш + tan! (v) -с-Ююм М 
1 “(У 
= 21081 + уй + (ап ч) = с 
which is the required solution of the given differential 
equation. 
We have, 
dy 
oe + 
TH Ы 
ду x+y y 
=> qx Те 
ау y 
> +х— =1+уу=<- 
ои у, у= 
ду 
> PLE 
хах 
ах 
> dv = = 


Integrating, we get 
logh? — 1I + loglx = loge 
У = logh 

> x = 1081 + с 


which is the required solution. 


0) 


81. We have, 


82. 


83. 


ду y-x _ (у/х) – 1 
дах Y+x (yx) +1 


=> ge 
dx у+1 
= ые ы 
dx у+1 
а, 
У+1 
Ш l+v 
1 +у 
> шалт a 
l+v 


Integrating, we get 


tan ! (v) + jlegll + у = c – loglxl 


М 1 


кап (2) + 2198 b? + yl = с 


which is the required solution. 
We have, 


dy 2 2 
2xy— =x + 
У т y 
ур 
dy xX+y 1+ (5) 
=> = = 
dx 2ху 25) 
y 
> У+ zu ши у 
а 2у 
= ду 14v? еар 
№ © w% 
2 2vdv dx 
»-1 X 


Integrating, we get 
logh? — 1I + loglx = loge 
> (у? = Эх=с 


> (у2 – 22) = сх 
which is the required solution. 
We have, 


dy у -2ху 
ах (xb -2xy 
_ 4 07-30 
87124) 
-> ЕЕС аны. 
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ёс хау 3-3 
ах 1-2v 
1-2v dx 
dv = 
zi зу D^ x 
EN 1 1 2 Шын 
3iv(v-1) (v-1D) x 
1 1 1 2 dx 
ду = 
= 165 y IL x 
1 1 1 dx 
= S 5 


Integrating, we get 


-ilogh - 11 = logled 


1, (X QM 
E ЕЛІНЕ 1 1)| = logicxl 


which is the required solution. 
84. Given differential equation is 


xy dx — (QÊ + у)4у -0 


4 2 
E ee 
dx х3 + уз 
y 
Р x 
= ТЕ 
1+ (5) 
> Е М j (Let v = =) 
dx 145 2 
> хаг Уз ей 
dx 14+ 
4 
wo Vey 
1+? 
жо у 
1] +у 
3 
= [55 ја = -¢ 
уй x 


Integrating, we get 


| + Тогу] = c – 1055 
Зу 
3 
X 
> = + loglyl = e 
3y 
which is the required solution 
85. Given differential equation is 


(x? — 3xy’) dx = О? — 3ху) dy 
dy _ x - Зху? 
а” у“ - Згу 


х 
y\3 У 
(5) -3% 
> ТЭР мэ, (Let к=) 
ах _3y 
2 
3 ду _ l-3% _ 
dx — 3y 
_ 1 - Зуг – у + Зи 
у“ – Зу 
_ 1- у! 
y? – Зу 
3 
= | - 32 = 
ІШЕ yt X 
у? Зу ах 
> Я ау | е = 
1-у 1-у 
Integrating, we get 
3 
> | 1 je | Зу ІШ 23 
1-у 1-у 
Integrating, we get 
ов — уй + јој = |- logld + loge 
4 4 у“ + 1 
ур 
> По (5) + 31og G) = = loglxcl 
4 x 4 (2) 
x + 1 
which is the required solution. 
86. The given differential equation is 
а ed 
ах x (о 
=> ЕЯ (Let и) 


Integrating, we get 

logly + Vv? — 1] = loge - loge 
=> logly + Ме - 1] = 1ов|©| 
> (y + Ү2-1) = (5) 


(2 +42) -1)=(9) 


Differential Equation 4.43 


E ж T 


which is the required solution. 
87. The given differential equation is 


=> +: = Z + за (2) 

> у + aS. = у + sing) (Let и) 
> хє = sin(v) 

Е; EO = 


Integrating, we get 


v 
> БАШЫ = loge + loghi 
> tan( =) = сх 


which is the required solution. 
88. The given differential equation is 


2 -у- мап (2) 


ду (Y y 
= s) eal) 

dv _ У: 
> шарта Ы (Let У =u! 
=> хо = —tan(v) 

ах 

Ез, dv ах 

tan(v) x 
Integrating, we get 
=> log|tan(7 + 5) = loge — 1055 
> log|tan(7 + >) Е log|<| 

T, Y) (c 

> ШЕ + =| = (2) 


which is the required solution. 
89. The given differential equation is 


(1 + 21 + e -5)9 -0 


X 
-- М 
2 dx (у - 1e 
9 (1.4) 
EN те gu аё х 
ау 1-6 М 
ду (v-De 
— = 


90. 


уе’ — е? — у — ve" 
1-е 


> 


Integrating, we get 


loglv + е7 = loge — loglyl 


which is the required solution. 
The given differential equation is 


dy x+2y +3 


dx 2х+3у+4 


Let x=X+aandy=Y+ В 

ду (X*0)*2(Y B) +3 
dX 2(X + о) +3(Y +B) + 4 
dY _ (X + 2Y) + (а + 28 + 3) 
dX (2X + 3Y) + Qa + ЗВ + 4) 


Thus, 


Let us choose o and [ in such a way that 
а + 28 + 3 = 0 and а + ЗВ + 4 = 0 


Solving, we get 


о-1,В--2. 
Equation (i) reduces to 
dY X+2Y 
= ...(ii) 
dX | 2X € 3Y 
which is a homogeneous equation. 
Y 
Put = = 
5 Х 
аү ау 
> — = V +X 
dX dX 
Equation (ii) reduces to 
dV_1+2V 
ХЕ" = 
VP CC 9 зү 
> 2+зУ ра 
1-3V x 


Integrating, we get 


2 + 3V dX 
ay = [4X 
V J£ 


еру“ 

1 1 + УЗУ] 1 2 
=> lo 1081(1-3У9) 
43 «| 2235 

= logC + loglXI 
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91. 


1 Х+УХЗҮ| 1 2 2 
1 log (X? - ЗҮ?) = 1 
> 1 233 710816 ) = loge 
x m сы 
о 
3 7|(х-1)- (у + 2) 


Ховд 3y? — 2x 


which is the required solution of the given differential 
equation. 


12y - 11)! = loge 


The given differential equation is 


dy (уу à 
dx (x + 29 - 2) У 
Геї Х=х+2 аа У=у+2 
Equation (i) reduces to 
dy (X-2+¥+2" (X«YYy | 
ах” ХУ Tey 
Let y ухо Ч c y , x4V 
dX dX 
Equation (ii) reduces to 
dv азу) 
x= = = 
CER ay у 
ау азу) 
Х--- - V 
xi ах 7 
= xdV - (1 + 2V) 
dX V 
Ён уау ах 
(2V+1) X 


Integrating, we get 


УАУ _ [dx 
QV«D IX 
1 1 ах 
1 - 
i ! avem | 
=> iv- log QV + 1)) = ю М + c 
(Y Y М 
= 1 (+ - 105 2x + | = log Xl + с 
ЕЕЕ 
ғ? ЦЭ юм (7-2, TA 


= 1051х + 2l + c 


which is the required solution of the given differential 
equation. 


97. The given differential equation is 


ydx – хау + Inxdx = 0 


98. 


dy 
> у-х— + ах = 0 
ах 
а 
= х = у = lnx 
а 
= от 1 40) 


which is a linear differential equation. 
dx 

IF = ott = e losx = 1 

х 


Multiplying both sides of Eq. (i) by IF апа integrat- 
ing, we get 


y: АВ) = | Q.(F)dx + с 


> »l- MX de + с 
x 
y | 1) 
= x^^ X tx с 
> y=-(logx + 1) + с 


which is the required solution of the given differential 
equation. 
The differential equation is 


— 32 = 4 42 40) 


which is а linear differential equation. 


1 


" 


dx 
IF = E E е-3108х E 


Multiplying both sides of Eq. (1) by IF and integrating, 
we get 


y»: АВ) = | О.Двудс + с 


1 Ac +2 
> ”5-1| з ШЕ 
X X 
y 4 2 
> Леа 
Х Х 


— (пов - z +c 
х 


which is the required solution of the given differential 
equation. 


99. The given differential equation is 


dy ; 
— = ytanx — зах 


ах 


ау 
> — + (-tanx)y = -sinx 2-4) 
ах 
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100. 


101. 


102. 


which is a linear differential equation. 


IF= rl тапхах i: с198(совх) = cosx 


Multiplying both sides of Eq. (1) by Г.Е and integrating, 
we get 


УЕ) = | Сава + с 


> y(cosx) = =] (sinxcosx)dx + c 


= -1 sin2xdx + c 


_ cos2x m 
4 


which is the required solution of the given differential 
equation. 


The given differential equation is 
d 
OY о жээ 2 
dx xlogx у 


which is а linear differential equation. 


dx 
ТЕ = 55 = elog(logx) = logx 


Multiplying both sides of Eq. (i) by IF and integrat- 
ing, we get 
хав) = | QdF)dx «c 


> y:-logx = J Z ювхах tc 
x 


2 . 
= -5(1 + logx) + с 40) 


which is the required solution of the given differential 
equation. 


The given differential equation is 


хах = (2 Е >) 
y 


dx 2 
=> х= + у = ху 
ау 
ду у 2 : 
> d + Е = у 2.4) 


which is a linear differential equation. 
The given differential equation is 


dy 
(x + Зу + 2) — = 1 
dx 


=> E E) 2-4) 
ау 


which is а linear differential equation. 


IF = £l d» e? 


103. 


104. 


Multiplying both sides of Eq. (1) by IF and integrat- 
ing, we get 


x ИЕ) = орау + с 
= хе = [Gy + 2e?dy + с 
= 3(-уе 7 + 2е У) + с 


> х=-3(у + 2) + се 


which is the required solution of the given differential 
equation. 


The given differential equation is 


(i) 
which is a linear differential equation. 


IF = гра = ез 


Multiplying both sides of Eq. (i) by IF апа integrat- 
ing, we get 


у. CF) = | О.ЧЕ)ах + c 
> y(e) = [eoa с 


= Je ax +с 


3x 
> y= (S. + се“ 


which is the required solution. 
The given differential equation is 


d 

Am =х+у 

dy y 

e md aur 
> a: + 

dy y : 
=> m x7! 2-4) 


which is a linear differential equation. 
dx 
Твое = „1 


Multiplying both sides of Eq. (i) by IF and integrating 
we get 


у. ЧЕ) = | Q-(F)dx «c 


Y [ах 

deer er eas 

ДЕ xl 
> + = 025 + с 


which is the required solution. 
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105. The given differential equation is 


which is a linear differential equation. 


је logx 
ЈЕ =ех =e =х 


Thus, 
Multiplying both sides of Eq. (i) by IF and integrating 
we get 
уар) = | О.ЧЕ)ах + с 
> yx = [xe'dx + с 
> (уу-е(х-І)%с 


which is the required solution. 
106. The given differential equation is 


dy 
х— + y = xlogx 
ах 


X + = logx S 
which is a linear differential equation. 


је logx 
Thus, ІЕ = ех = е%* = х 


Multiplying both sides of Eq. (1) by IF and integrating 
we get 


y: CF) = | хювхах + с 
=> yx = | Ховхах + с 


= | мовхах - EL +c 


= ЕС x- x tc 
ШК 
which is the required solution. 
107. The given differential equation is 
dy y 3 : 
ae + х- x 2-4) 


which is а linear differential equation. 


jo logx 
ЈЕ=ех=е ~ = х 


Thus, 
Multiplying both sides of Eq. (i) by IF and integrating 
we get 
».q5 = | ООЕас + с 
> ху = | бас +c 


ш а 
5 


108. 


109. 


110. 


which is the required solution. 


The given differential equation is 


dy 

— = ytanx – 2sinx 

dx 

dy | 
> — + (-tanx)y = -2sinx 2-4) 

ах 


which is а linear differential equation 
Thus ТЕ = 1 їапхах = е logtsecx) Ех 


Multiplying both sides of Eq. (1) by IF and integrating 
we get 


y»: АВ) = | О-0вудх + с 


=> y-COSX = [C sinx-tan-3) dx +c 
2 1- шинэ! 
E -Ц COS X dx + с 


= 5 (зесх — cosx)dx + c 


= —loglsecx + tanxl + sinx + с 
which is the required solution. 
The given differential equation is 


dy y 2 
di = х = 2x 
which is a linear differential equation. 


1 
x 


(4) 


орж —logx 
Thus, ЈЕ = ех sea 


Multiplying both sides of Eq. (i) by IF and integrating 
we get 

YLP = | g-abax + c 

i - 2 | хах +c 
Х =x +c 


> 


> 
which is the required solution. 
The given differential equation is 


dy 2 
NONE. +у= xlogx 


душ ЕЮ 26) 


dx xlogx 2 


which is a linear differential equation. 
[2 
ТЕ = e ` xlogx = 198 0085) =x 


Thus, 


Multiplying both sides of Eq. (1) by IF and integrating 
we get 


y»: АЕ) = | О- ав 4х «c 
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112. 


logx 
> y-logx = 2| A5, ax + с 
X 


= 2| te dt + с, t = logx 


=-2ае'-е)+с 
logx – | 
which is the required solution. 


The given differential equation is 


ydx — (x + 22) dy =0 


=> ;2 + (х – у = 0 
ау 
> Ba sea 
M dy y 
dx x : 
-» dy + y -у 2-4) 
which is а linear differential equation. 


dy 


Thus, IF = d = E = у 


Multiplying both sides of Eq. (1) by IF and integrating 
we get 


x (LF) = [yay + с 


> хуу» | Уулс 


3 
== + с 


3 


which is the required solution. 
The given differential equation is 


ydx + (x – у)4у -0 


ә yr@-y)=0 
Фу 
ах 3 
- — + х= 
y dy х= у 
dx x 2 ; 
=> 2) + y =y 2-4) 
which is a linear differential equation 


dy 


Thus, IF = Js = 0% = у 


Multiplying both sides of Eq. (1) by IF and integrating 
we get 


x ИЕ) = | o-abay + с 


> әу-|Уа + с 
4 
Ў 


SER T 


113. 


114. 


115. 


which is the required solution. 
The given differential equation is 


dx 


fu QoS 1 
ау 1 : 
Y" + (-2) =x+7 -40) 


which is a linear differential equation 


dx E 1 
= nal = — ,-alogx _ jog(x^).. | 
Е = е" =e = е = 


Thus, 


Multiplying both sides of Eq. (i) by IF and integrating 
we get 


y»: CF) = | О.ЧЕ)ах + с 


> 2 - Jo + )dx + с 
x 


–а+1 -а 
х 
= -a+—+t+c 
а + 
which is the required solution. 


The given differential equation is 


d 
(261) 2 - ny = ex + 1)"*! 
dx 


dy n 
--- = e (x+ 1)" „(i 
a Go RIT © 
which is a linear differential equation 
м | а 
Thus, "LEES eleg Не) 
1 
= к + ra == 1 
(х + 1)" 


Multiplying both sides of Eq. (1) by IF and integrating 
we get 


y-(IF) = | Q-(F)dx «c 


шош eius 
(x + 1) 


=e+c 


which is the required solution. 
The given differential equation is 


(1 + у)ах = (ап! у – x)dy 


ах _ (tan у – х) 


ау 1+ y 
tan”! 
> A 44) 
dy 1+ y 1 +у 


which is a linear differential equation 
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116. 


117. 


dy 


2 an iy 
Е =е!+У =e) 


Thus, 


Multiplying both sides of Eq. (i) by IF and integrating 
we get 


x (IF) = | Q-(IF)dy «c 


-1 
Е tan y| ary 
> х-е y =| 5 en y dy 
1 +у 
ЭР 
> Жет = Пеш + с, 1 = tan ly 
NES 
> хэё""У-е(-1) + с 
tan ју — tan ly -1 
> хе =e (tan у— 1) + с 


which is the required solution. 
The given differential equation is 


po т 
dy 


Эл OF арау 
4у 

EN CE .40) 
4у 

which is a linear differential equation 

Thus, IF = pita 


Multiplying both sides of Eq. (i) by IF and integrating 
we get 


хар) = | Q.0F)dy + с 


> xe = | BO) + A}dy + c 
-3(-ye?-e?)-2e? + с 
=-3(y + Пе» -2e? + с 
= х= –3(у + 1) – 2 + се” 


which is the required solution. 
The given differential equation is 


(1 + уд = (ху + у? + y)dy 


> dao 2 , Ў 
ау у? +1 
ах y | 
? а | y мас: 2-4) 
dy У+1 
which is a linear differential equation 
[22 ME | 
Thus, IF=e y+ = g 2s $e. 


үу? + 1 


Multiplying both sides of Eq. (i) by IF and integrating 


we get 


118. 


119. 


x (IF) = | Q-(IF)dy + с 


% =] уау 
> = 
2 2 
| у +1 
= | oi 


which is the required solution. 


y +1 


The given differential equation is 


dy y у 2 
ps + xlogx - 2 0080) 


DIviding both the sides by y (log у), we get 
1 cdy | 1_1 


3 + К = 
ydogyy dx logy * 2 


Let ! =v 
logy 
1 dy - ау 
ydogy) dx — dx 
=> d у а 
“ах X о 
ду v 1 
> a c 
dx X E 
which is a linear differential equation. 
1 3 
Thus, IF е = кон! 1 
Hence the solution is 
v-(IF) = | О.ЧЕ)ах + с 
1 1 (1 
> v(x) =J-4 ese 
2 10-21 
xlogy 2х 
The given differential equation is 
а 
X + ху = ху? 
а 
E iO tex _(i) 
4х у 
а 
fray Жез. їй 
у? у ах 5 ах 
> = + ух = хў 
5 ах 
> А — бух = 5? 2.64) 


which is а linear differential equation. 


5x 


ТЕ = ETE e 2 
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120. 


121. 


Multiplying both sides of Eq. (ii) by IF and integrat- 
ing, we get 


v-(IF) = | Q-(F)dx + С 


5х? 5х2 
> v.e 2 =-Sfx-e тах + С 
5х? 5 
е 2 Цэс | 2 
=> = =|— +1 2+С 
5 343 


which is the required solution of the given differential 
equation. 


The given differential equation is 


dy  sin2y 3 


2 
= х сов 
ах Е 4 
ау  2tany 
2 22213 : 
> зес Ia. Bue 2-4) 
Let tany =v 
= вес” 2 225 
Уа ах 
= Ян n — 29 (8) 
which is a linear differential equation 
dx 


IF = 2215 = Лех. 2 


Multiplying both sides of Eq. (ii) by IF and integrat- 
ing, we get 


v-(IF) = | 0-@Е)ах + с 
=> v = | убау + с 

2 xÉ 
=> x tany = 6 tc 


which is the required solution of the given differential 
equation. 


The given differential equation is 


d 
x - xy +xy=0 
а 
> = + xy = ху 
ах 
а 
ET ue ланы 3 NO) 
у ах 
Е 14у 14 
Let 2- --------- 
сан, цаг 3 ах 2 ах 
> -12 + ух = х? 
> йу _ дух = —2x 401) 
ах 


122. 


123. 


which is а linear differential equation. 

IF= ЕЕ” = et 
Multiplying both sides of Eq. (ii) by IF and integrat- 
ing, we get 


v-(IF) = | 0-@Е)ах + c 


> уе = [Зета +с 

25 ее nec 

-> SSW ene +с 
y 2 


which is the required solution of the given differential 
equation. 


The given differential equation is 


dy 
(1 X) + ху - ху? 


а 
4 y i NES: 
ак једе lx 
1% х 2 х 
=> = 
ua лие (i) 
1 14 d 
L — = —— = ——— 
е y 4 у ах ах 
ду УХ х T 
=> = m 
dx 1-х 1-2 n 


which is a linear differential equation. 


Ie 


1 2 
zlogll-x'l 
= е2 в = 71 – x 


IF-e 


Multiplying both sides of Eq. (ii) by IF and integrat- 
ing, we get, 


v. (IF) = [офа + С 


= 1-2 + С 


which is the required solution of the given differential 
equation. 


The given differential equation is 


dy 3.6 
— + у = Ё 
ШЕ y xy 
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dy y 26 = 2tan!x 
скі du uu > g dus =, +с 
5 
EN 1 ау NER 32 (i) which is the required solution of the given differential 
yar * equation. 
š 125. The given differential equation is 
Put y =v 
d 
-5dy dv Gy + ay) = 1 
= шэг МИ ах 
убах dx 
> dx x x 
14у _ 14 db v. tem 
7 ydx 5а 
М > 26. ху = xy 
ау 
> РАНЕ. 
Sdx * 14х У 3 : 
> ——— – = = B 
S ны (i) 
ES йу _ЗУ__502 i) 1 
dx * Let v= = 
which is a linear differential equation dv _ldx 
Thus, |1Е-6 = sell dy dy 
» 
dv (223 - 
Multiplying both sides of Eq. (ii) by IF and integrat- = m PY 400) 
ing, we get which is a linear differential equation 
›-@Е) = | 9- Pax + c j 3 
Thus, IF =e” = e2 
шэн 5 ах кс Multiplying both sides of Eq. (ii) by IF and integrating, 
(ху)? x we get 
у y: 
— cat ig Сан уе: = | уезду + с 
(ур 2х2 2 
У 21 у 
which is the required solution. => RE = al ујео + с 
124. The given differential equation is Р 2 
y 2 
dy an! 2 Y 
2 d Е tan x 264 ог 2 = 
е, е = 0! 2)e2dy + c 
dy y Кош; which is the required solution. 
= + = 2-4) 4 | : ЭМ” 
dx (2-1) (2-1) 126. Тһе given differential equation is 
which is a linear differential equation (vlog – Бух = хау 
do E у logxdx — ydx = хау 
Thus, LF = е 2+1 = ей * 
ау 2 
ил ја : : : : х— + y = y 105х 
Multiplying both sides of Eq. (1) by IF and integrating, dx 
и dy y _ y'logx 
tan x (gm =)? dx x x 
у.е = а + с 
(+1) 149, 1 logs 
2dx ХУ x 
= | да + С, = tan! x y 
dv | у _ logx | 1) 
2, = — = Let => 
" dv у _ logx " 
-> logi + cjl + 2014 (Z) +у=о dx X x ді 
1 
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127. 


which is a linear differential equation 


| 
Thus, ТЕ 215 be = 1 


Multing both sides of Eq. (i) IF and integrating, 
we get 


1 logx 
Vx = -| 2 ах 


> x - P) te" dt, (Let t= logx) 


= (1+ 1е' + «с 


1 |o t У 

= o N-a oe 

which is the required solution of the given differential 
equation. 


The given differential equation is 


dy еле ху 
ах 
а 
> ыг + ху = ху 
ах 
а 
> LE T л - ху 0) 
Ум y 
Ге( 4 = у 
34 
25 25 _ dv 
y ах ах 
> кк үуу-2 
2 ах 
ЕА шан a sc i) 
dx 


which is a linear differential equation 
Thus, IF = e?it У 


Multiplying both sides of Eq. (ii) by IF and integrat- 
ing, we get 


ар) = ойра «c 
> ve” = [Р e ах +с 


= (1 + х2)е* +с 


2 д2 
> v=(1 +x) + ce 
> 4203) + се“ 

y 


which is the required solution of the given differential 
equation. 


128. The given differential equation is 


d 
цас ирт 
dx 1-х 


129. 


1 ау хуу 
шаш = y 2-4) 
Ху ах 1-х 
Let Му = у 
а 
Е: 
24у ах dx 
Ay dx dx 
25 ау v _ 
dx 1-2 
> aa | — |, = Х i) 
dx |2а-х) 2 


which is a linear differential equation. 


_xdx _ 1 5 
IF = e 20-A = 408 - 4 _ : 1 
V x^ 


Multiplying both sides of Eq. (ii) by IF and integrating, 
we get 


Thus, 


у 1 -1| хах T 
" Ww SUE. 

i = 

La 3 


which is the required solution. 
The given differential equation is 


y y oy 2 
пе“ = ley = 22098) 
E 1 4 күлік ете! " 
y(loggy?dx xüogy д? 
1 
Let —_— = у 
(ову) 
3 1 dy 2 ау 
у(юзу)? dx ах 
25 1 4у 2 ау 
ylogyy dx ах 
= Vx l 
de X 2 
dv v 1 T 
> Ie шш (1) 
dx X x 


which is a linear differential equation. 


dx 
Thus, Fee) = obs = – 
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Multiplying both sides of Eq. (ii) by IF and integrat- 
ing, we get 


baci uk 
x(logy) 2x 


which is the required solution. 
130. The given differential equation is 


dy 1.) 3-2 
чу Ку sin’y =х сову 


2 dy 2tany 4 


> зес yos аж угийн 2 2.4) 
Let tany=v 
2 ЧУ _ dv 
=  зесу— = — 
Уах ах 
> оры. Gi) 


dx х 
which is a linear differential equation 


dx 
IF = EE — е2198х 2 


Thus, =x 
Multiplying both sides of Eq. (ii) by IF and integrat- 
ing, we get 
=> уд = | бау + с 
= а 

6 

2 х 
> (tany)x^ = Y +c 


which is the required solution of the given differential 
equation. 


131. The given differential equation is 


(xy? – el) dx - x ydy = 0 


> х мєн = ху -е 
zs dy _ y Е el 
dx x 32 
2 ие 
3А е 1 
- = 2 2-4) 
x 
Let у -у 
dy dv 
=> yz 


2% ld M E 

2dx Х x 

dv 2v — 22006 i. 
> k x7 E ...(11) 


which is a linear differential equation 


l 


х2 


ах 
Thus, IF = QUE 2g eB — 


Multiplying both sides of Eq. (ii) by IF and integrating, 


we get 
Ibe 
= = af £ 5 ах + с 
x x 
Хү _ 2 1x3 
=> Р - 3° +c 


which is the required solution. 
132. The given differential equation is 


а 
Ө (ха фу = 20 + l 
ах 


(суу) dx (к + yy 
1 (dx + у) M о 
5 z t 2-3 2-4) 
(x + y) (x + y) 
put а= = ү 
(x + у) 
2 dxt+y) ау 
=> = 
(х + у)? dx ах 
1 daty) 14 
(x yp dx 2 dx 
> - 4 + ух =x? 
x 
=> a — 2ху 2-2) 
Ix 


which is a linear differential equation 


2 


Thus,  IF- gue — үх 


Multiplying both sides of Eq. (ii) by IF ала integrat- 
ing, we get 
yer = -2| де" ах + с 
2 2 
= (х + ђе" +c 


2 
> у = (2 + 1) + се“ 
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133. 


134. 


135. 


136. 


> ЭСЭР = (02 + 1) + се“ 


02 + 1) 


which is the required solution of the given differential 
equation. 


The given differential equation is 


xdx + ydy = xdy - ydx 
> зайд + у) = хау – ydx 
= d( + у?) = 2(xdy – ydx) 


ао? + у) 2(хау-уах) 


Qey) 


(х2 + у?) 


Integrating, we get 
log b? + yl - 2лаа (Z) +c 


which is the required solution of the given differential 
equation. 


The given differential equation is 


xdy – ydx = х dx 


- «Д-ға 
Integrating, we get 

9 РУ x 
=> т 3 + с 


which is the required solution of the given differential 
equation. 


The given differential equation is 
xdy + ydx = sinydy 

> d(xy) = sinydy 

Integrating, we get 

> xy = с — cosy 


which is the required solution of the given differential 
equation. 


The given differential equation is 
xdy + ydx + у (хау - ydx) = 0. 
> Фау) = у dx - хау) 


day) | у dx- хау) 


DE 2-2 
ху ху 


137. 


138. 


139. 


> 4-%)--40) 


Integrating, we get 


=> xy xt? 


which is the required solution of the given differential 
equation. 


The given differential equation is 


xdy + ydx + xy dx - xy dy = 0. 


=> d(xy) = xy(xdx - ydx) 
4(ху) (хау - ydx) 
ху? ху 
1 ау ах 
= 45) -17-5) 


Integrating, we get 


which is the required solution of the given differential 
equation. 


The given differential equation is 

(4х — 3y)dx + (2y – 3x)dy = 0 
> 4хах + 2ydy – 3(xdy + уах) = 0 
> 4хах + 2ydy – 3d(xy) = 0 
Integrating, we get 
=> 2Х + у? – Зху = с 


which is the required solution of the given differential 
equation. 


The given differential equation is 


| : А 1) 
siny + ysinx + > dx 


+ (хсову — cosx + 5) 9 -0 
= (sinydx + xcosydy) - (cosxdy – ysinxdx) 
ах dy 
5 Б т 5% = 


а 
= d(xsiny) - d(ycosx) + (a + 2) =0 


Integrating, we get 
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140. 


141. 


142. 


= xsiny – ycosx + log(xy) = с 


which is the required solution of the given differential 
equation. 


The given differential equation is 


хах + ydy уах- хау 
Ae + » x 
а + y) y 
= 2442) 


> 4(\? y) = 2a(2) 
Integrating, we get 


- QS) 


which is the required solution of the given differential 
equation. 


The given differential equation is 


[e + хјах + | - olay -0 
? y 


: 2 
= (хау + уду) + | - | =0 
М 
ane 
> d(xy) + di——|20 
Integrating, we get 
> ху + sin'x =c 
ш; 


which is the required solution of the given differential 
equation. 


The given differential equation is 


dy 
X + У у 
X atu 2y? + =. 
ау x 
2 ах 
хах + уау х. 22у? + ae 
=> = 
ydx — хау xi 
Ё (х2 З уу 
x 
хау + ydx dx — xd 
= И : У 
(х2 + у ор х 
ао? + у) y 
á E as.) 


(х2 + yy 


143. 


144. 


145. 


Integrating, we get 


КЕ с 
(х2 + у) * 
"EE m 
5 (+ у?) 


which is the required solution of the given differential 
equation. 


The given differential equation is 


gh? ->) 

ду _ dx | 

х + у— = 5 5 2-4) 
ах x+y 


Let x = гсо$ 0 and у = гз 0, 


> xx + у? =P, tan@ => 


and хах + уду = rdr, хау – ydx = r^ 40 


2:35 
> rdr = 2727 29. 
22 
Integrating, we get 
Jrar = 14-40 
r 2 
> 5 шад0-с 
2,2 
ха 
> т = @ tan (=) tc 
=> ө? + y) = 24 ta (2) +k 


which is the required solution. 
The given differential equation is 


xdx + ydy = (х2 + У?) уу 


хах + уау 
= Exc ue Mi 
E NL d y 
1 
> 24007 + у)) = ydy 


Integrating, we get 


5 log GP + уђу) = Ў x 


ко 


=> 17:65 + y) = y +c 


which is the required solution. 
The given differential equation is 
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(x + y)dx + (x – y)dy = 0 
> (хах – уау) + (хау – ydx) = 0 
(хах – уду) + d(xy) = 0 
Integrating, we get 


2 2 
L-L*m-c 


which is the required solution. 
146. The given differential equation is 


ydx + x(x - D)dy 20 


> ydx – хау = -x dy 
> xdy — ydx = хау 
dy - уа 
I o 
x 
М 
Е: 45) = dy 


Integrating, we get 


М 
(z) FURE 
which is the required solution. 
147. The given differential equation is 


ydx – х(1 – xy)dy = 0 


ydx - хау | 


ydy 
х2 


- «фе 


Integrating, we get 


which is the required solution. 
148. The given differential equation is 


(x + У) (ах — dy) = (dx + dy) 


= (x+y) d у) = 40: + y) 
_ dx * y) 
Ee) 


Integrating, we get 
(x – y) = logl@ + у) 
which is the required solution. 
149. The given differential equation is 


dx + dy = xdy + ydx 


150. 


151. 


152. 


> d(x + у) = d(xy) 
Integrating, we get 

(x+y) = ху+с 
which is the required solution. 


The given differential equation is 


хау - ydx = (2 + y) dx 


ES xdy — ydx 2 
ty’) 
ydx — хау 
T T x В 
QC фу) 
ydx — xdy 
E 
> = -dx 


E 
Integrating, we get 
tan! (2. -c-x 


which is the required solution. 
The given differential equation is 


1,1 
E + IE + ydx) = dx + dy 


= 


ку 


Jay + ydx) = d(x + y) 


= 7) 
| 


ху 
x+y 
xy 


абу) = d(x + у) 


day) d(x + y) 
ХУ С (xy) 


Integrating, we get 
loglxyl = loglx + yl + loge 
= (xy) = cx + y) 


which is the required solution. 
The given differential equation is 


(хау + уах) yx? + у = xydx + хугау 


хау + уак хах + ydy 


ЕТЕ тт 
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Феу) _ 1 d + y) 
ху 72 


x + у: 


ale + У?) 


Integrating, we get 
loglxyl = yx? + y +c 


which is the required solution. 
153. The given differential equation is 


(х-уУду = y(dx + хау) 


=> хау — у ду = ydx + x’ydy 
ау - уа 
=> So = уму + ay 
dy — yd. 
2 ыг 2224 
a фу) 
x 
45) 
=> = ydy 


Integrating, we get 


2 
-4(Уү. У 
(ап БЕРЕ 


which is the required solution. 
154. The given differential equation is 


(x + 2y)dy + ух = 0 
=> (хау + ydx) + 2ydy = 0 
=> d(xy) + 2ydy =0 
Integrating, we get 

(ху) + y = с 


which is the required solution. 
155. The given differential equation is 


(x + siny)dy + ydx = 0 
=> (xdy + ydx) + sinydy = 0 
=> d(xy) + sinydy = 0 
Integrating, we get 

(ху) - cosy 2 c 


which is the required solution. 
156. The given differential equation is 


edx + (xe – 2y)dy = 0 


157. 


158. 


159. 


-> (е“ах + xe*dy) = 2уау 
-> а(ке?) = 2ydy 
Integrating, we get 
2 
(хе?) = = +c 


2 


which is the required solution. 
The given differential equation is 


2уау + (cosx: собу — y) dx 
= (2ху + sinx- cosec?y) dy 
> 2уау - d (xy) 


-(віпхсовес?у dy - cosxcotydx) = 0 
> 2ydy — а(ху?) + d(sinxcotdy) = 0 
Integrating, we get 

y? — ху? + (sinxcotdy) = с 


which is the required solution. 


The given differential equation is 


dy 2x-3y*l 
dx 3х-2у-2 


> Зхау - 2(y + 1)4у = 2xdx - Зуах + dx 
=> 3 (хау + уа) – 2(у + Пау = (2x + рах 
=> 3d(xy) – 20 + I) dy = (2x + Пах 


Integrating, we get 
У : 
3(xy) – jr + У = (= + 3 +с 


which is the required solution. 
The given differential equation is 


x(dy + dx) = y(dx — dy) 


хау — ydx хах + уа 
= у=. уау 


+) Wty’) 
хау - уах 
2 y 1408 +У) 
МӘЗ 2 G^. y) 
X 
НЕ au 
EN 5 


1+ (#} o?» 


Integrating, we get 


Differential Equation 


4.57 


X 


tan! |; 


|= Hogi? Н + с 


which is the required solution. 
160. The given differential equation is 


E Xy 
x(logx — tan. хау + ydx = 5 
+х 
а 
> x(logx – tan ! x) 2 +y= ыг 
ах 1 + х2 
а 
> x(log x tan ! x) А = 27 s 
ax 14x 
d 
=> x(logx – (ап х) - x 2 | 
ах 1+? 
a „ду x 1 
=> logx — tan! = 
(logx — tan ум y "E ли 
d —1 
> — {y(logx -tan x)} = 0 
ах 


Integrating, we get 
y(tan!x – logx) = С 


which is the required solution. 
161. The given differential equation is 
x(dy – xdx) + ydx = 0 
> хау + ydx = х?ах 
> d(xy) = хах 
Integrating, we get 
2 
ху = A tce 
3 


which is the required solution. 
162. The given differential equation is 


dy 
= ме ИЕШЕ 
dy y у? 
+ а 
4 хах 
ydx – хау r+ y 
=> = 
ydx + хау (ху)? 
ydx – хау  ydx + хау 
=> = 


(x7 + y) (ху)? 


ydx - хау 
es У _ day) 
1 + 5 (ху)? 
s 45) aon) 


БІЗІ 


which is the required solution. 
163. The given differential equation is 


x xdy - xy dx = хау + x ydx 


ху(хау - ydx) 


> пир а (хау + ydx) 
X 
xdy — ydx 
зо gl | aay) 
X 
| Д _ 409) 
m XU (ay) 


Integrating, we get 
y 
10 ХУ! — = с 


which is the required solution. 
164. The given differential equation is 


dx + х(уах + хау) = e? dx 


> dx + xd(xy) = e ? dx 

— (1 — e ах + xd(xy) = 0 
dx d(xy) 

= ах yo. SENT ЖЕМЕ 


+ = 
* (1-e7?) 
Integrating, we get 
loghi + logle? — 11 = loge 
= x(e®-1)=c 
which is the required solution. 
165. The given differential equation is 
y O3 dx + (Сау - xydx)) = е У dy 
> ух + xy(xdy — ydx) = e У dy 


xdy — ydx E 


> ујах + xy) =e) dy 


54 
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166. 


167. 


168. 


> У ах + xy d(-xy) = е? dy 
The given differential equation is 


ydx — хау + хугах = 0 


> хау - ydx = хугах 
ду – уа 
no WEE. 
х 
x -- 
> 45) = хах 


Integrating, we get 


N 


8-55 


which is the required solution. 
The given differential equation is 


d а 
2|х- ye 02 + уд) = (2 – У х= 
x dx 
2 ау | ау 
ы 4 а Ш У T 
02-у) (дау) 
2(хах — уду) _ (ydx — хау) 
22 2 2 Ян 2 2 
(x - у) (x^ + y) 
[2 — xdy 
= ао? – y) У 
(ey 1-2) 
y 
X 
45) 


Integrating, we get 
log x? — yl - tan! [5] + с 
which is the required solution. 
The given differential equation is 
(х2 + y + а?у ау- (x? - y -адх dx 
= худу + угхах + (уз + a’y)dy = (0 — ах) ах 
= ху(хау + ydx) + (у? + а?у)ау = (03 – ахах 


= xyd(xy) + (у? + а?у) dy = (х? — a’x)dx 


Integrating, we get 


(ху)? » ay E adx 


which is the required solution. 
169. The given differential equation is 


(1 + xy)ydx + x(1 - xy)dy = 0 


> ydx + хау + ху(уах — хау) = 0 
> 4(ху) + xy(ydx - хау) = 0 
а 
> GY) + (ydx – хау) = 0 
(xy) 
d 
=> GY) = (хау - уах) 
(xy) 
2 day) _ Е —ydx\ dy ах 
ГУ 


Integrating, we get 
I: y 
“ху = пов | + с 


which is the required solution. 
170. The given differential equation is 


xd 
2 7 222 Эр yc ldx 
x+y x+y 
> хау -уах- о?” + y) dx 
> хау - ydx = s + y) dx 
xdy — ydx 
= е е 
Q^ * y) 
xdy — ydx 
2 
— 2 ур = -dx 
1%) 
х 
45) 
> = -dx 


mE 
Integrating, we get 


tan! (7] =c-x 


which is the required solution. 
171. The given differential equation is 
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dy 
x + Уа у 
P =x + 2y? AE 
У- x 
dx 
2 хах + уау 2 (х2 + Уу 
ydx - хау x 
E 1 d(x? + y) _ ydx – хау 
2 о? a yy 22 
ао? + у? 
э 12213164 -0 
2 (х + у?) 


Integrating, we get 
MEE: КЕТЕ 
* 20 + у) 
which is the required solution. 
172. The given differential equation is 


xdx + ydy = т(хау - ydx) 


хах + уду _ m(xdy – ydx) 


+5) Et 


ао + у) _ тај) 


ке; 
Integrating, we get 
шаг (1) х Ч AC 
2(x + у) 
which is the required solution. 


173. The given differential equation is 


У 
XY хш (к y) 


y- 2 y 

EL хах + уду _ xsin?Q? + y?) 
ydx — xdy у 

=, хах + уау T х(уах + хау) 
ѕіп2(х2 + y) у 

2 1 ао +y’) + a(2) 


2 sin?o? + у?) 
Integrating, we get 


2 б + i сог? + y) = с 


which is the required solution. 
174. The given differential equation is 


4 а 2 - »| 
жі y 2, ах 
ах №2 + у 
2 эж 
> xdx + ydy = Еу 
2 хау — ydx 
С | у? 
ШЕ 
446) 
ИШ 
eg) 
M. 
Integrating, we get 
> 5 02 + у?) = гап |] +c 


which is the required solution. 
175. The given differential equation is 


xdx + ydy _ d ны 
xdy - ydx | x + у? 


Let x = гсозб, y = rsin0 


> x+y =r,>= (ап 
dy — yd. 
хах + ydy = ға, 2% a 
E, 
= rdr _ 1-r 
rdo г? 
у ДИЕТЕ 
rd@ r 
dr 4-2 
-> T yi- 
ад 
= ar = 10 


Integrating, we get 
sin (A = Ө+с 


> sin! (42 + у?) = tan [© tc 


which is the required solution. 
176. The given differential equation is 


40) 
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177. 


178. 


179. 


хах -ydy _ Lag oy 


= .40 
хау – ydx xat v 
Let х = rsecO, y = rtan@ 
> №-у= 2 


= хах – ydy = rdr, xdy – ydx = ?ѕесөа 
= rdr А+ г? 
г вес 040 2 
ағ 


f+? 


Integrating, we get 


= 8ёс040 


loglr + Vr? + 11 = Гог кесе + tanl + loge 


=> (ғ + \? + 1) = c(sec + tanO) 


= (2-у edo? - y» + 1) = с 


which is the required solution. 


2-у 


x+y | 


The given differential equation is 


sin(5)(ydx — хау) = ху (х4у + ydx) 


=> Шингэн = xyd(xy) 
> ШЕШЕ = хуй (ху) 
Integrating, we get 
2 
-cos(5] = e. +c 


which is the required solution. 
The given differential equation is 


xdy — ydx + y = у(хау + ydx) =0 


> у day) = удх – хау 
ydx — хау 
= аку) = -—— 
= |5 
i 45) 


Integrating, we get 
xX 
> (у - H =c 
which is the required solution. 
The given differential equation is 
(Ax? + e'siny)dx + e'cosydy = 0 
> (4x?) dx + (esinydx + e'cosydy) = 0 


> (4x?) dx + d(e'siny) = 0 
Integrating, we get 


x! + ету = с 
which is the required solution. 
180. Let the equation be 
у = тх, 
where m is an arbitrary constant 2-4) 


Differentiating w.r.t. x, we get, 


d 

X E NO 
Eliminating т, between Eqs (1) and (ii), we get 

dy y - 

E xk: (Ш) 


whcih is the differential equation of а family of 


lines. 
N 2: dx . T 
ow replacing — by ——- in Eq. (iii), we get, 
dx dy 
dx ox 
ау У 
dy ах 
у у 
Integrating, we get 
dy dx 
J a= [= 
> loglyl = logicl — logixl = 1ов |< 
> ху = с 


which is required orthogonal trajectories. 


181. The given family of corves are 


у = а 


Differentiaint w.r.t. x, we get 


dy " 
— —tan45 
dy dx 
by = 
ах ау 
1 + — tan45° 
dx 


Replacing 


dy 


dx 


in Eq. (i), we get 
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182. 


ау ау | 
1---|-у(|---і1|-0 
т dx! (ах 
dy 
> (вэ 
х 
dy y-x а 
> ат (1) 
which is а homeogeneous differential equation. 
ау 
Put = ух > — = р + х — 
uf SS Ни. 
= E 
dx у+1 
= ду у-1 _v-l-v-vy 
dx у+1 У+1 
у + 1 ах 
> dv = -= 
v+l * 


Integrating, we get 


5 log ly + Ш + tan ју = c – logx 


=> log Ix? + yl + га 7) = 
which is the required trajectories of the given family 
of curves. 


The given curve is 


х њу =l i) 
dy 
=> 2ах + 2y— = 0 
dx 
dy Е 
> ах + у— = 0 (1) 
ах 


Solving Eqs (1) and (ii), we get 


ху + у = 
ау 2 
> ---1- 
uir y 
dy 1-у 
а dx Ху 
а 
Replace A by | we get 
E d 
ду Ху 
2 -i 
> xdx = [y у|% 
dy 
=> хах – уду + + =0 


Integrating, we get 


183. 


2 


- 5 + ову = с 


"E: 
2 


> (х2 – у) + 2loglyl = c 
which is the required orthogonal trajectories. 


Given curve is 


y ау 
2x + 2y— -a— = 
=> х + уа ae 0 
2x + 2y— 
=>. = 
a © 
ах 


2х + 2y— 
2 2 
+ -0 
офу) E y 
dx 
dy A 
2 2 
ee 2 2 = = 
=> (65500736 шилэн 0 
2 2 2, Фу 
= (x^ + у – 2у)— = 2xy 
ах 
а 
> (2 – уђ 2 = 2 
ах 
E dy 2ху 
ах Q2 у 
Replace dy/dx by — dx/dy, we get 
dx " 2xy 
dy -y 
d 22202 
ЕЛІ 
ах 2ху 
ур 
Ё па 
y 
211) 
25 xq Ш 
ах 2y ' x 
=> qeu Ey 
dx 2v 
С Y» -1 
Е 2у 
5 2vdv __% 
(+1) x 


Integrating, we get 


logh? + 11 + loglxl = loge 
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184. 


185. 


186. 


=> х(у? + 1)=< 
= ХООР у -сх-0 
which is the required orthogonal trajectories. 


The given curve is 


y = 4ax 
dy 
> 2у— = 4 
Уах 1 
3: woe 
2 ах 
Eliminating а from Eqs (i) апа (1), we get 
2 y dy 
= 4x| = 
2 dx 
dy 
> = 2х— 
Ч “x 
Replacing dy/dx by —dx/dy, we get 
dy 
-2хх--- 
y хх ка 
=> ydy + 2xdx =0 
Integrating, we get 
2 
A + = с 
2 


which is the required orthogonal trajectory. 


Given curve is 
2 


xy=c 
2 +y=0 

E LIN: 
dx У 

Replacing dy/dx by —dx/dy, we get 
2E. LY 

dy * 
> хах - ydy =0 
> 2хах – 2ydy = 0 


Integrating, we get 


2. 


2 – у? = а? 


which is the required orthogonal trajectories. 


The given curve is 


=> 2х – 2y— = 0 


=> —== 


Replacing dy/dx by —dx/dy, we get 


Gi) 


187. 


188. 


Integrating, we get 
logixl + loglyl = log (с?) 
> ху = с^ 
which is the required orthogonal trajectories. 
The given equation is 


(х+у+р)Ох+р)= 0 


=> (х+у+р) = 0 2-4) 
and (2x + p) = 0 401) 
From Еа. (i), we get, 

dy 

шал -0 

yz +y+x 

dy 
=> E =- 

ах ? 
which is а linear differential equation. 
=> y.e =- [xe dx + e, 


=-e(x- 1) + с, 
> у= -(х- 1) + се" ...(iii) 


Also, from Eq. (ii), we get, 


dy 
— + 2х=0 
+; + 2х 
> dy = —2xdx 
=> у=о- x ау) 


Hence, the required solution is 
(у + (х= 1) – се) (у + х? - с) = 0. 


The given equation is 


р –р(е +e + 1=0 NO 
> Ян, +] +150 
> ре р(е + 1)+е =0 
> pe-pe*-p+e&=0 
= ре (p- €) - Цр- её) = 0 
> (р - ере – 1) = 0 
> (р-с)-0 441) 
апа (ре – 1) = 0 .-(Ш) 
From Еа. (i), we get, 
LM 
E 
> ду = 4х 
Integrating, we get 
> у= е + с (iv) 


From Eq. (11), we get, 
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190. 


Ae -1=0 
> edy = dx 
> dy = е “ах 
Integrating, we get 
> у=с-е* 
Hence, the general solution of Eq. (i) is 
(x-e*^-c)(y-e^-c)z20Q. 
The given equation is 
р? + 2ру cotx = » 2.4) 
> (р + усовх)? = уа + сох) 
= (р + усоїх)” = угсовес х 
> (р + ycotx) = + ycosecx 
> р = y(cosecx — cotx) ...(11) 
and р = -у(созесх — сох) (Ш) 
From Eq. (ii), we get, 
У 
d = y(cosecx — cotx) 
dy 
> У = (cosecx — cotx) dx 
25 S. - cosx) gy 
у sinx 
dy х 
= w^ кап dx 


Integrating, we get 


logly = 2loglsec|=}| + 2108 (cj) 


= (leant [X 
xi y = а ве [2]] 
From Eq. (iii), we get 
dy 
— = —y(cosecx + cotx) 
dx 
У 
F = —(cosecx + cotx)dx 


Integrating, we get 


fe 
x logy = 2logc, – лов | пп [5 ]| 
ЖЕСЕ 


Hence, the required solution is 


ЕСЕК 


The given differential equation is 
р +px-xy-y =0 
= (р? –у) + x(p - у) = 0 


191. 


= (р- у)(р+х+у) = 0 
> (р -y)=0,(p+x+y)=0 
When (р-у)-0 
ау 
> 22297 
> да 


Integrating, we get 


loglyl = x + ci 


When (р+х+у) = 0, 
ау 

> — +(х+у)=0 
ах 
ау 

=> qo аға 


which is a linear differential equation 
Thus, IF = e" = е 
Thus, the solution is 
у.е” = -|һеа« +с 
> у.е = -(х — Пе + с, 
Hence, the required solution is 
(loglyl — х су) (у.е + x- De - с) = 0 
The given differential equation is 


py +(x-y)p-x=0 


= py + px - py-x=0 
=> рур- 1) + жр— 1) = 0 
= (py + x(p — 1) = 0 
= (py + х) = 0, (p- 1) = 0 
When (py + x) = 0 

ydy E 
=> a +x=0 
> уау + хах = 0 
Integrating, we get 
2 2322 

2. 72710 
> № + уг = с” 
When (p-1)20 

р = 

ау 
=> -- = 

dx 
> dy = dx 


Integrating, we get 
у=х+с, 
Hence, the solution is 


45" =A =x =e) =0 
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192. The given differential equation is Integrating, we get 
(p - Day = 02 – уђр у = а? 
> py — xy – рх + ру? = 0 Hence, the required solution is 
> руху = px + ру - xy = 0 (у-002-у-а)-0 
> px(py = х) + у(ру-х)=0 194. The given equation can be written as | 
=? (рх + y)(py = x) = 0 x=ypta i) 
Differentiaing w.r.t. y, we get 
= (px + у) = 0, (py -x)= 0 р do 
x 
E = = oem 
When (px + у) = 0 dy р Уа 
ау а 
> --хжуі|-0 ез Жы ү а 
ах 5 p-ET? dy 
> e + а 0 1 ар 
М > = = p|=y— 
| | Р dy 
ntegrating, we get 
8 8 8 р e dy 
logx + logy = logc = 128 Е 
вэ ыы -2р —2dy 
EN ,2 _xl=0 Integrating, we get 
dx logll — р2 = loge — 2 loglyl 
> xdx — уау = 0 5 2 
А > 10211 – р = log|— 
Integrating, we get у? 
2 АРА ыб 
2 yd m pe 
2 2 2 2 c 5 
277 2254 52 > р =|1-—; 24681) 
-> x-y =c y 
Hence, the required solution is Eliminating p between Eqs (i) and (ii), we get 
(ху – с) у? – с) = 0 х-азуй-< 
193. Тһе given differential equation is М 
ху р? miu y) ptxy=0 which is the required solution of Eq. (1) 
55 хур? 2 хр = ур +ху=0 195. Тһе given equation can be written as 
1(У : 
> px(py = x) - у(ру - х) = 0 x= 1% = ур! 4) 
тэ osea Differentiaing w.rt. y, we get 
— х-у)-0, -х)-0 
(рх-у) (py – x) dx_1/1_ Yap 2yp? — 2py? dp 
When (рх- у) = 0 dy 2|P рау dy 
(i 7)" 
Е di Em 1_ 1/1 Yd dp 
а = р Jr 2 OP 22: 
2 ах Фу. 0 рау У 
сн 20 ар а 
Integrating, we get => 2р=|р-у дур“ – 2р?у? = 
8 8, 8 ау ау 
logx – logy = loge 
= 4 _ ар з пар 
= x=cy > p + 2yp = -|y 2p y 
dy dy 
When (ру-3) = 0 : 
р 
dy > РИ + 2ур?) = -y E (1 + 2р'у) 
=> y—-x]=0 dy 
dx 
3 dp 
= xdx — уау = 0 > ( + 2ур)\р +у--|=0 
У 
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=> pt 23 -0 

= d(py) = 0 

Integrating, we get 
ру= с 

E xen 


Eliminating p between Eq. (1) and (ii), we get 
3 
22€ € „2 
у = 2у.х E 


> у = 2сх + с? 


which is the required solution. 


Gi) 


196. The given differential equation is 
УЛору = хур + р” 40) 
т , " Xlogy =P 
yp 
Differentiaing уул. y, we get 
dp dp 
yp|2ylogy + y - 223 - ОЛову-рэ|рж 23 
ду _ ау ау 
dx (ур) 
2 ар 
> Ур = yp|2ylogy + 2р 
У. 
ар 
("logy - р?)|р + | 
У 
ар 
> уу ЛОВУ - р?) = p(y’ logy - р?) 
dp 
=> -- = 
У. dy Р 
ду ар 
=> — = — 
р р 
Integrating, we get 
=> logp = logy + loge 
=> р= су 4411) 
Eliminating р between Eqs (i) and (ii), we get 
logy = сх + с? 
which is the required solution of (i) 
197. The given differential equation is 


2 
py + 2px=y 
=> 2px = y - р?у 
y- py 
> х= 


2р 


4) 


198. 
199. 


Differentiating, w.r.t. y, we get 


dp dp 
Л р? – 2ру 2(y - ру) 
гэн 4у ау 
ау ар? 
ар ар 
‚|! р? — 2ру | (у = р?у) 
1_ ау ау 
> p^ op 
dp ар ар 
-> 2р = ор? + р? 
р= р-р PY Уа РУау 
dp ар 
3 2 
=>. = 
р PY iy 
dp 
-> p(p + 1) =-(p + Dy - 
y 
_ P 
> р= “Уф 
dp dy 
> YT t "m 0 
ЭН py=c КЕ) 


Eliminating р between Eqs (i) and (ii), we get 
у + 2сх = с” 

which is the required solution. 

с(4х – с)? = 64у 

The given differential equation is 


yp = 2px + yp" 


0) 


Е Қасын д 
2р 
Differentiating, w.r.t. y, we get 
d, dp 
p|1 – дур! - 3p! | — (у - урэ) 
„k_l dy y 
dy 2 р? 
а 
=>pt 2yp* + ay pi AP + ӘСЕ = 
dy dy 


3 dp 3 
TPE OP ереп 


- (1 + 2ур?) = 0 


др 
+ ан 
Р ЖУ 


а 
22:18 


=» 
ау 


dp ау 
рН 
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200. 


201. 


> py=c 441) 
Eliminating р between Eqs (i) and (ii), we get 
» = 2сх + c 
which is the required solution. 
The given differential equation is 
хр? -yp-p+1=0 40) 
yp +p 
=> = Е 
р 
Differentiating, w.r.t. у, we get 
dp а ар 
2 
р bom 220p-tP-Dp-- 
ах _ ау ау ау 
ау p 
3 3 2 ар 2dp 
=> = + — — жас 
P =Р РУ ау ау 
ар ар ар 
2p? 2p — + 2 
py dy р d р ду 
ар 4 4 
2 2ар 2 0p 
— 2 
Уау Р ау Руа, 
2p! + др = 
dy d 
а 
> "= 
ау 
= ар -0 
= p=c 441) 
Eliminating р between Eqs (i) and (11) we get 
ус = cx-c4l 
which is the required solution. 
The given equation is y = (1 + p) x + ap? 24) 
Differentiaing w.rt. x, we get 
dy dp dp 
> —=(1 +p) l + x— + 2ap— 
dx uo Хаж "E dx 
> sepies ЫЗДЫ 
= х=” ар-- 
А а ax 
ар 
=> (x + ар) — =-1 
ах 
ах 
> — = -( + 2 
di (x * 2ap) 
dx m 
— == --2 „(1 
ар + х ар i) 


202. 


203. 


which is a linear differential equation. 

IF =е = ер 
Hence, the required solution of Eq. (ii) is 

хе" = -2а| pe? dp = –ае (р - 1) + с 
(ш) 
Eliminating р between Eqs (i) and (iii), we get the 
required solution of Eq. (i). 


=> x = —2a(p – 1) + ce? 


The given equation is 


y = ур? + 2px 
2px 
зо жа 
1-р 
Differentiaing w.r.t. x, we get 
E M. 
pee). 7 
5 1 + 1 214 _ х 
pai’ pel pres 


Integrating, we get 


loglp — П + loglp + 1 - (0372 = loglxl + loge 
2 
-1 
> 105 = = logiexl 
р 
2 
-1 
> р z =x 
P 
> p -1 = рсх 
> pat) e 
ME | 1 
Шин don 
> = | (1) 
р Gan Y 
Eliminating p between Eqs (1) and (ii), we get 
2xNl — сх + сху = 0. 
which is the required solution. 
The given differential equation is 
y = 2px + tan Қхр?) 2.44) 
Differentiating w.r.t. x, we get 
dp 
2 
d dp р + 2px 1. 
— = 2р + 2х xa 
dx de^ 1407) 
d 
= |- -р- эр (1 + p*x x) = р? + 2px P. 
dx 


dp 
2x) 4 
P k 


d d 
> -p-2x 2 px - =p + рх 
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204. 


205. 


dp dp dp 
>- - 22 + 22Р + AE aot? 
р- px Р EE Элл 59 2: 


4 
=> -p (1 + pe-p) =+2x(p+1 992 
ре 


ар 

—p = 2x— 
=> -p ЦОЛ 

24р ах 
= 


= 2logp + logx = loge 


эрхэс 


Eliminating р between Eqs (i) and (iii), we get 
required solution of Eq. (i). 


y= „(ЈЕ ју + tan! (c) 


=> у = 2мех + {ап (с) 


which is the required solution. 
The given differential equation is 


2р + 2хр = у 
> у = pie + 2px 
dy dp dp 
= P = xp? + Ар! + 2р + 2х 
de “Р Ы ах АШУ? 
ар ар 
-> = 2xp* + Ax!p? —— + 2р + 2х— 
хр“ + Фор ik D x2 
4 = 2,3 ар 
> -2xp – p = (4хр + 2х) — 
dx 
d 
= 2xQxp? + s = —p(2xp? + 1) 
x 
dp 
> 2x— = – 
“ах Р 
ар ах 
Integrating, we get 
2loglpl = loge - loghi 
> 2loglpl = log|<| 
2_х 
BOE 


Eliminating p between Eqs (1) and (ii), we get 
у = 2мех + с? 

which is the required solution. 

The given differential equation is 
y px = хр” 


Differentiating w.r.t. x, we get 


(ii) 


the 


(4) 


(8) 


0) 


206. 


207. 


ау р 4 dp 32 
— + р+х—=>2 + 4х 
РР pi^ — PUDE 
d 
— рэржх = эрд Р ay? 
4 
=> (x – opty? = Ахэр? — 2р 
ах 
а 
5 ха — 2px) = 2p 2p – 1) 
dx 
d 
= x(1 – 2px’)? = -2p(1 – 2435) 
ах 
ар 
> ----2, 
T dk P 
dp 24х. 0 
= тух” 


Integrating, we get 
logp + 2logx = loge 


> рж? = с 


(ii) 


Eliminating p between Eqs (1) and (11), we get the 


required solution of Eq. (1) 

у + t + с? 
which is the required solution. 
The given differential equation is 


y = psinp + cosp 


SR а, dp Ж ар . ар 
— = чпр— cos p— — чпр— 
dx Р х 2 Ра Ра 
ар 
=> р = pcosp— 
ах 
ар 1 
> cosp — 
PET 
> cosp dp = dx 


Integrating, we get 
sinp=x+c 


Eliminating p from Eqs (i) and (ii), we get 


(i) 


(ii) 


у = (х + с)зїп (х + c) + N1- (х + oy 


which is the required solution. 


The given differential equation can be written as 


2 
=Рх-<-1 
у= Рх- р 


Differentiating w.r.t. x, ме get 


х ЧР 


ар _ 2 dP 
dx Эд 


Р? ах 


0) 
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208. 


209. 


210. 


=> ppg ИЕ 
dx р? dx 
> хэр ав 
Р2) ах 
-> qe 700 [x +) =0 
= Р-с (ii) 
o х= -2 NT 
P 


Eliminating p between Eqs (1) and (ii), we get 
у = сх 2 -1 

which is the genral solution of Eq. (i). 

Eliminating p between Eqs (i) and (iii), we get 
(у + 1): + 8х = 0 


which is the singular solution of Eq. (1). 
The given differential equation is 


Рх-Ру-1-0 
> Ру-Рх-1 


=> у= Рх- 1. 
Р 


which is а Clairaut differential equation. 
Hence, the solution is 
1 
Е 5 
The given differential equation is 


(y+ DP-xP?+2=0 


> (У+ПР=рх-2 
2 

1) =Р-= 

> (у + 1) Х-р 
p!) 

-Рх-(--1 

> y х (5 + 


which is a Clairaut differential equation. 
Hence, the solution is 
ie) 
у=сх-|с+ 1 
The given differential equation is 


siny cosPx — cosy sinPx - P = 0 


> sin(y — Px) = P 
=> (у = Рх) = sin (P) 
=> y = Px + sin (P) 


which is a Clairaut differential equation. 
Hence, the solution is 


y=cxt sin (c) 


211. 


212. 


213. 


214. 


215. 


The given differential equation is 
x-aP +(x-y)P-y=0 


= Р?х + Px — аР? = (Р + 1)у 
> (Р + 1)у = Р(Р + 1)х – аР? 
aP? 
> = Px – 
ТЕСТА PFD 


which is a Clairaut differential equation. 
Hence, the solution is 


ие E 
(c + 1) 


The given differential equation is 


y=PxtaVl+P 


which is a Clairaut differential equation. 
Hence, the solution is 


у = сх +а\1 + с? 

The given differential equation is 
=p(x-b)+& 
у=р-Ьу+т 


> у = px + (5 – bp) 


which is a Clairaut differential equation. 
Hence, the solution is 
у = сх + (= - be} 


The given differential equation is 


d? 

p cu sinx 

dx 

d 

> 4% =x + sinx 
Integrating, we get 

dy x 

— == – совх C, 

ах 2 


Again integrating, we get 

32 
> у= HDI OH. 
which is the required solution. 
The given differential equation is 


d 
СУ 2654 e + 2014 
dx? 
d 
= LZ] =e е + 2014 


Integrating, we get 


а 2х 
Tsi te + 2014 + а 
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216. 


217. 


218. 


Again integrating, we get 
2 


X 
у-%-%6%1007 + ex c; 


which is the required solution. 
The given differential equation is 


d'y 22 
— = simx 
ах 
а 
> < z = sin’x 
Integrating, we get 
d 
2 = 5 зады а: 
2 dy| | Ё 28025) , 
dx! 2 2 ! 
Again Integrating, we get 
Ed X, соз2х + сх +С 
о SEE шал, 


which is the required solution. 
The given differential equation is 


d? 
ia cos*x 
dx 
=> 4 o = cos*x 
ах dx 
Integrating, we get 
dy 3 
xm за 
2 Joos xdx 
а 
=> p = | совзх ах 
" Ё м sin^x ВЭ 
2 1 


Again Integrating, we get 


x sin?x d 
ae ee d + Сух с; 
2 xc 1 со8 х 
> у= + 3 + + сұх + с; 


which is the required solution. 
The given differential equation is 


2 
сас жен 
dx? sin’xcos*x 
ЕН а (ФУ)  sin?x + cosx 
dx dx sin?xcos^x 
d [dy 2 2 
=> —|—] = sec^x + cosec^x 
dx dx 


Integrating, we get 


219. 


220. 


221. 


|2) = tanx — cotx + су 
dx 


Again Integrating, we get 


=> у = log(cosx) – log (sinx) + сух + c; 


> y = log(cotx) + сүх + c; 
which is the required solution. 


The given differential equation is 
2. 


ын = sin^x + cos^x 
ах 
= 1 - 2sin?xcos x 
=1- Е 
= 1-1 (1 — соз4х) 
4 
= + + тоох 
> ШЕ d» и + 1 соз4х 
dx \dx 4 4 
Integrating, we get 
d 
р + L sin4x tc 
dx 4 16 


Again Integrating, we get 
ax?  cos(4x) 
== + 
8 64 


which is the required solution. 


+ Сл + Co 


The given differential equation is 
[REN 
2 = хе 
4 
dy 


dy 
dx 


ТЕ” X 


> 


Integrating, we get 


-(х- Пе + с, 
Again integrating, we get 

> у= (x — 2)е + сух + с, 
which is the required solution. 
The given differential equation is 


=> 2рар = -2уау 


On integrating, we get 
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2 2 2 
> p-c-y 


p 
dx 


2 
-сұ-у 


ау 2 2 
m (ci — y) 
dy 


vcl – у?) 


Integrating, we get 


s "(S 
sin |— 
У 
which is the required solution. 
222. The given differential equation is 


d'y | 
dp | 
=> — ==, 
ау У 
а. 
> рар = za 


Integrating, we get 
2 


р 1 сі 
Ep 
2 2у 2 
2 
ә oy +l 
=> р = 5 
y 
dy? су +1 
=> -- = 
ах » 
ау суу? + 1 
> === 5 
ах у 
= 5 + 14у = + ах 
су 


Again integrating, we get 


Међу“ + 1 


= + 
à Co, EX 


which is the required solution. 
223. The given differential equation is 


dy | 
ас ANY 
3 а|йу\__1_ 
dx\dx} Ay 
d |2 ду 1 
> ре 
ау\Ах ах Ay 


224. 


ай, 0. 
ау Ay 
а, 
> E 
pap ЧУ 
Integrating, we get 
2p? = Wy + 2c, 
> р? = jy + с, 
dy? 
> —| = МУ + Ci 
dx 
dy 
= [Za 
=» V = і 
МУ + су 
Again integrating, we get 
d 
ЕСЕН ОЭ 
WY + с 
2tdt 
= , h = р 
| = where у 
Г 2{(t + cj) — cı }dt 
Е М + cy 


= 2] ас - e(t + c) За 
- Б с + ey - сү | 135 


-4| ay eco? en a] жо; 


which is the required solution. 
The given differential equation is 


QE. „ый 
dx? 
N d'y y 
а? а 
E 2-9 
ау а 
ау 
> рар = —- 
а 


Integrating, we get 


оо 2 
ра = у + с 


2. 2 
- ДЕР Eu 
2 
дур Уча 
ах! 7 2 
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ау _ у + c 
ах!” а? 
> C PNE: 


which is the required solution. 
225. The given differential equation is 


2 
ay a 
ах? 
ар 2у 
> — =е 
Рау 
- рар = е? ау 
Integrating, we get 
Босе“ 28 
22 
> р = ес 
dy? 2y 
= dx =e ? + СІ 
а | 
> X = +e” + с, 
а 
=> 2 = +ах 


Again integrating, we get 

dy 
Ve? + с, 
_ | еу 


ү1 + се > 


= d (226 


yl + et 


| 


Жүйе! І а 
ма dau +} 
Ner 
1 2 1 
= —-——]og |f + 4lf^ + — 
ver ver 
1 ES -2у 1 
= -——log|e? + (је > + — 
ver ver 
226. The given differential equation is 
dy 2 
2— = Зу 


ах? 


227. 


а 
> эрЁ = Зу? 
4у 
=> 2рар = зу? ау 
Integrating, we get 
р=у + с 
dy? 3 
> | =y + 
ae М сл 
а 
=> Diz £ үу? +c, 
dx 
dy 
When х=-2, у=-1 and = 
ах x=- 
c = 2 
d 
Ths, (2|-447-2 
dx 
d 
> 2 = +ах 


The given differential equation is 


2 
(8 221 
dx? 
d 
> 08.4 
ах y 
= л. 
ау у 
а. 
> 2рар = 2 
Integrating, we get 
1 
p= pvp EE 
2y 
Ф% — 1 
=> --|) = -— + 
ах 2у? “1 
dy? 2cy -1 
= — 
dx 2y? 
dy 
When хэ-1,уз-1,|-- = 
dx |х-- 
аме 
2E 
dy y? -1 
dx) ~ 2y? 
- 9 4 
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228. 


229. 


=> УЕ 


which is the required solution. 
The given differential equation is 


dy d 
адр) 4) 
de dx 
а Фу а 
Ге( n s Eu 
dx dà ах 
d 
> xc +р+х=0 
dx 
> хар + pdx + хах = 0 
> d(xp) + xdx = 0 


Integrating, we get 


x 
xp E €i 
dy x 
— =-= + 
ах 2 а 
ау х С 
m ur ЭРЭ 
gosse 
=> y= eee 


Again Integrating, we get 
2 
y=- + c,loglxl + c; 


which is the required solution. 
The given differential equation is 


d d 
Y NE oe 
ас Хах 
5, ш 
ах х 
> хар = рах + хах 
хар - pdx 
=> > = ах 
х 
> 45) = ax 
Integrating, we get 
Р _ x£ 
х = > + С, 
3 
= р = = сх 
2 
dy x 
=> Jy = > + сүх 
E 
— dy = > + сух |ах 


230. 


231. 


Again integrating, ме get 


which is the required solution. 
The given differential equation is 


Фу (дур 
y— +|-— 1 
d) Мах 
ар 
> Xp epe 
У 
ар 2 
> ---1- 
Py Р 
а 
> i P 54р = A 
=P 
Integrating, we get 
-1 10511 «pl = logy + loge, 
> 5 = (су)? 
1-р 
сту 
су 
ES р "ӨЗЕГІ 
dx cy 
> Ё ау = ах 


Again integrating, we get 


ey" -1 


2 
e 


which is the required solution. 


= X + с 


The given differential equation is 


d'y (аур [ау 
922 dx} ~ х 
ар 
> а 
y 
ES LONE 
ye 
= ydp — pdy = у ду 
dp — pd 
Р уар o 
y 
P\_ 
zs a(5] = dy 
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232. 


Integrating, we get 


Шота Жин 

=> р-у + су 
ау 2 

=> = = + 
dx y суу 
а 

> > 1 - ах 
у "су 
а 

E I cosi 
yO + с) 
1 1 

> [у-утс)®=Ф® 


Again integrating, we get 


log 


=х+ с; 


у + с, 
which is the required solution. 
Given differential equation is 


ages oy dy 
син: 42 Р ах! | (ах 
4 
> (xa) + др? = р 
ах 
E dp. xp p 
dx (x+a) х+а 
d p x 
Га dx X*à (x+a) 
EN 1 dp 1 - х 
pds р(х + a) (x + a) 
Put == у 
ду у х 
> + = 


ах (ха) (х+а) 
which is а linear differential equation. 


dx 
IF = ЖЕЗ Za еїо81х + а = (x+ a) 


=> а мете 
=> Я = 
1 we 
=> -ра%а-%-%с 
2(x + a) 
=> — —— ах + dy = 0 
х + С, 
э -Z a+ dx + dy = 0 
x + С, x + С 


233. 


234. 


Integrating, we get 


log lx? + сү + 2atan "(= | +у = с 


which is the reqired solution. 
Given differential equation is 


Фу (dy) _ [ду 
d) 4\dx ах 
QUE er 
dx АР ПР 
dp p p 
> х + papi +1 
ES p. dh 
pps4 х 
1 1 _ ах 
= [5 pras 


Integrating, we get 


log ТКТ! = loglxl + loge, 
> aue а 
р+4 | 
р+4 | 
= р сх 
> га 
Р. Cix 
- S e 
Р cx -1 
4 l-ceyx 
7 p` xeu 
Р e 
=> — = 
4 1—сх 
4сүх 
=> ду = 
1-сүх 


Again integrating, we get 
1 
у = -4х + сі logle;x - Il + c; 


which is the required solution. 


Given differential equation is 


d'y (dy? 

de Т 

dp 2 
=> --251- 

PY e p 

Фра а 
== рар -22 
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235; 


Integrating, we get 


loglp? — П = logC, – logly?l 


2 C, 
— loglp = 3108 — 
y 
1 
=> фр – 1)=— 
У 
С 
= p=stl 
y 
City 
y. 
Gay 
24 р=+ > 
y 
ду | ЈС+у 
= qe 2 
i y 
d 
=> аг = + ах 


y + С, | 
= ју + С, = С, + х 


which is the required solution. 
Given differential equation is 


Lo NON Lo 
ас ах 
ар 
> —=2 
a УР 
ар 
> pac 
y 
dp 
> — = 2 
ау 4 
> ар = 2уау 
Integrating, we get 
p= y + С, 
ау 2 
=> —=y +C 
ae y 1 
а 
> 5 2 = dx 
(у + C) 
> п"! a х + С, 


which is the required solution. 


236. Given differential equation is 


dy dy 


dx 


2 
2.4442 


> aa 


237. 


ар 2 2 
= YP P “ӘР 
y 

= Tiyay 

y dy p-y 
қ Пе 

ау У 
which is a linear differential equation. 


dy 
Еле =e 1 
y 


Multiplying both sides of Eq. (i) by IF and integrating, 


we get 
Р. овы 
=у+с, 
pay + су 
ау 


нар 


ду 4 
M. ЕДА 
y(y + cy) 


Integrating, we get 


which is the required solution. 
Given differential equation is 


dy 1 [dy а o 
d ха! 2 
2. 
а 
> ый 
dx? dx 
— eee +xp =a 
dx 
=> xdp + pdx = em 
> d(xp) = am 
Integrating, we get 
хр = а10 М + c, 
dy 
x— = aloglxl + с, 
dx 
aloglal a 
== ду = x ta dx 


Again integrating, we get 


(log 10)” 


уза + Сов + C, 


which is the required solution. 
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238. Given differential equation is 


239. 


f» || = (2) 
"d Ar dx 
dp NV 
2 copy 
= ро d 
р? ах р М 
ар 
> УР РР 
dp 
> y ушу=р 
> ep — Шу = - 
ау py 
dp p 
ы е а 
= “Л ви 0) 
which is а linear differential equation. 


eels = gil 
У 
Multiplying both sides of Eq. (i) by IF and integrating, 
we get 
D. | logy 


y y ду + с, 
ds р _ (ову)? m 
»Y 2 : 
d 
== c s 
(ову)? + 2 
У 2 
= 2 = ах, (Let logy = 1) 
(t^ + 261) 
Integrating, we get 
=> 2 tan! a x+C 
= 2 
2c, 2c; 


which is the required solution. 
The slope of the curve 
= The slope of the tangent 


= tan PE 

y ах 2y 
> 2ydy = dx 
=> у =х+с 


which is passing through (4, 3), so с = 5 
Hence the equation of the curve is 
2 
y Sub» 


240. Given 
dy 
aem у+ 2х 
ау 
> 573 %(-у)-2х 
which is а linear differential equation. 
IF = е шет 


Hence, the solution is 
уге “= 2 | хе“ dx + с 


X 


> ye*=-2e*(x+ П+с 
which is passing through (0, 0) then с = 0. 


Hence, the required equation of the curve is 


ye = -2e* (x + 1) 


241. Given 
dy _ 258 +2xy-1 
ах x +1 
2х 
=x-1+4 5 2 
x +1 
dy 2x 2 
> = 1 
ах + г. | 
which is а linear differential equation. 
2x 
IF= se Тай” етем. 1 
r+] 
Hence, the solution is 
. A = х 2{ап !х+с 
x x 
which passes through (0, 0), then c - 0. 
Hence, the equation of the curve is 
у = + DG - 2tan 5) 
242. Given 
ду (x*1?4y-3 " 
- а 
ах (x + 1) 
Le х-1-Х,у-3-Ү 
ду аү 
> — == 
dx ах 
dY Y 
Желе. ЕЕ 
zx ax x 
dY | а 
> — +|-|К =X 
ах Х 


which is a linear differential equation. 


IF = „ах = егі Х = 1 
Х 
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243. 


244. 


Hence, the solution is 


ыж Лја ње = 
у =](хах+с=х+с 


= %-Хжс 
шиг ӨР 
=(х+1)+ 
= xd X (С: 


which is passing through (2, 0) then с = -4 
Hence, the required equation of the curve is 


y-3 

e a 
> у- 3 = (х + 12 – 4% + 1) 
=> у= №2 - 2х 


Тһе equation of the tangent at any point (x, у) оп ће 
curve is 


Y -Jx 
"out - x) 


dy 
It meets x-axis at А|х- у, 0 
dx 
dy 
and y-axis at В|0, y – x — 
dx 
Mid-point of AB 
е 00111 | ау 
215 70727 "а 
It is given that, 
and ШЕ - 5 =х 
2777) 7 
i 2 ©) 1 
Ds mney Цин 
d 
Thus, хо --у 
ах 
ау ах 
> y = —* 
dy dx 
— y ES = 0 
> logy + logx = loge 
=> log (yx) loge 
> xy=c 


which is passing through (1, 1), then c = 1. 
Hence, the equation of the curve is 

ху = 1. 
The equation of the normal at the point (x, у) is 


Ysyz = @-® NO 


The distance of perpendicular from the origin to the 
normal (1) is 


245. 


dy 
+ Pe 
р ах 
дур 
ixl 
dx 
Also the distance between P and x-axis is lyl. 
dy 
у + х— 
Thus, ux = М 
ТТ 
+ али 
ах 
2, [ах)? 2 ау | dy? 
> + | — + 2xy— = 1 — 
d dy 4 Ё ах 4 ах 
2 2\[ dx dx 
- == 2xy— = 0 
= x -») me 
dx[,2 | a [dx 
> = Е —| + 2ху| = 0 
dj (x -y | mite 
= dx _ 0 dx У -х 
ау “(ау 2ху 
ах : 
Now, —=0 gives x = k 
dy 


which is passing through (1, 1), so k = 1. 
Thus, the equation of the curve is x = 1 


22-22 
Also, ис =0= i 
dy 2xy 
which is a homogeneous differential equation. 
dv 
Let Е шээж T 
et у= ух > 1 tx d 
ду v-1 
- +x == 
о ах 2у 
23 йу v -1 v+l 
dx 2v 2v 
> 20 + 14у = SU 
2 x 
y 
> logh? + 1 = loge - logx 
2 2:6 
> ho de 
> х + у? = сх 


which also passes through (1, 1), so с = 2. 
Hence, the equation of the curve is хоё » =/2%. 
The Equation of the tangent at апу point (x, у) is 


dy 
Ү-у---(Х-х) 
ах 


: ау 
It meets the x-axis at |x – y—, 0 
dx 
Given АР = 1 
=> АР? = 1 
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246. 


247. 


ах 2 

> -y—| ту =1 
| Уу) 7” 

2% ар 1-» 
ау » 

> 22-42 
ах 41- у 
Mie 

> y dy = +ах 


Integrating, we get 
М 


2o 
ЕЕЕ + ү1- у = сх 


which is the required equation of the curve. 


log 


The slope of the line segment joining the points (x, y) 
and (—4, —3) is 


y+3 

x+4 

d +3 
Thus, a T 

dx х+4 
д dy — 2.dx 

y+3 x+4 


Integrating, we get 
logly + 31 = loge + 2log(x + 4) 
> (у + 3) = с(х + 4) 
which is passing through (-2, 1), soc = 1 
Hence, the required equation of the curve is 
(у + 3) = (х + 4) 
The equation of the normal at P is 


Pops 0б 
dy 


Thus, the points A and B are (x, 0) and 


а 
хус, o) 
x 


Given condition is 


У x+y 
Lt) aa = 5 
dy x+y 
dx 2y 
which is a homogeneous equation. 
Put yous 2 = у + х 
=> mea А Е 
а 2у 
ES ду l*v -Іжу-2у! 
ах 2у 2у 


248. 


2у ах 
= 
1 + у — 2 
2у dou a 
Oy -v-1 
(Ду — 1) + 1 24х 
2 ОЕ 
2у“-у-і1 


(4v - Гау ау 
+ 


Q-v-)0 Qv-v-1l  * 
= log? - v - 114 : log 4 = c - logx 
— log ыл 1| + : log ээ = с – logx 
2 % 3 2у-х 
2y — 
> 10512? ху xl + Log 2 logx = с 
3 2у-х 


which is the required equation of the curve. 
The equation of the normal at P is 


yos S xe 
dy 


d 
It meets the x-axis at A(x ty 22 o 
x 


Given condition is 


ОР? = ОА? 
ауу 
=; 2 + у? -у + у 
ах 
ду х 
> SS Ste 
dx y 
Taking positive sign, 
dy x 
ах У 
> ydy = хах 
"t 
2. 2. 2 
2 х2 – у? = 2, 


which represents a rectangular hyperbola. 
Taking negative sign, 


9х 

ах y 
=> ydy = -хах 
2 За 

E 
> №2 + у? = а. 


which represents а circle. 


4.78 Integral Calculus, 3D Geometry & Vector Booster 


lever (MM 
(Problems for JEE-Advanced) 


1. It is given that 


dx 1+2 
5% ау 2х Em 
ах 14. lx 


which is a linear differential equation. 


а 
IF =e Е er +1) — 1 


(х2 + 1) 


Hence, the sloution is 


to pated 


у: ах + с 
(2 + 1) + D? 
2 
= 2 = x 1 wre 
0-1) (2-1) 


dx + с 


= | 


= (x – 2tan |x) +c 


which is the required solution. 
2. The given differential equation is 


усов|2 Једу - ydx) + xsin(® (С) + ydx) = 


y dy y (XM у\_ 
> Хоов( 1 |9 d x АЕ m 0 
dv | i dv | 
=> усозују + x— – v| + чпују + Х— + у] = 
ах ах 
y 
(Let х 
ау : ау 
=> xvcosv— + sinv|2v + x—] = 0 
dx dx 
: ау з 
= x(vcosv + чпу)— = —2vsinv 
dx 
En х4 т 2vsinv 
dx (vcosv + sinv) 
(vcosv + sinv) _ 2dx 
vsinv ES: 
> | со» + Шау- = E 
Integrating, we get 
loglsinvl + loglsinlvl = loge – 2logx 
: [4 
> vsinv = — 
х 
Уа У NES 
mí [=)sin( ) > 


> (ху) sin(2) = с = 
when x=1 = Z then c = Z 
e 2 
Hence, the solution is 
„ (У) _л 
(журіп 2) = 


. The given differential equation is 


а 
во —(tan2x)y = cos’ x 
dx 


dy кл 2 
= cos^x 


= 
ах P 


which is a linear differential equation. 
tan(2x) 


IF = e cos? x и = __с052х _ 
1 + соѕ2х 
Hence, the solution is 
4| сов2х -| со82х саранд 
1+ cos2x 1 + cos2x 
cos 2x 1 
> | | = = 2хах + 
1 + cos2x 3 | соз2хх а 
= sin 2x 
4-с 
when х= у= 33 then c = 0 
Hence, the required curve is 
1 


y= 2 - tan (2x): cos2x 


. The given differential equation is 


yt 4 (ху) = x(sinx + logx) 


ау 
X— + 2y = xsinx + xlogx 
dx 
dy 2 
=> = += = sinx + logx 
dx 


which is a linear differential equation. 


24х 
ТЭР =x 


Hence, the solution is 


yx = [ог sinx + x'logx) dx +c 


2sinx COS X 
> у = —созх + —— 24— 
х 
+ ~logx E 
3 9 0 


. The given differential equation is 


x(1 – х)ау + (2х2у - у – 5)ах = 0 


Differential Equation 4.79 


dy x-y 5x3 
d x(ü-x) ха-х) 


dy | Qx-Dy _ 57 


= d 1-2) а-я 


which is a linear differential equation 


Тісі zug " 


x(1 – x) = 


IF=e 


Hence, the solution is 
1 e Ї 5х 


y 5 
= +с 
ХМ — x7 VI -x 


6. The equation of the tangent at Р(х, y) is 


> 


у De 
NCC 


It cuts the line y = x, so the point of intersection 


dy dy 
x yO Цаг ах 
dy ' dy 
сах dx 
It is given that 
dy 
220. 
4у 
“ах 
ау ау 
> JU gie 
dy 
> И 
x 
uS D _ ах 
0-1 (х-1) 


Integrating, we get 


loglx — П = logly - П + loge 


> юу | = loge 
y-1 
=, х-1 ЭР 
y-1 


which is the required equation of the curve. 
7. Тһе given differential equation is 


О уу 


x = 
dx 


dy y ур 
29 de XT МЕ 
=> ie? oy eA at: (Let у = 

ах 

> x2 an E) 

dx 

ау ах 
=> = — 

\1 + у> x 
> ову +\ + | = loge + loghi 


- (» + МЕ +y) = сх 
=> (у + Үү» + 12) = сх 


which is the required solution. 


8. The given differential equation is 


[хех - узіп ёс + ЕСЕДІ =0 


dy ма] -e7 


х 


=> = 
dx за [2] 
x 
: у 
у _ vsin — 
> gu. ШЕЕ. (Let 231: 
ах sinv 
ду  vsin-e" 
> x— = ————- 
dx sinv 
dv vsin —e" — vsinv 
> х— = - 
ах sinv 
> е 'sinvdv = -dv 


Integrating, we get 


е 'sinv 


01:51) (-sinv — созу) = =x -c 

=> е "siny (sinv + сову) 2x + С 
(1+1) 
еп > 

> и [5 + cos| ~)| =x+c 


which is the required solution. 
9. The given differential equation is 


(x + 2y) (dx — dy) = dx + dy 
=> (x + 2y – ах = (x + 2y + бау 


dy _ (+t+2y-1) 
dx (x + 2y +1) 


Let х-2у-у 


dy ау 
=> 1+ 2— = — 
ах dx 


(i) 
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11. 


dy dv | 
— = у2|——- 1 
Б ах : ах 
Е | ч 
2 \dx "v-1 
> Е 
dx у+1 
En dy 39-1 
dx у-! 
у-1 
> а = ах 
Зу-1-4 Е 
> (22442 dv = за 
> ЇЕ : ау - 3dx 
Зу - 1 
> у + 4105130 - П = 3x + с 
> (x + 2y) + 4102 13х + 6y - П = Зх + с 
> 2(у – х) + 4102 х + бу – ll=c 


which is the required solution. 


. The given differential equation is 


(1 + y’)dx = (ап іу- x)dy. 


dy 1+ у ET у 

which is а linear differential equation. 
dy 

IF =е!+У = ely 


Hence, the solution is 
їап-1 


-1 
: amiy = ј = уе y 


хе ду + с 


1+ у 
= Пеа + с, t = tan іу 
=(- 1је! + с 


(ап- 1 


= (tan ! y – De" улс 


which is the required solution. 
The given differential equation is 


dy 2xy 


dy 2xy 
=> 2ху® HE Эн 
d 
= зуб -2--(у + 1) 


= 2х®® = | +) 
ду У У 
Let x =v 
dx _ dv 
=> 2х— = — 
ду ау 
an dv - | +1) 
d у (72 
which is a linear differential equation. 
dy 
-J> _ -togy _ 1 
IF = Ios logy = — 
е е y 
Hence, the solution is 
1 1 
= + жс 
М 
> L 
Y cp ty 
ә 5-4у- ес 
QU 
2 хос = 
у y 


which is the required solution. 
12. The given differential equation is 


xdy – ydx = ху! + log x) ах 


xdy - ydx 
=> == === xy(1 + logx)dx 
М 


X ИХ] – ,2 2 
> > 45) х ах + х logxdx 


Integrating, we get 


Др E х " E n х +С 


219 3 3 9 
(хо 2? х 
= 1 
> 20) 3 + 3 ogx + C 


which is the required solution. 
13. The given differential equation is 


sec^x- tan y dx + sec^y- tanxdy -0 


2 
ѕес2х ѕес у 
dy = 0 
tanx tany 


> 


Integrating, we get 
log tanx + log tany = loge 
=> (tanxtany) =с 
which is the required solution. 
14. The given differential equation is 


dy x*y-1 
dx  +у+1 
Let х+у+1=у° 
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dy ау 
1+— = 2v— 
xi ЇЕД Уақ 
ау ау 
> ---2у---1 
ах "dx 
dv y -9 
2v— -l= 
> en y 
йу v -2 у--2-у 
гуд эг v + 1= y 
dv у -2+у7 
ах 2,2 
2 
— waa 
vtv—2 
2v+1)-5 
>|: ин ) Ja == 
2 у љу-2 2 
1 Су+1) 5 1 ах 
= |1 E ау = — 
224.y-2 2 (+2)0-10 2 
= v ов? + v a + Зов =F + С 


= у + – ові њу + D + у 1 -3i 
Мо +у+1)—1 


Е zu 
2 Јо +у+1)+2| 2 


which is the required solution. 


. The given differential equation is 


(1 + е)ах + (1 = >) e" dy = 0 


X x/ 
X qe 
M љ (5 је 
dy — (14 e?) 
5 ЭН dv (v- ђе DEC: 
Уау 1--” y 
а (v-De 
=> эше арын жылы НЕ 
ау 1-6 
ve — е? – y — ve” 
1-6 
NEW 
1-6 
а 
EN 125 eec. 
vte М 


Integrating, we get 


loglv + е1 = loge - log y 


16. 
17. 


18. 


19. 


> loglv + el = log(5) 
— (v + е”) = 5 
- dee 


which is the required solution. 
Do yourself. 
The given differential equation is 


NM 
Q6») + (к ey =0 
dx 
2 (14-92) 25 х (o - d 5 ug 
dy 


dx x е y 


> + = 
d (жу) 04») 


which is a linear differential equation. 


НТ 


IF =e а жу) = gn» 


Hence, the solution is 
2 


fe? 


3 ду + с 


х. eran ty = 


1 +у 


which is the required solution. 
The given differential equation is 


ydx — x(1 + xy)dy = 0 


=> ydx – xdy = x’ydy 
ydx — xdy 
> шинийн уау 
х 
y 
R -4(1) = фу 
x 
> 4(5) + уау = 0 
Integrating, we get 
2 
о 
(2) m 


which is the required solution. 
It is given that 


dy x+y y 
de | Х ЈЕ 1 X 
dv 
> УуЖХ----іІ-у, (Let v = y/x) 
dx 
ау 
—=-1-2 
> * у 
ау ах 
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20. 


21. 


Integrating, we get 


logI2v + П + log(x’) = log c 


> (Ју + хе = с 
2 
(дз, 12 = с 
= Х + 2ху = с 


which is passing thorugh the point (2, 1), so, с = 8 


Hence, the equation of the curve is 
х + 2ху = 8 
The equation of tangent at (x, y) is 
d 
Ү-у- SE — х) 
dx 


Putting X = 0, we get 


dy 
Ү-у-х-- 
У td 


It is given that, 


dy 
= x—— =y- ху 
dx 
dy y У 
= d x 1x 
— т 
ах 
ау 
= — = – 
Ху Му 
dv __ах 
Integrating, we get 
=> 24v = с – 105 
= 2 = с – loghi 


which is the required equation of the curve. 


It is given that 


dy\? 
y 1+(2) = \х* + у 


ауу 
> “1 + [9] „өг +55 
ах 
(1+ (= 
= 1 + = 7 
ах у 
2 
= y T 1 


(Let v ut 


22. 


23. 


ау? Q2 
WE е. 
dx y 
| х 
(еі Нет зе 
zi (2 E. 
> ydy + хах = 0 
> хах + уф = 0 


Integrating, we get 
2+ у2 = а? 

which is the required solution. 

The given differential equation is 

dy 

E: 


- pP- (и+ер+1=0 


(d 3-65) (а ај Д 
р = 


2 
_ (е + е 7) + Ме“ – 22 
i 2 


(её +е^) + (е-е) 


2 __ду 
— (ех +е )— ++ 1=0 
ах 


-е,е 
ау 
dx °° dx 

Integrating, we get 
уге +сљу+е=о 

= y-e-ce20y-é-c20 

Hence, the solution is 
(y-ex-ce)(y*e-c)z20 


The given differential equation is 


dy d 
HEP 
dx dx 
> р? + 2px – Зх? = 0 
> (р + 3x)(p — x) = 0 
=> (р + Зх) = 0, (p- x) = 0 
A 
— + 3x] = 0, |—-x]=0 
F PE У de ^ 
> dy = -Зхах, dy = хах 
Integrating, we get 
ax x 
шарта Se 0 


Hence, the solution is 


р. 
y 2 113 2 


ЭРГ 


Differential Equation 
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24. 


25: 


26. 


The given differential equation is 


dy? d 
TERE 


= ху(р? – 1) = (2 – уђр 

= хур? - xy = х?р - yp 

> хур? – хгр—ху ту р=0 

= хр(ур — р) + у(ур – х) = 0 

> (хр + у)(ур- х) = 0 

> (xp + У) = 0, (ур- х) = 0 
2 =0 Ds 

= Tap wc ege cm 
dy ах 

> к = yd -xdx=0 
dy d 

> + = 0, хах - ydy = 0 


Integrating, we get 

loglyl + loglxl = loge, x2 -? = а? 
> ху= с, - у? = а? 
Hence, the solution is 

(xy — ee - у - а?) = 0. 


It is given that 


ду _ 
"d * 
> хах - ydy =0 


Integrating, we get 
2-у-с 
which is passing through (0, —2), so с =-4 
Hence, the equation of the curve is 
qu у ecd 
. dy 
Clearly, the slope of the tangent is FE 
x 


Also, the slope of the line segment joining the 
points 
(x, у) and (-4, —3) is 

y+3 

х+4 


It is given that 


2 sati) 
ах _ x+4 


2 dy 2а 
(+3 @+4 
Integrating, we get 

logly + 31 = 2loglx + 41 + loge 


=> (у + 3) = (х + 4) 


27. 


28. 


which is passing through (-2, 1), so, с = 1 
Hence, the equation of the curve is 

(у + 3) = (х + 4y. 
It is given that 


S ES 
dx У 
ду 

=> --- — = 
dx с 


which is a linear differential equation. 


IF = el ше 2 


Hence, the solution is 
x x 
ye2z2]xe2dx*c 
x x 
> ye2=-e2+¢ 
which is passing through (0, 1), so c = 2 
Hence, the equation of the curve is 
2 2 


X 
уе? =-е2+2 


=> у= 2е2 – 1 


The given differential equation is 


5| Фу 
у о =1 
Х 


E Фу а 
rwy d. 
42 Е 
= 44) "ed 
ах ‘ах У 3 


Integrating, we get 


2 ҚНЖЕ ТЕ 
& 2 x 21» 


As у = 1, dy/dx = 0, soc = 0 
зо qp 

ау 212) » 
_ D k 

у-1 2 

27а 
> ye шах 

y -1 

2y ау 


— шагай 
P-D) 
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29. 


E Pe atl 
y-1 


Integrating, we get 


5 4у - ах 
y +1 


+ бап ly Ех+С 


When х-0,у-|,сі-4 


Hence, the curve is 


yr 


>lo + хапу = х + 2 
Bye TON 


4 


The equation of the normal at P(x, y) is 


d 
Y-y = - St - x) 


Putting Y = 0, we get 
а 
-y = Зу - х) 
dy 
Х-у-- 
> Ул tx 
dy 
Thus, В = (у + х, 0 
ах 
Неге, А = (х, 0) 


It is given that 


5 ду _х+у 
Ы Pape 2 
dy x+y 
dx 2 
dy x+y 
i dx 2y 
йу _1+у E 
> PES po? (Let v = 2) 
Фу 1+у- 2р2 
> = 
dx 2v 
=, уау _ ax 
ido» х 
vdv dx 
=> = 
Qv + 1)(›— 1) x 
(v — 1 + Пау dx 
— = 
Qv + 1)(›— D x 
Ес ау Al dv 2dv је ах 
Qv-1) 3\v-1 2+1 x 
dv ду _ Зах 
zi (2061) ues 2 


30. 


31. 


Integrating, we get 


Slog 2v + 11 + logly — И = loge – 3logx 
1 y y с 
> Пов|2 (2) + + (2) - | = ЗЕ 


= (9-4 8 «J-(5 


which is the required equation of the curve. 
The equation of the normal at P(x, y) is 


PS en 
dy 


Putting Y= 0, we get 


dx 
Lyme 
y d x) 
> Ха фа 
x 


Thus, 


Also, it is given that, 


PQ=k 
dy? 
> (2) + у = 
ауу 
ECL 
N [urs 
dx у? 
2 2 
- gf 
x y? 
d 
> ал AB 


Integrating, we get 


yk -y =cFx 


It is given that 


dy 2у 
dx Xx 
dy 2dx 
y x 


Integrating, we get 


loglyl = loglx!l + loge 
=> у = сж 
which is passing through (1, 1), so,c = 1 


Hence, the equation of the curve is 


yar 


Differential Equation 
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32. 


33. 


Тһе equation of the normal at P(x, у) is 


dx 
Е (е 
у m x) 


dy | ах 
А = | + у--, 0 5 В- 0, + д 
i Уау | Ч | 
Неге, Р = (x, у) 
It is given that, 
РВ _1 
PA 2 
2 
ERIS 
= У _1 
EC 
Ур У 
оон реј +>) 
y 4\\ dx ч 
2 
РИ E 
= ЖА ФУ жу) 
2 y 
-> X (р? + 1)= + 1) 
2 4 
р 
2 2 
х М 
= A uL 
p. 
> yp = 42 
> ур = +2х 
> уау = +2хах 
Integrating, we get 
2 
> 5 =c,t x 
=> » -2с + 2х2 
which is passing through (0, 4) so c, = 8 
Hence, the eqution of the curve is 
у? = 16 + 2x 
> у? = 16 + 222 
Clearly, it is passing through (410, -6). 
The equation of the normal at P(x, y) is 
dy 
(559-522 2) 
x 
Thus ОМ) A Те 
і ах ху 


Also, it is given that, 


PT у 
OM ON 
— ОМ + ON = OM. ON 


lever (0 


pqs + 2 
zi dx ^ Уах 
ау 
=> oq reste 
dx 


Integrating, we get 

(х= 12 + (у – 1 = с 
which is passing through (5, 4), so с = 25 
Hence, the equation of the curve is 


(x – 1)? + (y – 1) = 25. 


1. We have 


(Tougher Problems for JEE-Advanced) 


y = Сүсов(2х + Су) - Cy3 + C,sin(x – Cj) 
= y=C,cos(2x + Су) – С," + Сезт(х – С) 
Since the above equation has 5 arbitrary constants, 


so the order of the differential equation is 5. 


2. The Equation of the family of parabolas is 


(у – ky = 4a(x - h), 
where Л and К are arbitrary constants 


Differentiating w.r.t. x, we get 


ыл 
ус ах _ С 


0-02 =2 
> – k)— = 2а 
4 ах 
Again differentiaing w.r.t. x, we get 
d'y | dy 
-Ю—+—=0 
(y p "E 


From Eqs (ii) and (iii), we get 
d'y (dy 
2 + | 3 -0 


ах 


which is the required differential equation. 


3. Given condition is 


ау 2у 
dx Х 
ау ах 


Integrating, we get 
loglyl = 21oglxl + log|cl 


> у = сд? 


40) 


(ii) 


„Gii 
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which is passing through the curve (1, 1), soc = 1 


Hence, the equation of the curve is 
yee 
4. The equation of the tangent is 


dy : 
Ү-у- с^ — x) 2-4) 
x 
Equation (1) meets the x-axis at | - yZ, o) 
У 


а. 
and the y-axis at [o y- ха respectively. 
x 


Given condition is 


ED 25 
"S mns 
dx x 
> 2.4.0 
> logy + logx = loge 
=> ху-с 


which is passing through (2, 4), so с = 8 
Hence, the equation of the curve is 
xy = 8. 
5. The given differential equation is 


d ху 2+ 2 
а _.@) 


2 2 
x+y 
Let EL uem 
> х + у? = ух 
ау 
=> 2х + 2y—=v+x— 
dx 
ау v 
— у+х—=е жу 
ах 
> xs 
dx 
3 dx 
у € талы. 
> е = 


Integrating, we get 


-e" = logld + loge 


> –е = logicxl 
> сх= е“ 

(z + У) 
= cx=e°\ x 


which is the required solution. 
6. The given differential equation is 


dy 
х(1- х y)—+y=0 
ах 


> уш +х= x ту -41) 
Let Iny=z 
кр ж: 
Y ах dx 
ах _ dx 
> == ш 
d dy dz 
> S + х = 227 
dz 
"om 
gdz xX 
which is a linear differential equation. 
1 
Let [=v 
ag 1 dx ау 
edz dz 
=> zy +v=Z 
dz 
= буз ушу, 
dz 


which is a linear differential equation. 
IF = е1 = е 
Hence, the solution is 


узе = [s те а; + с 


= у-ес--(2- је +c 
= у= (2+ 1) + се 
1_ Iny 
> + = (my + 1) + се 
lc dapa 
> x cma ) + су 


which is passing through (е, 1); 80, с= е 
Hence, the required integral curve is 

+ = (Iny + 1) + еу 
=> ((шу + 1) + еу)х = 1 


7. Тһе given differential equation can be written as 


2(xdx-ydv | |с 


Gà – у) (х2 + y) 
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Integrating, we get 


с 


ог 102 — у? + ЕЕЕ) 
which is the required solution. 
8. The given differential equation is 


yr d e) = x(sinx + logx) 
dx 


dy | 
> y t y x— = x(sinx + logx) 
dx 
dy : 
> х— + 2y = x(sinx + logx) 
ах 
а 2 
> X + = = (sinx + logx) 


which is a linear differential equation. 
dx 
IF = PES = е2198х = e 8? = xi 


Hence, the solution is 


y = Je (sinx + logx)dx + c 


=> yx = -x cosx + 2xsinx + 2cosx 


io us 
3 08-9 


9. The given differential equation is 


+с 


(хау + ydx)sin(xy) + (х?уах + ху’ах)соз (ху) = 0 
= d(xy)sin(xy) + ху(хау + ydx)cos(xy) = 
= d(xy)sin(xy) + xyd(xy)cos (ху) = 0 
= sin (ху) а (xy) + xycos(xy)d(xy) = 0 
On Integrating, we get 

—cos (ху) + (xy)sin(xy) + cos (xy) = c 
=> (xy) sin (xy) = с 


which is the required solution. 
10. The given differential equation is 


dy 2у? совх + ysin2x + 2созх: ѕіп2х 


ах 


ах ѕіп2х 
4 2 
=> = = 2cosx 2 + 2 1 
ах simix sinx 
Let 2 zu 
sinx 
d 
ши tcosx + їпх@ 
ах 
. а 
=> tcosx + Bd = 2созх(Р -1-1) 
x 


11. 


12. 


dt 


> tanx— = (202 +t + 2) 
dx 
dt Е ах 
(О +:+2) * 
1 dt dx 


ШЕГІ 
4 16 


Integrating, we get 


2 t+— 
21 2 

—— —— — | = loglsinxl + С 

їз (us 
16 

2 А [E Е 

> ап = loglsinxl + 
Ns ЕГЕС 


which is the required solution. 
The given differential equation is 


усов 2 Jody - ydx) + ЕТЕ Jody + ydx) = 


> БЕ - а + sin(2)(2 + > =0 
(Let > = = | 


=> veosv[v + х4 - 2 + sinv[v + х4 + у 
Ix 


=> (vcosv + ап (4 ] + 2vsinv = 0 
x 


vcosv + sinv 
=> - ау + 
vsinv 


Integrating, we get 


loglvsinvl = —2loglxl + loge 
=> vsinv = 3 
= ags 
> уза (5) == 


when x = 1, y = > Шепс x 


Hence, the required solution is 
sin(7. 2016 
М x 2х 


The given differential equation is 


dy сын -xf + 2х4у - xy? - 2х6у + х 


ах yl ху? + oy — oy 


xo? -x + 2y – ХУ - 2х2у + 1) 


уа – 2 +x - x) 
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1 үе + 2y + D- ху + 2у + D] 


уа SS x) 


2 КО 1 x + 1} 
y (1 + x) + x’) 


to +1?А - х?)} 
Уі)а-әхда +2’) 


EN ( 1 № = хх 
ул! 11-37 


Integrating, we get 


—logly + П = SEF tc 
which is the required solution. 
13. Given А 
logt 
ја) = | —-— at, x21 
pi4 rr 
1/х 
1 logt 
Now (2) = / | ја 
s) 1 \1+1+ В 
Ге ‚еә й=——4у 
1 
у log( +} 
1 M 1 
s A 
11+ 3s y 
y 


= J(e log (1) ја 


1\?+т+1 


= fx) 
Hence, the result. 
14. The given differential equation is 


dy x+y + Зх + Зу + 2ху + 1 


ах х2 + у? – Зх – Зу + 2ху + 2 


15. 


_@t+yP +34 y+] 


(х + у – З(х + у) + 2 


2 
E ау (27 шэг. Павага) 
ах pre Зу? 
dv v + Зу + 1 
> = +1 
dx y-3y 41 
2027 42 
v-3v+1 
2 
=> ——P да 
у“ + 1 
> 2у | 
=> 1-- ау = 2ах 
| 2526.1 


Integrating, we get 


v - Slogh? + |= 2х+С 


> y—Slogix + уј «llo + С 
which is the required solution. 
Given 
Ко) =- 
Put x = 0, у = 1, then f(1) = 1 


Now, — f(x А) + f(x)-f() = ДОА + 1) 

= (fGx + № – fx) + FAFA - Ах) 
= јоћ + 1) - fd) 

fa r nr gor ДОЛИ 


h h 
Е хһ 
(f(x + h) – f(x) РО) – 
ЕЕЕ 
- lim е" +1) а) 
^ о xh 4 


= Ро) + јод O) = xf' (1) 


dy 

> — +ру= ах 
ах 

which is а linear differential equation. 
ТЕ = еЇР ұра 


Hence, the solution is 
y ez 4 |xeax + с 
= y:e = ајхе "ах + c 


= узе = freds +c 


4.89 


Differential Equation 


> уе = (х+ Пес 
> у= (х= 1) + се" 
when x=1,y=1, ћепс= 0 


Thus, the equation of the given curve is 


у=х- 1. 
16. Put х= 1, у= 1, then f(1) = 0. 
Now, Јода +h) =xf +h) + (0 + 7700) 


=> f(x + xh) — f(x) = xf(1 + А) + hf(x) 
> f(x + xh) – f(x) 

= ха + h) - fO) + А/О) 
pu +x) эв, 


=? хһ 
XQ + А) - fü» 3 hf (x 
Е h h 
2 [Лой + x) – f(x) 
= ШІ хһ р 
1+h)-fd 
- fig (59 9], ла 


=> хў (x) = xf' (0) 470) 
= х (x) = x + f(x) 


dy 
> —=х+ 
хах шал 
ау y 
— Se Га 
ах x 
dy 1 
=> ak + (1) = 1 


which is a linear differential equation. 
dx 1 

Е=е ју =е 85-14 

I е І е x 


Hence, the solution is 


y [4 
е t 
> ? loghi с 
when х= 1, y = 0, then c = 0 


Thus, the equation of the given curve is 
y = мог іх 


17. The given differential equation сап be written as 
dx хау). (3) 
= — —-|sin(— 
y y y 


d d. d 
+ а СЕ ede = 0 


x 
x 


18. 


19. 


Integrating, we get 
-сов(;) + sin(>) +х- y = с 


which is the required differential equation. 
The given differential equation is 


а азу) 


ах ху(1 + х2) 


уду _ dx 
1-2» ха+х) 


ydy | х ја 
= X 
((+у) V queat 


Integrating, we get 


logll + уй = 2logixl — 10511 + ха + 2loge 
= (1+7) + уд) = с 
which is the required solution. 
The given differential equation is 


y DB 1 
* dx sint (xy) + cos? (xy) 
Let ху =v 
y 4 Lav 
х ах Хах 
23 14 _ 1 
Хах чу + cos?v 
> (sin^v + cos?v)dv = is 
=> 4 sin’)? ду + Lcos) dy = & 
> 10 - соғу) dv + 5а + cos?v)dy = - 
1 2 1 4 
=> 44 - cos^v)dv + 44 + cos v)dv 


1 2 _ ах 
+ 2Ч + со8-у)4у = ста 


Integrating, we get 


2.4 
=> io - sin?v) + 1, + ял 1 


+ (v + 2 | -ю Ixl + c 
2 2 5 


виа) 


1 у 1 
> 409 — sin(2xy)) + ШЕ + 4 
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20. 


21. 


22. 


23. 


1 | 51п 2(ху) 
+ {ху + == 
2 2 


which is the required solution. 


| = loglxl + c 


The given differential equation сап be written as 


(у: + Ddy + xidy + 2xydx = 0 


=> o? + Ddy + dy) = 0 


Integrating, we get 
3 


2 
—+yt = 
3 у+ху= с 


which is the required solution. 
The given differential equation is 


dy Ци x: yy 
Ух шань: 2 x 
dy 1 (2 | 22 
+= — (x + 
jy eee reat 
E уау + xdx dx 
(х252)2 2,2 
аб? + у) _ dx 
= Ta m a 
(x^ + y^) х 
Integrating, we get 
1 1 
x 


Eu 
(2 + y) 

= T 

X 9*9) 

which is the required solution. 

The given differential equation is 


O+ sin xcos” (xy) ах + xdy = 0 


dy х 2 
> у + х— | + віпхсов (ху) = 0 
ах 
dy ау 
Ге =у>у+х— = — 
| ту T ха ах 
> dv + sinxcos?v = 0 
dx 
dv : 2 
> — = —sinxcos^v 
ах 
> sec?vdv = —sinxdx 


Integrating, we get 
=> tan(xy) - cosx =c 
which is the required solution. 


The given differential equation is 


dy 
du р(х)у = 400 
Х 


24. 


25. 


which is а linear differential equation. 
IF = «ір — „род 
Hence, the solution is 
y eP O = ес а 09) ах +c 
The equation of tangent to the curve at (x, y) is 
ү-у=- ®(Х-»х) 
du dx * 
Putting Х = 0, we get 
d 
Ү-у- 12 


ах 
It is given that, 


а 
> y— x] = У 
ах 
dy. _ 
= Жа ху = У 
ду E y 
> ЖТ xs oy: 

dv _ 8 
=> vtx—+W=v,v=— 
> x aye 

dx 

= – Му 

ду ах 
> уух ^9 


Integrating, we get 


2vv + logld = с 


= m + loglx = с 

x 
which is the required solution. 
We have 


x! (1 - оба = J уфа, ја) = 1 


Applying Newton and Leibnitz formula, we get 


x(x – DfG) + J (1-9 (0а = хўб) 
> ео + Ја —df(@adt=0 
0 


> (-х2 f(x) + Га -0/7604 = 0 


> CALA – af + (1 — 3)f() = 0 
> РО + 0 - 39f(9 = 0 
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2 dy 
= (к) + (1 - 3x)y = 0 
dx 
d 1-3 
> 5+ | "Jar = o 
y 32 
4у 1 3 
> + [5-0 


Integrating, we get 


loglyl -3 loglxl – i = с 


1 
> log == 


БА 
ЕЕ 


when x=1,y=1, then c = -1 
Hence, the solution is 


1 


log |-- zd 
х 
> log|=| = 1 — 
x 
У _ 1-х 
=> 2482772. 
х 
x | 
=> КН. 
= Fees 


26. The given differential equation is 


2y dy 
(2 TÉ Ут цайг 


2 4у 
ур + @-у)р- x = 0, where: =P 
x 


> 
> ур? — yp + хр-х= 0 
> yp(p = 1) + x(p- 1) = 0 
> Op-D@-1)=0 

=> (yp + x) = 0, (р- 1) = 0 
> хах + уду = 0, dy = dx 


Integrating, we get 


х фу =d, у=х+Ь 


which is passing through (3, 4), so а? = 25 апађ =1 


Hence, the equations of the curves аге 
х + у? = 25, у=х+1 
27. The given differential equation is 


,_У ФО) 


= — + 7 
* ф(ух) 


28. 


29. Ге 


dy y, ФО) 
=> — == + 
dx * фо) 
Let у= ух 
Thus, 
dv Ф(У) 
ух = У+ 
dx q (v) 
dv _ ФО) 
> х— = 
ах ФО) 
О еді 
Ф(у) x 
Integrating, we get 
10810(9) = logld + loge 
=> 10810(9) = logle xl 
=> Ip(v) = ex 
М 
X e(z) с. 
which is the required solution. 
Clearly, КО) = 1 
We have, 
x+h 2 
=) - боји = o 
О 
т 1 + xh E zh 
1 +хй 


C9 fth) – fo) 
h 


= Го. - x) = feo-f' (0) 
> Ро) А – х) = 700 


ду 2 
> --(1- = 
дээлээ 
2 ду _ ах 
шиг» 
Integrating, we get 
1-х 
loghi = 1 Ы 
oglyl -1о8|3--; ogc 
= - 122) 
% 1+х 


when /(0) = 1, then we get, с = 1 


gar 
X 


which is the required solution. 


x212y then f(1)20 


4.92 


Integral Calculus, 3D Geometry & Vector Booster 


30. 


Now, 


fC +h) 
= xf(1 +h) + (1.4 709 


f(x + xh) – Ло x(fü + 1) - 0} А0) 
=> х: = + 


хһ һ һ 
: f(x + xh) = 
=> lim | 
x0 xh 
ЗЕ рс +) – 0) А) 
gio h TU 


= xf’ (x) = xf' (D) + ЈО) 
= хр (х) 2 x + foe f' (0) = 1) 


Integrating, we get 


=> v = 105 М + c 
= > = loghi + 
y = 105 + с 
when x = 1, у = 0, then с = 0 
Thus, Ž = log lu 


= y = xlogld 


which is the required solution. 
The equation of tangent to the curve at (x, y) is 


jeg en 
алс * 


Put Y = 0, then A = | - 3E o 
dy 


dy 
and X = 0, then В = (0, y - x— 


dx 
It is given that, 


eo dy 
ee eg dis 
2 2 ^ 
d 
> – уд = rand y – ха = 2 
= ус шз and x— = -y 
ду 


31. 


32. 


33. 


Integrating, we get 
loglal + loglyl = logicl 
=> log lxyllogc 
=> ху=с 
which is the required equation of the curve. 
It is given that 


= 
=> хах + ydy = 0 
Integrating, we get 

Ру = а? 
It is given that 

ж! 

ах У 
= уау = ах 
Integrating, we get 

2 
> =х+с 


which is passing through (2, 2), so, c = 0 
Hence, the eqution of the curve is 

y = 2х 
The tangent at P(x, у) is 


dy 
Y-y=—(X – x) 
dx 


If p be the length of perpendicular from the origin, 
then 


It is given that 
dy 
“a > 


Hr 
dx 


=X 


Differential Equation 
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34. 


Е 
> == = 1-1-- 
(x2 P dx 
d 
— y - 2xy s. – х = 
ах 
Hence, the result. 
d 23, 122 
Also, - = шань: 
ах 2ху 
уү 
E dy (5) -1 
dx 2(5) 
y 
ду v 1 
— = Ге 
> у + ес у, (Ге 
> n. Ve = у 
ах 2у 
- y +1 
2v 
2v dx 
> dv = -= 
+1 5 
2у ах 
> —— йу + = = 0 
wad * 


Integrating, we get 


logh? + 11 + loghi = loge 


> (+ Dx2c 

2 
> (=) +1)х=с 
> х жу = сх 


which is the required equation of the curve. 
The given curve is 


» = 4a(x + a) 

=> y? = 4a 

Eliminating a between Eqs (i) and (ii) we get 
ш: 


Replacing dy/dx by — ах/ау, we get 


De dx 2 dx \2 
7 = 294-5) + 5) 


y = ух) 


0) 


(ii) 


35. 


dy 


= ур ж2хур-у = 0,р= = 


> (ур + х) = х + у 


= (ур + х) = үс + » 


а 
> хжу2-(2-у 
ах 
хах + уау 
> НХ 
үх + у? 
2хах + 2у4 
ES = 60) ANE н 


=> d(x + у?) = 2ах 


Integrating, we get 


(A2 + У?) = 2х +с 


which is the required orthogonal trajectory. 


The equation of the tangent to the curve at (x, y) is 


dy 
Ү-у---(Х-х) 
ах 


It is given that 


O-y+x— 
dy? Б 
Mr 
dx 
d 
> 2ху2-у-2 
ах 
4 NINE 
> SS 
dx 2xy 
d Ee 
= ау (Ул) 
dx 2 (у/х) 
dpi cy -1 
| Ит 2у 
= go ay 
dx 2v 
25 dv _ v1 
dx 2v 
2v dx 
> — ду ---- 
v+l & 


Integrating, we get 
logh? + 1I = loge – loglxl 
2 226 
> КА 
> х жу = сх 
which is the required solution. 
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Questions Asked in Past IIT-JEE 
Examination 


3. The given differential equation is 


dy 


— = sin(10x + 6y) --а) 
ах 
Let 10х + бу= у 
ау ау 
1 ----- 
> 0 + 6 ЕР 
4у (4 | 
= ----|---10 
dx 6\dx 
> 102 - 10) = sinv 
а 
E % бөлу + 10 
dx 
dv 
gc ne = tmu 
г? Гат + 10) fax 
27 3225» oe 
2° (3sinv + 5) 
> || 2 =x+c 
2 | 3- 2tan (v/2) | 
1 + tan?(v/2) + 5 
1 sec? (v/2) dv 
> 5 =х+с 
2° (5 + Stan? (7/2) + 6tan(v/2)) 
> je -х-с, 
(5 + 57 + 6t) 
(Let tan(v/2) = 1)) 
1 dt 
> 5 6 =x+Cc 
2 
+1 
| жаст | 
1 а 
5 FESSYU 
Ї (тік == 
5] + 
= х даа (123) у 4c 
1 ges + 3y) + 4 
> tan =х+ С 
4 4 
: : ) е 1. (3 
which is passing through origin so с = qian al 


Thus, the equation of the curve is 


1 [ert ээ +з). 1 п) 
jun 1 pam en 


4 


5tan(5 3 3 
= шаг | Е |= а + art (3) 


5tan(5 3 3 
| аш — У) + | = ва [ах + ап (3) 


(5х + Зу) = tan пап [4 n (2) Ё 2 


. А curve y = f(x) passes through the point Р(1, 1). 


The normal to the curve at P is a(y – 1) + (x - 1). 
If the slope of the tangent at any point on the curve 
is propor tional to the ordinate of the point, deter- 
mine the equation of the curve. Also, otain the area 
bounded by the y-axis, the curve and the normal to 
the curve at P. 


[IIT-1996] 


. А spherical rain drop evaporates at а rate proportional 


to its surface area at any instant f. The differential 
equation giving the rate of change of the radius of 
the rain drop 15....... 


[IIT-1997] 


. Let u(x) and v(x) satisfy the differential 


equations ші = p(x)u = f(x) and 
x 


а + p(x)v = g(x), where р(х), f(x) and g(x) 


are continuous functions. 

If и (ху) > Убу) for some x, and f(x) > g(x) for all x 

> x,. Prove that any point (x, y) where x > x, does 

not satisfy the equation у = u(x) and у = у(х). 
[IIT-1997]. 


. The equation of the tangent at any point P (x, y) is 


ү-у= 2х2) 
d ae йх * 
dy 
It meets the axes at A| x — Уас 0| апа 
x 
dy 
В|0, y — x— | respectively. 
dx 
d 
Mid-point AB is БЕ 3 Цу x JJ 


It is given that 


р = x and Ц БЕЛЕ 
2\* ау 20 Ta 
dx 
> = у = 2 
% Ур х 
> 2225 
Уа 
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Differential Equation 


dy dx 
= У = ыы 
ау ах 
E? Б > Je 
> loglyl = loge - loglxl 
> ху= с 


which is passing through (1, 1), so с = 1 

Hence, the equation of the curve is 
xy=1 

. The given curve is 


у = (с + с-)сов(х + сз) – сде“ 0 


> y = (су + с.)сов(х + сз) – сце е“ 
> у = Acos(x + с) - В.е“ 


Since the given curve has 3 arbitrary constants, so, 
the order of the differential equation represented by 
the given curve is 3. 


. The equation of the normal at any point P(x, y) is 


222 -Fa - 2) 4) 
y 
It is given that 
dx 
y T Хау 
= [у 
1+ | 
ау 
ЕЕ 
у%ха y d 
2: 
=> A (х2 - y) + 2458€ - 0 
y dy 
> |і -0,02-)9% + 2ху = 0 
у ау 
-0 MES Am 
“ау (2 - у?) 
Now, [4] = 0 = х = 
ду 


which is passing through (1, 1), so с =1 
Hence, the equation of the curve is x = 1 


2. 
Also, dx = poe 
dy Q?-y) 
_@-y) 
^ 2xy 


10. 


11. 


2 
> vr- (Let y= vx) 
25 Жав 12:02 үлэ ВЭЭ 
ах 2у 2у 
ду 1-0 
=> —=- 
ах 2у 
= 2v „фу = - 
1 фу 
2v dx 
> ду = 
2 5 
> 10611 + ул = loge – log xl 
у 5 
= Ша Ж а 
> х + у? = сх 


which is passes through (1, 1), so c = 2 
Hence, the equation of the curve is 
x y = 2х 


The given differential equation is 


dx dx 
ae dx dx 
= 2. » dy 
> y = px + р, where p = — 
dx 


which is a Clairauts differential equation 
Thus, the solution is 


у=сх+ с? 
=> у-2х-4 


The given curve is 


У? = 2c(x + Ус) 2.44) 
ау 
2509 
> Em C 
d 
э с= У ii) 
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2 3 : 4 
E (2 „®) Ў 2 е ЭР «йыз 
2. "dx dx y+ ах 
Thus, the order of the differential equation is 3. => Ея ха И 
12. The given expression is хоч y =1 P T 
Differentiating w.r.t. x, we get 25 122 = | -С08Х 
% ул! 2- 2 
> ета. > logly + 1 = loge - 10212 + sinxl 
а > + 1) (2 + sinx) = 
"ECC v (у + DQ + sin) = с 
ах Put x = 0, у = 1, then с = 4 
Again differentiating, w.r.t. х, we get Hence, the equation of the curve is 
d Ф + 1)(2 + sinx) = 4 
T | о) MU (у + 1)( ) 
x 
dx When x = = then 
=> 1+2 4 y.y' 20 
yop yy у+1=5 
= yy’ + у + 1=0 4 1 
13. Тһе given differential equation is 3 3 
16. Given, 
пдв dy х! 0-3) 
m dx а + 1) 
> 2 + (==) — di Л ээг -э ccu 
de ҮЗГЕТ aud (241) (241) 
which is a linear differential equation. dy y 3 
=> — – = (x + 1) - ——. 
t (t 0-1 dx (x * l1) (x * 1) 
E dio dt 
Thus, ЈЕ = e 1+1 1-1 : 2 | А : А 
which is а linear differential equation. 
(+0 ,. -1 ах 
i е Thus, Е-е = ван) 1 


Therefore, the solution is (x + 1) 
Therefore, the solution is 


y+ De! = ета + с “ГР | 
+1 
=> y (t+ Del=-e'+e У | 
Put t= 0, у = 1, then c = 2 > M жир 
: : у+1 х+1 
Hence, the equation of the curve is 
Put x = 2 and y = 0, then с = -3 


y (t+ lhe’ = -е' + 2 


Hence, the equation of the curve is 
Put f = 1, then 


М 3 
Дуге! =-е' +2 xcp Мн 
= 2y =-1 + 2е => у= 2 4x43 -3x-3 = х2 – 2х. 
а eeel | 
у= 2 А 
14. А right circular cone with radius R and height H 
contains a liquid which evaporates at a rate propeor- 
tional to its surface in contact with air (proportonal- 
ity constant k > 0). Find the after which the cone is X -Х 
empty Ө 
Y 


15. The given differential equation is 
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Hence, the required area 


2 
= ро - (2 - 22] dx 
0 


4-1 
3 
ЕБІ 


. The given relation is 


хсову + ycosx = л 


Put x = 0, then у= л 


. dy | ау 
cosy — xsiny— — узшх + cosx— = 
dx dx 


0 


dy 
Put x=0, у = Л, then X = —cos(z) = 1 


хсову 


ral 
ыг 


‚ dy 
= siny- siny? 


| | Фу | 
xsiny|— | – ycosx 
dx 


dy 
Put х= 0, у = лапа — = 1, then 
ах 
| | Фу 
(-sinz — sin m — 1) + „=0 
ах 
Ф 
> “* = 1 
dx 


curve y = f(x) is 
Ү-у=Р()(Х -– х) 


It meets the x-axis at | - um о) 


It is given that 


АР = 1 

> АР? = 1 
dx\? ә 
= Vay +y = 
2(4хү 2 
> —"| = 1- 
(5) i 
2: эр 
- (es 
ау y 
1-у° 
- Bf 
dy y 


. The equation of tangent at any point (x, y) to the 


19. 


v1 шар 


ау = ах 


u 
І алт Jax 
1-у 
[> У dyaxte 
y 
Ё 
Ы--а-хжс (et? = (1-5) 
pal 
Ц1» 1 | =х+е 
fal 
1 1-1|1- 
t+ jlog] = + c 


qd -1 
J1 -y +1 


=X+C 


\1 » + iog 


The given differential equation is 


(2 + уЗау = хуах 
dy ху 


dv ду 


> G) i) 


ат. 


which is a homogeneous differential equation. 


[La p id 
dx dx 


Д) = ЈЕ 


= + loglvl = c – loglxl 
2v 


2 
x y 

zt log]. = с — loghi 
2y 
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20. 


21. 


2 
= в. loglyl = c 
2y 


When x= УЕ 1, then c = -4 
Thus, the equation of the curve is 


2 
aes loglyl = si 
2у? 2 


When X = хо, y = e, then 
2 
x 
229 + 1 = _1 
2е? 2 
2 
= Xo ЗАР 12,52 
262 2 2 
= х = Зе? 
> Xo = V3e 


The given differential equation is 


ydx + y dy = хау 


=> ydx – xdy = — ydy 
MEM = M 
y 

- 04 р-н 
> 4-8 
> ilg. y 

y 
When х= 1, у =1, then c = 2 


Thus, the equation of the curve is 


x 
yoo 
When x = —3, then 
3 
2-у=-= 
син 
23 
5 ХЭЭ гэр, 
> y -2y-3=0 
ES (у – 3) + 1) =0 
> у= 3, –1 


Since у > 0, so ће value of y = 3. 


The equation of any tangent at P(x, y) is 


па ee 
Lc ni 


22. 


It meets the x-axis at Ар - y”, o 
y 


dy 
and В10,у-х-- 
ах 


Since P(x, у) divides the line АВ in the ratio 3:1, 


we get 
1 ^ 033 dx\ _ 
M 1 Ха ER 218 
ау 
Be 3 
= pro y 
dy dx 
= у 7 9 
dy dx 
27 IEEE 
> loglyl = loge – 3loglxl 
= ху-с 


As Та) = 1, we се c = 1 


Thus, the equation of the curve is 


xy =1 
s 
Ёс 
which passes through (2, 1/8). 
d 
Also, е 
ах хэ 
ах 
т = | — = -2 
ю9 


The equation of normal at (1,1) is 


у-1=з(х-1) 


Let х+у=у 


> 3у- 3 = х - 1 
> х- 3+2 = 0 
The given differential equation is 
2 
dx X+y 
> 1 
ау 
=> a 
= фу _ КЕ 2 ах 
ах V 
ду _v+2 
=> -- = 
ах у 
> (5) = dx 
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Differential Equation 


23. 


24. 


> v - 2loglv + 21 2x + C 
> х+у- 2105 х +у+ 21 = х + С 
> y — 2loglx + y + 2l = С 
When x = 1, y = 1, then 
> =1- 21084 =1 T 

ы 084 = log (16 


Thus, the equation of the curve is 


у – 2loglx + y + 21 = (15) 


16 
> y = loglx + у + 26 + 108 [15] 
ШЕСІ 
> Kæ + y + 22e = (16) 


The given differential equation is 


a су 


“| У 
= um d 
= dx 
Aja 
s Ыр 


1 - i 


Integrating, we get 


-y1 -y =x+c 


> (х + с)? + у =1 
which represents a circle with the centre (с, 0) and 
the radius 1. 


Given 
ро) -xfO 
ит (—————— | = 1 
tox 1-Х 
AFO — f(t 
E нв | F(x) HOS 
tox 1 
=> 2xf(x) = xif'Q) = 1 
d 
> 2xy - PS =1 
X 
dy 
2 
———2ху=-1 
= x d ху 
йй d 
= He иг: 


which is a linear differential equation. 


di 1 
ТЕ = 2 = 2 2108Х = - 
X 


25. 


Hence, the solution is 


32 [&.. 
x х 
= Su oe 
x 3x 
As f(1)21, then с = 1 — 1/3 = 2/3 
Therefore, the equation of the curve is 
2-1,2 
x» ax 2 
2 s 
3x 2 


The given differential equation is 


xXx - 14у - y у-14х-0 


> х\х? – 14у = y y! - 14х 
25 4у __ ах 
ууу? -1 xW-1 
І ау | ах 
=> — 
yw? -1 xXx) — 1 
> sec”! (y) =< + sec”! (x) 
2 
When х= 2, у = —, then 
V3 
=> c= -sec (2) + sec! is) 
V3 
= opidi 
3 6 6 
Thus, the equation of the curve is 
sec! (у) = sec! (x) - e 44) 
> y= sec | ес“! (x) - 5) 


Thus, the statement (i) is trure 
Also, we can write Eq. (i) as 


+ | icala 

- deese (es 
ЕРЕН 

2 1 133 1 mm 


yx t2 


Thus, the statement (1) is false. 


4.100 


Integral Calculus, 3D Geometry & Vector Booster 


26. 


27. 


28. 


Given differential equation is 


у =у+1 
= +1 
> теа 
> = Jax 
=> logly+ П=х + с 


when x = 0, у = 1, then с = 1052 


Hence, the equation of the curve is 
logly + П = + log2 
When x = In2, then 
у+1=4=у=3 
The given differential equation is 


(х – 3) у +у= 0 


а 
= (x-399 + у=0 
ах 
= “ДЕНА y 
dx (x зу 
4 
Бі а ах | 
У @-3) 
ду ах 
=> — — 
> 1555 grl 
х-3 
1 1 1 
> ушесіх-3- ех-3.6 = А-ех-3 


Thus, the domain of the above function is 
К - {3} 
The equation of tangent at any point (x, у) to the 
curve y = f(x) is 
Ү-у=/]'0)(Х-х) 
Intercept on y-axis is 


y - xf’ (x) 
It is given that, 
у-хР(д-х 
ау 3 
=> - -- = 
t “ақ 4 
> О 
dx Хх 


which is a linear differential equation. 
dx 
Thus 1Е=Їх= „1 


29. 


30. 


Hence, the solution is 


2 = [ах + с 
24 x 
> тС 3 
When х= 1, у= 1, Шеп с = 3/2 


Hence, the equation of the curve is 


N 


ши 
2 
When x = —3, then 


= = + = 
De iD 2.122 2 
The given differential equation is 
у (х) yg w = 800870) 


а, j 
> m ts y = gwg О) 
Х 


which is a linear differential equation. 
Thus. _ IF = е1 А = ек0) 
Therefore, the solution is 

у-е = | сод | уе ах 
> у-е 9 = BO (в(х) – 1) + с 


When 
Thus, the curve is 
у-е = ef (аб – 1) + 1 


х= 0, y = 0, then c = 1 


When х= 2, then y= (0- ) + 1 = 0. 


Given equation is 
6 | Кра = зо - x3 5 
0 
— 6f(x) = 3f(x) + 3xf' (х) – 3х2 
3f(x) = 3xf' (х) – 3x7 
ә ТО) = ХР 09-37 


| 


ду 2 
= = х—– — 
y e X 
> к Е. 
ах у 
ау y 
= B x7r 


which is a linear differential equation 
1 
x 


[dx —logx 
IF = е)х = 8% = 


Hence, the solution is 


2 = [ах + «с 


X 
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31. 


32. 


=> =x+c 


У 
x 
When х= 1, у= 2, then c = 1 
Hence, the equation of the curve is 
y 
X =х+1 
when x = 2, then y = 6. 
Thus, the value of f(2) is 6. 
The given differential equation is 


y — y tanx = 2xsecx 


> tanx-y = 2xsecx 


ах 


which is а linear differential equation. 


Thus, IF = e алхах = 198905: 5 cog x 
Hence, the solution is 


y:cosx = [о secx: соѕхах +с 


= y:cosx = |2х-йх + с 
= угсовх = Х + c 
when х= 0, y = 0, then c = 0 


Thus, the equation of the curve is 


y:cosx = x? 


T 1 T 
Wh == th Құтыны ш MÀ 
en x = 2, then y 6716 
a god 
8/2 
2 
When х = y then y = њи 
ау л Ей л 
Al t : 22:72 
w a (5) 155 3 
ау Ен 4л 
= — = 3 | | + — 
ах 9 3 
dy 2л2 4 
=> — = = — 
ах зу 3 
| ау mr л 
Again, t -2.—2 
> ах (2) 25 4 
ч DA SUE 
dx 82 42 
Р dy y y ; 
Given d e вес (>) (i) 
which is a homogeneous differential equation. 
Let y=vx 
dy dv 


33. 


ау 
> у + х—— = у + зесу 
ах 
> adu - secv 
dx 
dv | ах 
=> secv x 
dv _ [ах 
nd есу — ГЕ 
ах 
> Jcosvav = Ге 
> sin (v) = 1001 + C 
. (У 
- sin(4.) = loghi + С 


which is passing through (1. 2) so, c = 1/2 
Hence, the equation of the curve is 

. (У 1 

sin(7.) = loglxl + 5 


The given differential equation is 


dy " Xy _ xt + 2х 
dx x-1 1222 
5 dy ИРЕ x! + 2х 
ах 1— х2 1 – x 


which is a linear differential equation. 


x 
— dx 1 — 2 
F0 мова =) _ 


IF=e 1-х 


Hence, the solution is 
у. = Jo? + 2x)dx + с 
5 
= УМЕ жс 


which is passing through (0, 0), so с = 0 
Hence, the equation of the curve is 


5 
УМХ Tex 


5 2 


X X 
> у = + 
51-x^ V- 
53 
2 5 2 
Now, | 


x X 
+ Ах 
B\SVI-x ү 


4.102 


Integral Calculus, 3D Geometry & Vector Booster 


34. 


(Let x = sin@) 


л 
3 

= Га - сов20)40 
0 


20: 
2 Л 


| 
— —~ 
wla Ф 
| 
|= 
2. 
Б 
—~ 
ІР 
а 
Маш” 
— 


We have (1 + е)у’ + ye = 1 


„уйу х 
> d+e)—+ye=1 
dx 
dy е 1 
— + у = > 
ах (1+2) 1-е 


which is а linear differential equation. 


ј- 10611 + exl x 
Thus, ЈЕ =<271+0 = eS -(1-е9 


Multiplying both sides of Eq. (i) by IF and integrating, 
we get 


> у: (1 £e) = [ах + с 
= ydt+e)=xt+e 
When x= 0, у= 2, then c = 4 


Hence, the solution is 


ydtey)=x+4 


= ша x+4 
(1 +e) 
Thus, y(-4) =0 
аже) – (х + 4)е" 
=> = 
a +e 
Let ТЕ (1-е)-(х-а- де 


(1 + 2: 


35. 


36. 


Clearly, g(0) = —— «0 
22 
азе dies] 
апа 2—1)= 2 >0 
Паје ва 
е e 
8(0)-8 30 «0 
Hence, g(x) has a root in between (- 1, 0). 
Let the family of circles be 
№? + у -ах-ау+с= 0 
Differentiating w.r.t. x, we get 
dy dy 
2x «2у---а-а---0 2-4 
х + цан а ёл 0) 
Again differentiating w.r.t. x, we get 
d 4ур а 
2 + 2у У пој а о. 218) 
ах? ах ах? 


Eliminating a between Eqs (i) апа (ii), we get 


Ф ауу 
2%2у +a А x -0 
ах” ах 1 dy dx? 
+ — 
ах 
aaa 
3 3 
2x + 2уу 
= 242" +207 - | ЈУ ју = 
1+у 
+ , 
ЕЦЕ АЕ 
1+у 


> (у – х)у” + (1+ у + уу + 1=0 


2) 


Thus, Р = (у- х) ааб = (1 +у + у 


апі Р+О= (-х+1+у+у + у?) 


Given curve is 


d 
QÊ + ay + 4x + 2y + m — y= 0, x > 0 
x 


> 122227 По e 
ах 
2 ду _ 2 
> {x + 2)° + у(х + 2)} — = у 
ах 
2 ау = yd(x + 2) – (x + 2) ау 
y (x + 2): 
ду _ У 
тү yd 0) 


Integrating, we get 


Differential Equation 
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When 


Thus, 


1 =c¢c -—— 
oglyl = c G+ 2) 


x= 1, y = 3, then с = 1 + 1023 


(5) Ы ТЕ 2)! 


y = (x + 2), then 


= xc 
For y = (x + 2), then 
(x + 2): 
105 3 +(x+2)=1 
2y 
Now for s» o [55 шаа 


ies Ё 2) 
3 


So, it has no solution. 
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1.1 INTRODUCTION 


A study of motion involves the introduction of a variety of 
quantities that are used to describe the physical world. For 
examples, distance, displacement, speed, velocity, accelera- 
tion, force, mass, momentum, energy, work, power, etc. All 
these quantities can by divided into two categories—vectors 
and scalars. A vector quantity is a quantity that is fully 
described by both magnitude and direction. On the other 
hand, a scalar quantity is a quantity that is described by its 
magnitude only. The emphasis of this unit is to understand 
some fundamentals about vectors and to apply the funda- 
mentals in order to understand motion and forces that occur 
in two dimensions. 


1.2 Рнучса. Quantities 


The physical quantity is divided into two categories: 

(a) scalar quantities 

(b) vector quantities 
(a) Scalar Quantities 
A quantity which has only magnitude and not related to any 
fixed direction in the space is called the scalar quantity. 
For example, mass, length, volume, density, time, tempera- 
ture, etc., are all scalar quantities. 

If the unit of measurement is defined, a real number is 
sufficient to represent a scalar quantity. Thus, in this chapter, 
we shall represent scalars by real numbers. 


(b) Vector Quantities 


A quantity which has magnitude as well as direction is 
called a vector. 

For exmaple, force, velocity, acceleration, displacement, 
momentum, etc. are all vector quantities. 


Notes: Quantities having magnitude and direction but not 
obeying the vector law of addition will not be treated as 
vectors. 


Vectors 


For Example, the rotation of a rigid body through finite 
angles have both magnitude and direction but do not satisfy 
the vector law of addition. Therefore, it is not a vector. 


1.3 REPRESENTATION ОҒ VECTORS 


Directed Line Segment 


Any given protion of a given straight line where the two 
end-points are distinguished as the initial and the terminal 
points is called a directed line segment. 


The directed line segment with the initial point P and the 


terminal point Q is denoted by the symbol PQ or PO. 


The two end-points P and О аге not interchangeable. 
A directed line segment is called a vector if it has three 


following characteristics. 
(i) Length: The length of PO is denoted by the symbol 
РА! 


(ii) Support: The line of unlimited length of which 
a directed line segment is a part is called the 
support. 


(11) Sense: The sense of the directed line segment is from 
its initial point to its terminal point. 


We genrally denote the vector by bold letter or by a 
single letter with an arrow or by a letter with a bar over its 
head, 


ie. а, а, а denote the vector РО. 
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1.4 Types or Vectors 


(i) Zero or Null Vector 


A vector whose initial or terminal points are identical 
or coincident, is called a zero vector. It is also known 
as null vector. It is denoted by 0 and its direction is 
indeterminate. 


Thus AA, BB and CC are zero vectors. Geometrically, it 
represents a point. 
(ii) Proper Vector 


Any non-zero vector is called a proper vector. 


(iii) Unit Vector 
If the magnitude of a vector is unity, it is called a unit 
vector. 


If [al = 1, then a is called a unit vector. It is generally 


2 : ^ a 
denoted as a and is defined as a = —. 
lal 


(iv) Co-initial Vectors 
Two or more vectors are said to be co-initial vectors, if they 
have the same initial point. 


4 


Here, OP, OQ, OR, OS, OT are co-initial vectors. 


(v) Co-terminal Vectors 


Two or more vectors are said to be co-terminal vectors if 
they have the same terminal point. 


P 


> 


Неге, РМ, DM, CM, BM, AM are co-terminal vectors. 


(vi) Collinear or Parallel Vectors 


Two vectors are said to be collinear vectors if their supports 
are parallel or the same irrespective of their direction. 


Collinear vectors are also called parallel vectors. 


Like Vectors 


Collinear vectors are called like vectors if their direction 
are the same. 


e е ə 
Р Q R 


Here, PQ, and QR vectors are like vectors. 


Unlike Vectors 


Collinear vectors are called unlike vectors if their directions 
are opposite. 


De 


e e 
P Q 


Here, РО апа OR are unlike vectors. 


Difference between parallel and collinear vectors 


Every collinear vectors are parallel, whereas every parallel 
vectors need not be a collinear. 


Notes 
1. Two non-zero vectors a and b are collinear (or 
parallel) if a = Ab, V A ER. 
2. If a = аі + a,j + aK and b = Би + b,j + РАК are 
two collinear (or parallel) vectors, then 
41 43 а; 
bi by by 
(vii) Coplanar Vectors 
Three or more vectors are said to be coplanar if they lie in 
the same plane, or they are parallel to the same plane.Three 


vectors a, b and c are coplanar if any one of their is a linear 
combination of the other two vectors. 


һе a = xb + yc 
Or Ь = ха + ус 
ог с =ха + yb 


(viii) Free Vector 


If the origin of a vector is not specified, it is called a free 
vector. 


C(é) 


Here, 


Ey m -> 
Thus а, b, and с are free vectors. 
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Vectors 


(ix) Localized Vector 


For a vector of given magnitude and direction, if its initial 
point is fixed in space, the vector is called a localized 
vector. 


(x) Position Vector 


Let O be the origin and P be a point in the space. The posi- 
tion vector of P is OP. 


О 


If a and b are the position vectors of the points А апа В, 
then 


АВ = OB – OA = b- a. 


(xi) Negative of a Vector 


The vector, which has the same magnitude as the vector 
a but has the direction opposite to that of a, is called the 
negative of a and is written as — a. 


(xii) Equality of Two Vectors 


Two vectors are said to be equal if they have 


(a) the same length 
(b) the same or parallel supports 
(c) the same sense. 


1.5 ALGEBRA or МЕСТОР5 


It is possible to develop an algebra of vectors which is useful 
in the study of geometry, mechanics and other branches of 
applied mathematics. 


1.5.1 Addition of Vectors 


Let a and b be two given vectors. Take a point O in the 
space. 


Let ОА, =а, АВ = b, so that the terminal point of а is 
the initial point of b. 


№} 


Тһе vector OB is defined as the vector sum (or resultant) 
of a and b. 


Thus, OB = ОА + АВ =а + Ђ which is known as the 
triangle law of vector addition. 


It is also stated as, If two vectors are represented by 
the two sides of a triangle taken in order, their sum is 
represented by the third side of the triangle, taken in reverse 
order. 


Parallelogram Law of Addition of Vectors 
Let the parallelogram OACB, where 


OA = ù and OB = b 


B 


Thus, 


This method of addition of two vectors is called the 
parallelogram law of addition vectors. 


Properties of Addition of Vectors 


(1) Addition of vectors is commutative, i.e. 
4-5-5-4 
(ii) Addition of vectors is associative, i.e. 
(-5)-2-44(5-2) 
(iii) Additive identity exists, i.e. 
4-0-4-0-4 
(iv) Additive inverse also exists, 1.6. 
å + (Cà) = 0 Cà) а 
Polygon Law of Vector Addition 
Let OABCDE be a polygon MR 


ОА = à, AB = b, ВС = ©, CD = d and DE = 2. 


5.4 


Integral Calculus, 3D Geometry & Vector Booster 


Applying the triangle law, we have. 


ОВ = OA+AB=a+b 

OC = ОВ + ВС = (8 + Б) + È 

OD = ОС + СР =(8 + Б+ 0) + 4 

ОЕ = ОР + РЕ = (а +++) + 8 
Thus, to find the sum of more than two vectors, a polygon 


is formed. 

Therefore, this method is known as the polygon law of 
vector addition. 
Note: If the initial point of the first vector and the final 
point of the last vector are the same, the sum of the vectors 
is a zero vector. 


1.5.2 Subtraction of Vectors 


If a and b be any two vectors, the subtraction of b from a 
is defined as the addition of —b to a and is written as а + 
b) = a - b, i.e. 


1.5.3 Multiplication of a Vector by a Scaler 


Let m be any scaler and a be any vector. Then its product 
m а is called the multiplication of a vector by a scaler. 


If à and b be two vectors and т, n are scalers, then 
O т(а) = та = (а)т 

(ii) m(na) = (mn)a 

(ii) (m + nà = та + па 

(iv) т(а + Б) = та + mb 


1.6 Lert амо Richt HANDED ORIENTATION 


Right Handed System Left Handed System 


(i) If the rotation from OX to OY is in the anti-clockwise 
direction and OZ is directed upwards, the system is 
called the right handed system. 

(ii) If the rotation from OX to OY is in the clockwise 
direction and OZ is directed upwards, the system is 
called the left handed system. 


1.7 Position Vector or А POINT ІМ A SPACE 


Let O be a fixed point, known as the origin, and let OX, 
OY and OZ be three mutually perpendicular lines, taken 
as X-axis, y-axis and z-axis, respectively, in such a way 
that they form a right 
handed system. А 
The plane ХОУ, YOZ C 
and ZOX are known as 
xy-plane, yz-plane and 
zx-plane, respectively. 


Let P be a point in a 
space such that its dis- 
tances from yz-, zx- and 


— 


xy-plane be a, b, c respectively and i, j, k are the vectors 
along x, y and z axes, respectively. 


Let OA = a, OB b and OC = с 


ОР = OL + LP 
= ОА + AL + LP 
= OA + OB + OC. 
= ai bj+ck. 


ЮР! = Va? + 22 + e. 


1.8 LINEAR COMBINATION 


Now, 


and 


A vector r is said to be a linear combination of the vectors 
а, b, c, ..., if there exist scalars x, y, <, ... such that 


г = ха фућђ + 20 +... 


1.9 Linearty ОЕРЕМОЕМТ VECTORS 


А system of vectors aj, 35, ..., a, is said to be linearly 
dependent if there exist scalars Хү, Ху, ..., x, (not all zero) 
such that 


ха, + ха, +... + х,а, = 0. 


1.10 LINEARLY INDEPENDENT МЕСТОВ5 


A system of vectors dj, 45, ..., d, is said to be linearly 


independent if there exist scalars Хү, х......, x, (all zero) such 
-> — — 
that xd, + ха» +... + х,а, = 0 


1.11 Section FORMULAE 


1.11.1 


If a point В (г) divides the line segment joining the points 
P(r,) and О (rj) internally in the ratio m:n, then 


Internal Section 
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Vectors 


О 


From the figure, we һауе by using triangle rule, 


PR т 
RQ п 
ОВ - ОР т 
> Rica cM TL 
OQ-OR 7 
r-r) m 
x r-r n 
> n(r — rj) = m(r, — r) 
— r(m + n) = mr, + nr, 
mr, + пи: 
БА r=— mIn 


1.11.2 External Section 


If a point R(r) divides the line segment joining the points 
P(r,) and Q(r,) externally in the ratio m:n, then 


mr,- nr 


E т-п 


It can be proved by using triangle rule. 


1.11.3 Mid-Point Formula 
If a point R(r) divides the line segment joining the points 
P(r,) and Q(r,) internally in the ratio 1:1, then 
r = = 
2 


1.11.4 Centroid 


The point of intersection of the medians of a triangle is 
called its centroid. 

Let А (гу), В (г›) and C(r3) be the vertices of a triangle 
ABC and G(r) be its cen troid. Then the position vector r 
of the centroid is given by 


ГІ + rj +r 
т=—— 
3 
А 
Е Е 
1 
В р C 


1.11.5 Centroid of a Tetrahedron 


Let the position vectors of the points A, B, C and D are 
а, b, С and d respectively. The position vector ғ of the 
centroid is 


_а+р+с+а 
4 


А 


1.11.6 Іпсепіге 


The point of intersection of the angle bisectors of a triangle 
is called its incentre. 


В(в) З C (n) 

Let the position vectors of the points A, B, C аге ry, г», 
гз, respectively, and г be the position vector of the incentre 
I. The position vector r of the incentre is given by 
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мэтийн 
a+b+c 


1.11.7 Circumcentre 


The point of intersection of the perpendicular bisector of 
a triangle is called its 
circumcentre. 


C (65) 


Let the position vec- 
tors of the points A, B, C 
аге гу, r5, r4, respectively, 
and r be the position vec- 
tor of the circumcentre O. 
The position vector r of 
the incentre is given by 


(sin2A)r, + (sin2B)r, + (sin2C)r, 
Е sin2A + sin2B + sin2C 
1.11.8 Orthocentre 


The point of intersection of the perpendiculars of a triangle is 
called its orthocentre. C (5) 


A (n) 


Let the position vec- 
tors of the points A, B, C 
аге гу, Е, r4, respectively 
and r be the position vec- 
tor of the orthocentre H. 
The position vector of the 
orthocentre is 


А(5) B() 


(tanA)r, + (tanB)r, + (tan Огт, 
Е (ал А + tanB + tan С 


1.12 Bisector or ANGLE BETWEEN Vectors A AND В 


(1) If a is not parallel to b, the vectors along the bisectors 
(internal) of angle between a and b is given by 


lal 


OM = а : z) 
Ibl 


(ii) Ifa is not parallel to b, the vectors along the bisectors 
(external) of the angle the between a and b is given 
by 


1.13 STRAIGHT Line 


1.13.1 Equation of a Line Passing Thorugh a Point 
and Parallel to a Vector 


The equation of a line passing through a point A with posi- 
tion vector r, and parallel to a vector m is given by 


r =r; + Лт 


Now, OP = OA + AP 
> OP = OA + AM 
> r=r,+/Am 


1.13.2 Equation of a Line Passing Through Two Points 
A(r,) and В(г,) is 


r =r; + Л(г,- г) 


О 
Now, OP = OA + AP 
= ОР = ОА + ЛАВ 
> OA + A(OB - ОА) 
> r=r,+A(r,- г). 
1.14 PLANE 


1.14.1 Vector Equation 


The vector equation of a plane passing through a point 
having position vector a and the normal to a vector n is 
given by 

rn=d 
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Vectors 


о 
Ге ОР =r and ОМ = п 


It is given that 


ON | NP 
> МР.ОМ = 0 
=> (OP - ON)-ON = 0 
> (r—n)-n=0 
=> rn-n-n=0 
=> rn=nn 
=> r:n = d. 


1.14.2 Equation of a Plane in Normal Form 


The vector equation of a plane normal to a unit vector and 
at a distance from the origin is Г-Й-а. 


N Р 


> 
> 


о 


Let О be the origin and ON be the perpendicular from О 
to the given plane such that ON = ай. 


Let P be a point on the plane with position vector r so 
that 


OP=r 
ON | NP 
> МР.ОМ =0 

> (OP - ON). ON = 0 
> (т - ай)-ай-0 

> (r.dfi — ай-ай) = 0 
> (г: - 4 = 0 

=> Гй-а 


which is the required equation of the plane. 
Scalar Product of Two Vectors 


2.1 DEFINITION 


If the product of two vectors is a scalar, it is known as scaler 
product or dot product of two vectors. 


Let a and b be two non-zero vectors and 0 the angle 


between them. Its scalar product is denoted as a-b and is 
defined as 


a-b = abcos(0), 0€ 0 < m. 


B 
b 
0 
= -А 
о а 
2.2 GEOMETRICAL INTERPRETATION OF А.В 
B 
b 
0 
Е >A 
О а М 
We һауе a-b = abcos(@) 
= a[bcos(0)] 
= аом 
Тћиз, ОМ = => 
Projection of b оп a is Ai 


Thus, geometrically product of two vectors a and b is 
defined as the product of the magnitude of the first vector 
and the projection of the 2nd vector on the Ist vector. 


2.3 Properties or Dor Рворист or Two VEcToRS 


(i) Dot product is commutative, i.e. 
a-b = Ба 
Now b-a = bacos(-0) 
= bacos@ 
= abcos0 
= аъ 
If 0 acute, then a-b > 0 


If Ө obtuse, then a-b < 0 
If a and b are perpendiculars, then a-b = 0 


i) 
(ш) 
(іу) 

(v) 
(vi) 

(vii) 
(viii) 


(ix) 


If a and b are like vectors, then a-b = ab 

If a and Б are unlike vectors, then a-b = —ab 
Maximum value of a, b is ab 

Minimum value of a-b is —ab 

a-a = lal” = а? 
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(x) 


(xi) 
(xii) 


(xiii) 


(xiv) 


(xv) 


(xvi) 


Projection of a on b = а 
Projection of b опа = ар 


Orthonormal triad vectors 

If three vectors which are mutually perpendicular 
to each other, they are called orthonormal triad 
vectors. 

Let L 7, k be three unit vectors which are mutually 
perpendicular to each other. 


Thus i. =j j= КЕ 
апа 1.) =O=i-k=j-k 
Therefore, 
2 7 Ё 
i|1 0 0 
7|0 1 0 
klo 01 
If а-а + aj + ak 
and b = bj + b,j + + ЊЕ, 
then a-b = ар, + ab, + азр; 
lal = үа? + а; + аз 
2 2 2 
and Ibl = үру + b5 + bi 
a,b, + a,b, + аЬ 
Thus, cos (Ө) = E 2 = 


a, + a, + аз Jb? + 52 + 62 
Any vector а can be written as 
а = (a-i)i + (a) j + (а Е 
la + b + cl? = [а> + Ib? + Ic? 2У(а.Һ) 
If a, b, c are coplanar vectors, then 


a b c 
аа a-b а-сј=0 
b-a bb bee 


As we know that three coplanar vectors are always 
linearly dependent. 


Thus, ха + ур + с =0 ...(1) 
Taking dot product а апа b with Eq. (i), we get 

441) 
(ш) 


х(а:а) + y(a-b) + (а: с) = 0 
x(b-a) + y(b-b) + z(b-c) = 0 


Eliminating х, у and z from Eqs. (1), (1) and (11), we 
get 
a b с 
аа аһ а: с-0 
b-a b-b b-c 


2 
2.4 COMPONENT oF A Vector В ALONG AND PERPENDICULAR TO 
Vector A 


B 


0 


= -А 
О а м 
ОВ = ОМ + МВ 
b = ОМ + МВ 
Component of a vector b along а 
= OM 
= (OM)à 
= (OBcos буа 
= (bcos Ө)а 
Pa a 
= a 
ab 
a-b). 
4 (5 ја 


- (5P): 


(e 
lal? 
Component of a vector b perpendicular to a vector a 
= MB 
= OB - OM 
= b - OM 


-b 
=b- PaL 
lal? 


2.5 Рнучса. SIGNIFICANCE OF THE Dor Рворсит or 
Two Vectors 


Here, 


A force acting on a particle is said to be work done if the 
particle is displaced in a direction which is not perpendicular 
to the force applied. 


> В 
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Let a force F acts on a particle P and the particle P 
gets displaced from the position A to B, where AB is not 
perpendicular to the applied force F. 


Let AB = d. 
г. Work done = Fd (соз0) 
=F-d 


= (Force) · (Displacement). 


Note: The work done by the resultant of the number of 
forces F}, F,, ..., Е, in a displacement d of a particle is equal 
to the sum of the work done by the forces separately, i.e. 


Work done = F,-d + F,-d +... + ЕЧ. 
= (Е, + F,+...+F,)-d 
=R-d 


where R= Е, + Е, +... + Е, 


CROSS PRODUCT OF TWO VECTORS 
3.1 


If the product of two vectors is a vector, it is known as 
the vector product or cross product or outer product of two 
vectors. 


INTRODUCTION 


Let a and b be two vectors. The cross product of two 
vectors is denoted as a x b and is defined as a x b = 
(ab sin 0) fi, 
where @ the angle between a and b and fi is unit vector 
perpendicular to the plane of a and b. 

Неге а, b, й form a right handed system. 


Е 
3.2 GEOMETRICAL INTERPRETATION OF ах b 


В C 


S 


>- 
О м i А 


Let ОАСВ be a parallelogram with О origin. 
Let OA = a and OB = b and ZAOB = 0 


Area of a parallelogram OACB 
= (base) (height) 
= (OA) (BM) 
= (a) (bsin0) 
= (absin®) 
= |a x bl 


Thus, la x bl reprtesents the area of a parallelogram with 
adjacent sides represented by the vectors a and b. 


3.3 PROPERTIES or Vector Propuct or Two МЕСТОВ5 


(i) Vector product is not commutative, i.e. 
axbzbxa 
Gi) ax b=-bxa 
(iii) If a and b are parallel vectors, then a x b = 0 
(iv) If a and b are collinear vectors, then a x b = 0 
(v) (ma) x b = a x (mb) = m(a x b), where m is any 
scalar. 
(vi) a x (b + c) = (a x b) + (а + с). 
(vii) Unit vector perpendicular to the plane of a and b 
18 
А axb 
= + 
"= ^ la x bl 
(viii) A vector of the magnitude Ж and perpendicular to the 
plane of a and b is 
(a x b) 
tA : 
la x bl 
(ix) If @ be the angle between two vectors a and b, then 
: laxb 
9) = i 
Sn ЯЛАН 
(x) Тһе area of AOAB is given by 
1 
=| Ы, 
5 ах 
where 
OA = a, OB = b 
(xi) The area of ДАВС = Lla x b + b x € + € x al, 
where a, b and с are dé position vectors of the points 
A, B and C, respectively. 
(хп) The area of a parallelogram = 34, х 4, 
where 4, and а, are the diagonals of the 
parallelogram. 
(хш) If A, В and С are three collinear, points then 


(axb-bxexexa)-0, 


where a, b and c are the position vectors of the points 
A, B and C, respectively. 


(xiv) A unit vector perpendicular to the plane of 
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ZABC is given by 


(axb+bxe+cxa) 


"=> ахь+ьхечеча! 
(xv) If a, b and a x b form а right handed system, any 
vector r is a linear combination of a, b and a x b, 
i.e. 
г = ха + yb + z(a x b), 
where x, y and z are scalars. 
(xvi) Orthonormal Triad Vectors 
If three vectors which are mutually perpendicular 
to each other, they are called orthonormal triad 
vectors. 
Let i, Î, Ё be three unit vectors which are mutually 
perpendicular to each other. 


Thus і хі = =јхј=ЁхЁ 
апа їх 7-4,х4-1,4х1-71 
Therefore, 


|0 k - 

j -k о i 

k|j -i 0 

(xvii) If a = а + а) + ak and b = bj + b,j + 56, 
then 

i j k 

ахһВ-(|а, а, а, 

b b, b 


(xviii) Lagranges identity 

For any two vectors a and b, 
ага a.b 
a.b b.b 


(a x b}? = (aby – (a-b? = 


Scalar Triple Product of Vectors 


4.1 


If the product of three vectors is a scalar, then it is known 
as scalar triple or box product or mixed product of three 
vectors. 


INTRODUCTION 


Let a, b and c are three vectors. Its scalar triple product 
is denoted as a- (b x c) and is defined as 


a-(b x с) = abc віпбсовФ 


where 0 the angle between à and b and Фф the angle between 
c and a x b. 
Geometricel interpretation of [a, b, c] 


Here OA, OB and OC are the coterminous edges of 
a parallelopiped represented by the vectors a, b and c 
respectively. 


We know that 
(а, b, c] = a- (b x с) 


= арсѕіпӨсоѕф 


(а Ьзїп Ө) (ccos Q) 
= la x bl(ccos Q) 
= (area of the ПЕ" OALB) x (height) 


- Volume of a parallelopiped. 


4.2 PROPERTIES OF SCALAR TRIPLE Рворист or VECTORS 


(i) Let a = qji + aj + ak, 
b = рі + b,j + БК 
and c= cji + cj + ck 
Then [a b c] 2 a- (b x с) 
а а, а, 
=, b, b, 
с с, с 


1 2 


Gi) ар x c) = b- (c x a) = с (a x b) 
1.е. [a b c] = [b c a] = [cab] 
ар x c) = —b-(a x с) 

1.е. [a b c ] = -[b a c] 

[ka b c] = k[a b c], where ке R 
(у) [la mb nc] = Imn[a b c] 


[a + b + c, d] = [а, c, d] + [b, c, d] 

If any two vectors are same, then 

[a, b, c] 2 0 

If any two vectors are parallel or collinear, then 

[a, b, c] 2 0 

If any one of them be a zero vector, then [a, b, c] 
=0 

(x) If a, b, с are coplanar vectors, then (а, b, c] = 0 
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(xi) If a, b, с form а right handed system, then 0 = l(a-b) + m(a-c) 
[a, b, c] > 0 1(а-Ъ) + m(a:c) = 0 
(xil) If a, b, c form a left handed system, then [a, b, c] « 0 
22 l(a-b) = –т(а с) 
(xiii) For апу three vectors а, b and с, 
[а + b, b + e, c + a] = 2[a, b, c] (a.b) (ae) 


= 4 (за 
(xiv) If a, b, с are coplanar vectors, then ы (say) 
a+b, + b + с, с + a аге also coplanar vectors Therefore, a x (b x с) = A[(a-c)b – (a-b)c] 
(xv) If a and b are non-zero and non-collinear vectors, Let a=i,b=i+jandc=i+j+k 
then 
Now, 
(а, b, і + [a, b, j]j + [а, b, k]k = a x b iik 
(xvi) For any three vectors а, В, с, (bx ec) =]11 0] =i-j 
аа аһ ас уа 
2 = . . . 
Па ДЕ а Бан апа a x (b x ¢) =i x (i - j) = -i x j = -k 
ca cb cc 
Also, (а: c)b - (a. b)c 
(xvii) If a, b, c, m, n are non-zero vectors, then -1-1-1-1-К--К 
а b с Thus, -k = å x =k 
[а, b, с]: [m x n] = а-т b.m ст > 1-1 
ап bn cn Непсе, ах (b x с) = (ac)b - (ab)c 


(xix) Any vector г can be expressed as а linear combina- | 5,4 Properties or Vector TRIPLE Рворист 
tion of three non-coplaner vectors a, b, c, then 


r=ma+nb+pc (1) А unit vector perpendicular to a and coplanar with 


. 5 [rbc] : [rea] [rab] : b and с is given by 
ie. = 
[abe] [abc] [abc] ах (b x c) 
"lax(bxol 
(xx) If four points a, b, c and d are coplanar vectors, then 2 
[abe] = [abd] + [bed] + [cad] (ii) If a, b and с be three non-zero vectors, then 
ах (bxc)+bx (сха) + сх (ax b) = 0 
VECTOR TRIPLE PRODUCT (ш) If a, b and с be three non-zero vectors, then 


a x (b x c) + b x (сха) + сх (axb) 


5.1 INTRODUCTION are coplaner. 


If the product of three vectors is also a vector, then it is (iv) The vector product of three vectors is not associative, 
known as vector triple product. i.e. 

Let a, b and c be any three vectors, then its vector triple ах хе) + (ах) хс 
product is denoted as ах (b х с) and is defined as (у) If a, b and с be three non-zero vectors, then 

иш эж Sy ne [(a x b), (b x с), (c x a)] = [a, b, c]? 
5.2 GEOMETRICAL SIGNIFICANCE OF 2 x ( x c) Proof: We have 
Let r=ax(bxc) (b x c) x (сха) 
> rtaandrl (хое) = ах (сха) (Letd = (b x с)] 
= r.laandr lies in the plane of b and c = (d:a)c - (d. Фа 
— ris orthogonal to a and coplanar with b and c = (b x с:а)с — (b х с:с)а 
5.3 EXPLANATION OF VECTOR TRIPLE PRobucr = [a, b, c]c - 0 
Since r is coplanar with b and c, then we can write - [a, b, с,|с 
r=/b+me Thus, (а x b), (b x с), (сх a)] 
Thus, ах (хе) = + тс = (a x b)-((b x e) х (exa) 


а. (ах (b x с)) = Да-ђ) + т(а -с) 
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= (a x b)-[a, b, сје 
= ((a x b): © [а, b, c] 
= (а, b, c][a, b, c] 
= (а, b, с]? 
(vi) If a, b and c be coplanar vectors, then 
(a x b), (b x c), (c x a) are also coplanar. 
Proof: As we know that, if a, b, c are coplanar vec- 
tors, then (а, b, с] = 0 
We have [(a x b), (b x c), (c x a)] 
= [а, b, c = 0 


Thus, (a x b), (b x c), (c x a) are coplanar. 


For any vector a, 
ix(axi)-jx(axj + Кх (ax К) = га 
Proof: We have 
i x (a x i) = (i-i)a — (ај: 

= а – (ia)i 


(vii) 


= а – qji, where a = ай + a,j + ask 
Similarly, j x (a x j) =а-а>] 
k x (a x k) =a- ак 


ix(axi)+jx(axj)+k x (ax k) 


and 
Thus, 
=a- ąji +a- ayj +a- ak 
= За - (аі + a,j + a4k) 
=За-а 
= 2а 
If a and b be two non-zero vectors, then 
іх ((a x b) x i) +j x ((a x b) xj) 


(viii) 


+k x [(a x b) x k] = 2(a x b). 
Proof: Replace a by a x b in property (vii), we get 
the required result. 
If a x (b x c) = (a x b) х е, then 
(cx a)xb=0 


(ix) 


Proof: We have 


ах (bxc)=(axb)xc 


=> a x хе) = -сх (a x b 

=> (a-c)b – (a-b)c = —(с.Б)а + (с:а)Ь 
> —-(a-b)c = – (с: д)а 

> (c-b)a - (a-b)c = 0 

> (cx a)x b=0 


(x) If a, b, с and d are four coplanar vectors then, 


(а, b, с] = (а, b, d] + [b, c, d] + (с, a, d] 


Proof: Let the position vectors of the points A, B, 
С and D are a, b, с апа d, respectively. 


Thus, АВ = b-a, АС = c - a, AD =d -a 


Given А, B, С and D are coplanar, so, АВ- AC, AD 
are coplanar 


Therefore, AB. (АС x AD) = 0 

=> (b-a) ((с- а) х (а – а)) = 0 

=> 6 -э). (сха-сха-аха) = 0 

= (b-c x d)- (b-c x a) Ы: (ах d) - (а-сх а) = 0 
= [Ъ, c, d] - [Ъ, c, a] - [Ъ, а, d] = (а, с, d] 

= [Ъ, c, d] - Ба, d] - (а, c, d] = [b, c, a] 

=> [Ъ, c, а] + [a, b, d] + (с, a, d] = [b, c, a] 

= [Ъ, c, a] = [b, c, d] + (а, b, d] + (е, a, d] 

= (а, b, с] = (а, b, d] + [b, c, d] + (е, a, d] 


Hence, the result. 


5.5 Scaler Рворист or Four Vectors 


If a, b, c and d are four non-zero vectors, then the scalar 
product of (a x b) and (c x d) is called scalar product 
of four vectors and is denoted as (a x Б): (с х d) and is 
defined as 


_ (a:c) (a.d) 
(a x b)(ex d) = бо 0-0 
We have (a x b): (c x d) 
= (ax b)-p, [Let p = (c x d)] 
=a- (b x p) 


=а. (b x (сх 4)) 
=a-((b-d)c - (b.c)d) 
= (a-c)(b-d) – (a-d) (b-c) 


(а-с) (a-d) 
(b-c) (b-c) 


5.5.1 If a and b Пе in a plane normal to the plane containing 

c and d, then 
(a x b): (c x d) 

Proof: It is given that (c x d) is perpendicular to the 
plane containing c and d. 
But a and b are normal to the plane containing 
c and d 
Thus, c and d lie in the plane containing a and b. 
Also (a x b) is perpendicular to the plane contain- 
ing a and b. Therefore, (a x b) is perpendicular to 
(c x d) also. 


Hence, (ах): (сха) = 0 
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5.5.2 If a, b, c and d are four non-zero vectors, then 


(a x b): (c x d) + (b x е): (a x д + (exa)(bxd) 
=0 


Proof: We have, 
(a x b)-(c x d) + хое): (аха) + (exa) (b x d) 


(а-с) @-4 pra) (6.4) 1(с-5) (c-d) 
(b-c) (b.d) |(с-а) (с-4) (аЬ) (a-d) 


= (а-с)(Һ-4) – (a-d) (b-c) 
+ (В-а)(с-4) - (са) (b-d) 
+ (с-Ъ) (а:а) – (a-b) (с-а) 
=0 


5.6 Vector Рворист оғ Four Vectors 


If a, b, c and d are four non-zero vectors, the vector product 
of (a x b) and (с x 4) is called the vector product of four 
vectors and is denoted as (a x b) x (сх d) and is defined 
as 


(a x b) x (ex d) 
= (а, b, d]c - (а, b, сја 
= (а, c, d]b - [b, c, 4|а 
Proof: We have, 
(a x b) x (сх d) 
=p x (c x d), 
= (p-d)c - (p-e)d 
= ((a x b)-d)c - (ах b). od 
= ја, b, d]c - (а, b, сја 
(a x b) x (сх d) 
= (a xb) x q, 
= (а фђ – (b-q)a 
= [а (с x 0319 - [b-(c x d)Ja 
= (а, c, d] b – [b, c, а 
Hence, the result. 


[Let a x b = р] 


Also, 
[Let q = (c x d)] 


5.7 GEOMETRICAL INTERPRETATION OF (à x b) x (c x d) 


(a x b) x (c x d) is a vector perpendicular to (a x b) and 
(c x d). 

But (a x b) is perpendicular to the plane containing a 
and b. 

Thus, (a x b) x (c x d) represents a vector coplanar with 
a and b. 

Similarly (a x b) x (c x d) represents a vector coplanar 
with c and d. 

Hence, (a x b) x (c x d) represents a vector parallel to 
the line of intersections of two planes, one being parallel to 


the plane containing a and b and the other one parallel to 
the plane containing c and d. 


571 If a, b, c and d are four non-zero vectors, then 
a x [b x (c x d)] 
= (b-d)(a x c) - (Ье) (ах d) 
Proof: We have, 
a x [b x (сх d)] 
=a x [(b-d)c - (b-c)d] 
= (b-d)(a x c) - (b.c)(a x d) 
Hence, the result. 


5.7.2 If a, b, с and d are coplanar vectors then 


(axb)x(ecxd)-0 


Proof: As we know that (a x b) is perpendicular 
to a and b vectors and (c x d) is also perpendicular 
to c and d vectors. 


Since a, b, c and d are coplanar vectors, so (a x b) 
and (c x d) are perpendicular to the same plane. 
Thus, (a x b) and (c x d) are parallel. 

Therefore, (a x b) x (сх а) = 0 

If b, с and d are three non-coplanar vectors, then 
(a x b) x (ex d) + (ex а + (ax d) x (b x ce) is 
parallel to a. 


Proof: We have, 
(a x b) x (c x d) = [a, b, c]c - [a, b, сја 2-4) 
Again, 
(a x c) x (d x b) 
= —(d x b) x (a x c) 
= —[d, b, сја + (0, b, a]c 


5.7.3 


= —[b, c, d]a – (а, b, 4|с ...(11) 
Also, 
(a x d) x (b x с) 

= -(b x с) (ах а) 

= —[b, c, dja + [b, c, аја 

= —[b, c, dja + [a, b, сја (Ш) 


Adding Eqs. (1), (11) and (11), we get 
(a x b) x (c x d) + (a x c) x (d x b) 
+ (a x d) x (b x c) = -2[b, с, dla 
Therefore, (a x b) x (c x d) + (a x c) x (d x b) 
+ (a x d) x (b x c) is parallel to a. 


5.8 Reciprocal System or Vectors 


Let a, b and с be three non-zero vectors such that (а, В, c] 
# 0. The reciprocal system of vectors are denoted as a’, b’, 
с” and are defined as 


, bxe yp. 


х 
А Sand Е 
Га, b, c] 


© [a, b, c] Га, b, c] 
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PROPERTIES OF RECIPROCAL SYSTEM OF VECTORS 


If a, b, c and a’, b’, с” be reciprocal system of vectors, 


then 
(1) аа-1-54-с-с/ 
Proof: We have, 
aa ca ке | 
Га, b, c] 
a- (b x c) 
Га, b, c] 
_ [a,b,c] _ 


[abc 


Similarly, b-b’ = 1 and с-с’ = 1 
(1) a-a’+b-b’+e-c =0 


(ii) a-b’ =O=a-e,b-c =0=b-a 
and са = 0 = c-b’ 


а (а) 


_ а. (сха) _ 
шь] е 


Proof: We have 
a-b’ = 


Also, ac а | ар | 


(а, b, с] 
Е ЕЕ х ») 
~ \ Ta, b, c] 
(іу) (а, b, e][a’, b’, с] = 1 
Proof: We have, 


(аг, b’, с] = a(b x c) 


" те axb 
(а, b, c] \[а, b, c] [a, b, c] 
= —1 [a x b, b x e, c x a] 
[a, b, c] 

[a b, ef 

Га, b, с]? 

Me 

[a, b, c] 


Thus, Га’, М, са, b, c] = 1 


(у) аха -bxb*excz0 


а ы ЖЕР © 
(а, b, c] 
Proof: We have, 
sedis bxc сха 
[а, b, c] (а, b, c] 


(vii) 
(viii) 


(ix) 


(x) 


(хі) 


_ Фхох (сха) 

— [a b, ер 

Е d x (ex a) 

— [a b, ер 

_ (d:a)c - (d.c)a 

— [a b, ер 

(bxca)c-(bxc:c)a 

Га, b, c]? 

_ [а b, cle - 0 

—— [a b, ef 


and сха pir? ва 


а-р-с 


a, xb +b хе + с ха = 
(а, b, c] 


Hence, 


(а +b + с) (а+ b + с) = 3. 
The system of unit vectors i, j, К be its own 
reciprocal. 


If a’, b’ and с be the reciprocal system of а, b and 
с, then а, b and с is the reciprocal system of a’, b’ 
апа с”, 


If a, b and с be three non-coplanar vectors and a’, b’ 
and с” be its reciprocal system of vectors, then any 
vector r can be expressed as 


г = (г.аа + (г боб + (r.c)c 
ог г = (r.a)a! + (r-b)b + (r. oc 


Proof: Since а, В, с be three non-coplanar vectors, 
any vector r can be expressed as a linear combination 
of a, b and c. 


Thus, г = ха + yb + ze, where х, у ze R 
Taking dot product of (b x c), we have 
r-(b хс) = xa- (b x с) + yb-(b x ©) + ze-(b хс) 
>r-(b xc) =xa-(b xc) + 0 + 0 = ха: x с) 
=> г. (b x с) = xa. (b х с) 
ee г(Бхс) г: (хое) 
a- (b x c) [a, b, c] 


= х= га 


Similarly, у = гЬ, = z = ге 
If a, b апа с be three non-coplanar vectors, any vec- 
tor r can be expressed as a linear combination of a, 
b and a x b, i.e. 

г=ха + yb + z(a x b). 


5.15 


Vectors 


lever ( 


(Problems based on Fundamentals) 


DOT PRODUCT OF VECTORS 


. If a = 3i - 2j + К and b = 21+ 3j, find the angle 


between a and b. 


. Ifa =i+ 2] – ЗК and b = 31 + j + 2k, prove that 


(a + b) is perpendicular to (a — b). 


. If lal = 3, Ibl = 4, lel = 5 such that (а + b + c) = 0, 


find the value of (a-b + b-c + c.a). 


. Па, b and с are mutually perpendicular unit vectors, 


find la + b - cl. 


. Find the projection of the vector a = 31+ j + 2k on 


the vector b 2j – 2] -i- j. 


. Find the angle between the vectors a and b such that 


2a+b=i+janda+2b=i-j. 


. Find the unit vector perpendicular to each of the 


vectors i — 2j + К and 21 + j – 3k. 


. Find a unit vector іп xy-plane that makes an angle of 


45° with the vector i + j and an angle of 60° with 
the vector 31- 41. 


. If a, b and с be mutually perpendicular vectors of 


equal magnitude, show that (a + b + с) is equally 
inclined to a, b and c. 


. Find a vector of magnitude V51 which makes equal 


angles with the vectors 


a-iü-2j +2), b = 141 - 3) and с = ј. 


. Find a vector of magnitude 4, which is equally 


inclined to vectors a=i+j,b=j+kandc=k +i. 


. Find a unit vector in the plane of (1 + 2j + К) and 


(i + j + 2k) and perpendicular to (2i + j + k). 


. If à and Ё are unit vectors and Ө the angle between 


OIA eee 
them, show that (2-2 = 
em, snow at sin 2 24 


. If à, and P are unit vectors perpendicular to each 


other, find the value of (à — b): (b — ё). 


. Let а and ђ be two unit vectors and Ө the angle 


between them. If (à + b) 13 a unit vector, find 
sin (0). 


. If and Ё be two unit vectors inclined to x-axis at 


angles 30° and 120° respectively, find the value of | 
а + bl. 


. If a and b are two vectors and their lengths are a 


2 _ ћу 
and b, show that 3 b = Б У) 
d PE ab 


. Letu=i+j,v=i-j, апам =1+ 2] + ЗК. Ел 


is a unit vector such that u-/£i = О and у-й = 0, then 
find |у fil. 


19. 


20. 


21. 


22. 


23; 


24. 


25. 


26. 


2T. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 
35. 


36. 


If a, b and с be unit vectors such that a is регреп- 
dicular to the plane of b and с and the angle between 


b and c is 7, find la + b + el. 

If lal = 3, Ibl = 4, icl = 5 anda L (b + с) b L (c +a) 
and с L (a + b), find la + b + cl. 

Let à and P are two unit vectors and the angle between 
them is 60°, find the value of là + b/à – Bl. 


If lal = 1, Ы = 4, lcl = uu such that (a b + 3c) 


= 0, find the value of (a-b + b-c + с.а). 


Constant forces Е = i — j + К, F, = -i + 2j - К and 
F4 = j - К act on a particle at a point A. Find the 
work done when the particle is displaced from the 
point A to В where A = 41 - 3j – 2k and B = 6i + 
j- 3k. 
Prove that, by vector method, 
hu peu 

2bc 
Prove that, by vector method, 
а = bcos(C) + ccos(B). 
Prove that, by vector method, 
cos(A — В) = cosA-cosB + sinA-sinB 
Prove that, by vector method, 
cos(A + B) = cos(A)cos(B) — sin(A)sin(b) 


CROSS PRODUCT OF TWO VECTORS 


If a = 2i — j + k, and b = і – 3j - 5k, find 
axb. 


cos(A) = 


Find the area of a triangle whose adjacent sides are 
determined by the vectors a = 31 + 4] and b = 3i – 
3j +k. 

Find the area of a parallelogram whose adjacent sides 
are determined by the vectors a = і + 2j + ЗК and 
b = 3i- 2j +k. 

Find the area of a parallelogram whose diagonals are 
given by the vectors a = 1 + j + К and b = 3i - 4j 
+ К. 

Find the area of a triangle whose vertices are 

(3, -1, 2), (1, - 1, -1) and (4, -3, 1). 

Find a unit vector perpendicular to each of the vectors 
2i - j + k and 31-4] - К. 

Prove that a x ( + c) + х (c +a) + c x (a + b) = 0. 
Ifa x b=c x d anda x = b x d, show that (а — d) 
is parallel to (b — c). 

If (a + b + с) = 0, prove that a x b=bxc= 
сх а. 
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39. 


40. 


41. 


42. 


43. 


44. 


45. 


46. 


47. 


48. 


49. 


50. 


51. 


52. 


53. 


25: 


. Prove that la x 11 + la x JÊ + la х ÅP = 242. 
. Let a, Б and ё be three unit vectors such that 


a-b = a-c = 0 and the angle between b and c is e 


prove that a = +2(b x c). 
Ifaxb=axc,a#0 and b = с, prove that b = с 
+ Да, У Л є К. 

Let А = 21+ К, В =1+ ] + Капа С = 41 - 3] + 
7k. Find a vector R satisfying R x B = R x C and 
К.А = 1. 

Find the number of vectors of unit length perpendicular 
to the vectors a = i + j and b = j + k. 


Let a = xi + yj + zk and b = j, find a vector с for 
which a, b and с form a right handed system. 

Let a = i + j and b = 2j - k. Find the point of 
intersection of the lines r x a = b x a and r x b = 
a x b. 

If a and b are two non-zero vectors such that 

г.а = 0 and r x a = b, find г. 

Let a =i + j + k, с = j - k such that a. = 3 and 
a x b = c, find b. 

Find the angle between the vectors 

[a – (а. b) b] and (a x b). 

Find the area of а square whose one diagonal is 
(3i + 4j). 

A constant force Е = 31 + 2j — 4 is applied at the 
point (1, —2, 2). Find the vector moment of F about 
the point (2, —1, 3). 

Forces (5i + К) and (-5i - К) act at the points 
P(9, —1, 2) and Q(3, -2, 1), respectively. Find the 
moment of the couple. 

Find the torque about the point 2i + j + К of a force 
41 + К acting through the point (i – j + 2k). 

In a ДАВС, а = BC, b = CA and с = AB, by using 
vector method, prove that 


a b с 


sinA sinB sinC 


Prove, by the vector method, 
sin(A — B) = sinAcosB – cosAsinB. 
Prove, by vector method, 


sin(A + B) = sinAcosB + cosAsinB 


SCALER TRIPLE PRODUCT OF VECTORS 
54. 


For any three vectors а, b and с, prove that 
[а + b, b + c, c + a] = 2[a, b, c]. 
If à, b and ё be unit coplanar vectors, find 


[2a - b, 2b - c, 2c - a]. 


56. 
57. 


58. 
59. 


60. 


61. 


62. 


63. 


64. 


65. 


66. 


67. 


68. 


69. 


70. 


71. 


Find [ap b + са + b + е]. 

If a, b, and с be three non-coplanar vectors, find 
а+ р + с, а + Б, а + с]. 

Find the value of [а – b, b - c, c – а]. 

If a, b and c are three non-zero and non-coplanar 
vectors such that а: (b x c) = lallbllel, find the angle 
between a and b. 

For non-zero vectors a, b and c, На: (b x с) = 4, 


find the value of 20 x с) (а + + с). 


If the vectors 2i — j + Ak, i — j + 2k and 3i – 2j 
+ К are coplanar vectors, find the value of A. 

Find the volume of a parallelopiped whose cotermi- 
nous edges are a = 3i- 2j + К, b =1 + j + К and 
c=i+j-2k. 

Find the volume of a parallelopiped whose coterminous 
edges are a + b = i + j — k, b + c = 2i + 3j – 4k 
and с + a = 3i + 4j - 7k. 


The volume of a parallelopiped determined by the 
vectors а, b and с is 5. Find the volume of the paral- 
lelopiped determined by the vectors 3(a + b), (b + 
с) апа 2(c + а). 

If the volume of the parallelopiped formed by the 
vectors i + а] + К, ј + ak and ai + К, a > 0, is 
minimum, find the value of a. 


Let У, be the volume of the parallelopiped formed 
by three non-zero vectors a, b and с and V, be the 
volume of the parallelopiped formed by the vectors 
р =а- 2 + 2с, ӯ = За - Б+сапаг=а-Ь + 


| У 
2c. Find | — 


2 


If the vectors ai + j + К, i+ bj + Капа і + ј + 
ck, (a, b, c # 1) are coplanar, then find the value 


1 1 1 


For any three vectors а, b and с, prove that 


аза a-b асс 
[a b, c = Ба b-b b-c 


ca cb cc 


The edges of a parallelopiped are of unit length and 
parallel to non-coplaner unit vectors a, b and c such 
that a.b = b-c = c-a = 5 Find the volume of the 


parallelopiped. 


If a and b be non-zero and non-collinear vectors, 
prove that (а, b, ili + [a, b, j]j + [a, b, КУК = a x 
b. 


If a, b, c, m and n are non-zero vectors, prove that 
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72. 


73. 


74. 


75: 


76. 


77. 


78. 


79. 


80. 
81. 


82. 


83. 


84. 


85. 


а b с 
(а, b, с (ап x п) = a.m b.m cm 
b-n 


a:n c-n 


If a vector r can be expressed as a linear combination 


of three non-coplanar vectors а, b and с, prove that 


[rbc] [rab] 
[арс]“ [арс] 


[rca] 
[abc] 


If a and b be unit vectors such that 


(а, b, c] = L, find the angle between a and b. 
На = x(a + b) + y(b x c) + z(c x a) апа (а, b, c] 


= р find @ + y 2. 


Find the volume of the tetrahedron with edges a = 
i+j+k,b=i-j+kandc=i+2j-k. 

If a, b and с are unit vectors satisfying 

la — b + Ib — c + le — al’ = 9, find 2a + 5b + 
Scl. 

The three vectors i + j, j + К, К + i taken two at a 


time form three planes. The three unit vectors drawn 
perpendicular to three planes form a parallelopiped. 


Prove that its volume is Es C.U. 


43 


If a, b and c are three non-coplanar vectors such that 
а+Ь+с = аа and b + c +d = fa, find a + + 
с+а + 4. 


VECTOR TRIPLE PRODUCT 


Find a unit vector which is orthogonal to 3i + 2j + 
6k and is coplanar with the vectors 2i + j + k and 
i-j+k. 
Ifa=i+j+k,a-b=1,axb=j-k, find b. 
If a, b and с are three non-parallel unit vectors such 
that (a x (b x с)) = $b, find the angles which a 
makes with b and с. 


If a, b and с are three non-coplanar unit vectors such 
that 


(a x (b x €) = 0 ке), 


where b and с аге non parallel, find the angle between 
a and b. 


If a x (a x c) + b = 0 such that lal = 1 Ibl and lcl = 
2, find the angle between a and c. 


If a x (b x c) is perpendicular to (a x b) x c, prove 
that (a-c) = 0. 
Let a, b and с be three non-zero vectors such that 


ахђхс= АОС 


86. 


87. 


88. 
89. 
90. 
91. 


92. 


93. 


94. 


95. 
96. 


97. 
98. 


If 0 be the angle between b and c, find the value of 
sin 0. 


If a and b be mutually perpendicular unit vectors sat- 
isfying r-a = 0, r-b = 1 and [т a, b] = 1, find г. 

If lal = 7, ІЫ = 1 = icl and a x (b x c) + b x (сха) 
= Та, where а апа b аге поп-соШпеаг vectors, find 


la x сі. 

Simplify: (d + a)-a x b x (сх d)]. 

Solve: рх + (x x a) = b. 

If [xab] = 0, x-a = 0, x-b = 1, а b = 0, find x. 
Find the value of 

[a x (b + c), b x (c - 2a), сх (a + 3b)] 

if [a, b, c] = 2. 

Find the value of 

Га – b), (a - b – c), (a + 2b - с] if [a, b, c]. 
Find the value of 

[Qa х 3b), (3b x 4c), (Ас x 2a)] if [a, b, c]. 


Vector Equations 


Solve: x x b 2 a x b, where a and b are non-zero 
and non-collinear vectors. 

Solve: x x a = b and x: a = 0. 

Solve: x x b = a x b and х-с = 0, where c is not 
perpendicular to b. 

Solve: xa + yb + zc = d. 

Solve: x + у =а, хху =, х:а = 1 
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Mixed Problems 
(More than one options are correct) 


. Ка and b are two vectors such that а, b < О and 


la- bl «là x Ы, the angle between 4 and b is 
T 

л b) = 

(а) (0 5 


л 3л 
o (Dr 


. Let å, b and с are three vectors of equal magnitudes. 


The angle between each pair of vectors is 3 such that 


га +b + cl = 46, the value of (101 + 2) is 


(a) 2 (b) 3 
(c) 1 (d) 0 


. If a, b and c are three unit vectors inclined to each 


other at angle 0, the maximum value of 0 is 
л л 
2 b) 2 

(a) 5 (b) 5 


2л 5л 
(с) 3 (d) G 


. The number of vectors of unit length perpendicular 


to vectors а = (1, 1, 0) and b = (0, 1, 1) is 


5.18 
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. If the, 


(a) 1 
(c) 3 


(b) 2 
(d) infinite 


. Let a, В and y be distinct real numbers. The points 


with position vectors ai, ВУ, yk, Bi, yj, ak and Уі, 
aj, Bk 

(a) are collinear 

(b) form an equilateral triangle 

(c) form a scalene triangle 

(d) form a right-angle triangle. 


. If P and О have position vectors @ and b relative to 


the origin O such that X and Y divide PO internally 
and externally respectively in the ratio 2:1, the 


vector XY is 


а) 56 - à) (5 (à - b) 


© 26 - à) @ 56-2) 


three points with position vectors 
(1, 4, ру, (а, 2, b) and (4, b, 3) are collinear, the 
value of a + Б is 
(a) 1 
(с) 5 


(b) 4 
(d) none. 


. The acite angle between the medians drawn from the 


acute angle of an isosceles right-angled triangle is 


wow G 


21 2 


(b) cos” 


(c) cos 


4 -1 
Ч (4) сов 


. If @, and е, are two unit vectors and Ө the angle 


2 15 
2 


(b) 512, 2) 


between them, then cos 
@ te, +z 
2 


© 512, x 21 (d) 52-2: 


. If the vectors (3p + 4), (5p — 34) and (2p + 4), 


(4p —2 4) are pairwise mutually perpendicular vectors 


such that 0 the angle between р and 4, the value of 
sin(@) is 


155 455 

Oe Oe 
3 N247 

(с) 16 9 TE 


. The set of values of с for which the angle between 


the vectors cxi — 6/ + 3k, xi — 27 + 2cxk is acute 
for every x in R is 


opi [ol 


ep өр) 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


Let ù=î +j, V= i—j and w =i 2 + 3k 


If fi is a unit vector such that и.й, the value of ћу: 


fil 1s 
(a) 1 (b) 2 
(c) 3 (d) 0 


If å +b +È =0, lal =3, 1 = 5, [4] = 
between d and b is 


л 2л 
(а) 6 (b) з 


7, the angle 


5л л 
(с) = (а) 3 


Let а, b and 2 be three vectors of the lengths 3, 4 
and 5 respectively. Let å be perpendicular to b + С, b 


to d + 2 and € to d +b, the value of [2 + Б + 21 
is 


(а) 245 (5) 242 
(с) 1045 (4) 542 
If a vector à of length 50 is collinear with the 


vector b = 6i — 8j — K and makes an acute angle 
with the positive z-axis, then 


(a) d - 4b (b) а = -4b 


(c) b = 4d (d) none. 
Let @ and b be two non-parallel unit vectors in a 


plane. If (ага + b) bisects the internal angle between 

а and b, then « is 

(a) 1/2 (b) 1 

(c) 2 (d) -1 

Let а, b and ё are three unit vectors such that 

(a + b + €) is also a unit vector. If pairwise angle 

between à, Ё, ё are 0,, Ө, and Ө», spectively, the value 

of cos(0,) + cos(05) + cos (03) is 

(a) 3 (b) -3 

(c) 1 (d) -1 

Given three vectors d, b and с each two of which are 

non-collinear. Further (а + b) is collinear with ¢ and 

(с + b) is collinear with a and each length of a, b 
2. The value of (а-ђ + Б.с + са) is 

(a) 3 (b) -3 

(с) 0 (4) not defined. 

НЕ) = 3a – 5b, 3 =2a + b, F = d + 45 and = 

—@ + b are four vectors such that sine of (р and 4) 

is 1 and sine of (7 and $) is also 1, the value of 


cosine of (4 and Б) is 
19 


= b) 0 
(a) rn (b) 
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20. 


21. 


22; 


23. 


24. 


25. 


26. 


27. 


19 
у. 
9) 5443 


Ён 
5 : 
If a and b аге non-zero and поп-соШпеаг and the 


(c) 1 


linear combination (2x – y)@ + 4b = 5@ (x - 2y) b 
holds good for all real x and y, then the value of 
x+y is 

(a) -3 (b) 1 

(c) 17 (d) 3. 

If p the position vector of the orthocentre and 4 the 
position vector of the centroid of the triangle ABC 
and origin О is the circumcentre. If p = Ка, the value 
of k is 
(a) 3 
(c) 1/3 


(b) 2 

(d) 2/3 

If the vectors i — 2х] – зу and 1 43xj + 2yk are 
orthogonal to each other, the locus of the point is 
(b) ellipse 

(d) straight line. 


(a) a/an circle 
(c) a/an parabola 


A tangent is drawn to the curve xy = 8 at a point 
А (х1, yı) where x, = 2. The tangent cuts the x-axis 


at a point B. The value of (AB- OB) is 

(a) 3 (b) -3 

(c) 6 (d) -6. 

If @, апа е, be two unit vectors and Ө the angle 
is 


between them, then sin ө 


(а) 512, $2 (b) 512, 58 


(©) 512, x 2, (d) e ê 


If ù =å- b, ¥ =G +b and = 2 = 5 

= (2 -Ђ), the value of Iù x Yl is 

(a) 0 (b) 2 

(c) 4 (d) 16. 

If a = (1, 1, 1) are given vectors, then a vector b 


satisfying the conditions à x b = С and d-b = 3 
is 


(а) (5, 2, 2) (52,2) 
ТОВ 


If fal = 1, 5] = 2 and and the angle between a and b 
is 2л, the value of {(@ + 35) х (За – by 15 


(а) 225 (b) 250 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


(с) 275 (4) 300 

The set of values of т for which the vectors i + j 
+mk,i+j+(m+ Ik andi — } + mk are non- 
coplanar, is 
(a) R 

(b) К - (-2) 


(b R- {1} 
(4) Ф 
Given d = xi + yj + zk, 


-і 


bui-j«Ek 


2 + 27, (4-2) -4 апа the angle 
between a and b is then 
(a) (4, b, р = [а (b) (4, b, РЕМ 


Let a, Б, с be three distinct non-negative numbers. № 
the vectors а1+ a j+ ak, i + k and ci+ cj+ bk lie in 
a plane, then c is 

(a) AM of a and b 
(c) HM of a and b 


(b) GM of a and b 
(d) equal to zero. 
For three vectors и, v, w, which of the following 


expressions is not equal to any of the following 
three? 


(а) и. (У x у) (b) ( x w) 
(c) У (и x у) (d) (и x У): 
The vector perpendicular to the vectors 

а = (2, –3, D, b = (1, -2, 3) and satisfies the 


condition Č- @ +2 j+ 7k), the vector ¢ is 


(а) (7, 5, 1) 
(с) (1, 1, -1) 


=> 
и 
> 
и 


(b) (-7, -5, 1) 

(а) (1, 2, 3) 

If á 2 (+ j +Ê) and b = (4 2j +, the vector © 
such that 4-6 = 2andá x с =} is 


(a) ii +274+5k) Ф iC жора 


(c) 3 «2j + 5E) (d) 36i +27 + 0 


The altitude of a parallelopiped whose coterminous 
edges are the vectors А - (-7-0)8- (21-47-08) 
апа C = @ + 7 + 3k) with A and B as the sides of 
the base of the parallelopiped, is 


2 4 
Sa b) —— 
i 419 У V19 
3 242 
--- а) --. 
2 419 S V19 
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35. 


36. 


37. 


38. 


39. 


40. 


If the vectors ai + bj + ck, bi + с] + ak and сі 


+ а) + bk are coplanar апа а, b and c are distinct, 
then 


(b)a+b+c=l1 


(d)at+tb+c=0. 


> 


If и, V, w are vectors such that и + У + w = 0, then 


> > 


[ù +7, y +, у + И] 18 
(а) 1 (b) 0 
(с) —1 (4) None. 


If à, b and È are three mutually perpendicular 


vectors, then (7-4) а + (7-2) + (Рајс is 
(a) т (b) 27 
(c) - T (d) -2т 


Let È = + Ê and Р = 2i – È. The point of intersec- 


2 1 — > — = 
tion of the lines rx a=bxaandrxb=axb 
15 


(а) (3, - 1, D) 
(c) C3, 1, 1) 


If [2] = 1 = Ibl and [2] = 2 and à x (á x о) + b 


(6) (3, 1, - 1) 
(d) (-3, -1, - 1) 


- 0, the acute angle between 4 and b is 


Л Л 
ШЕ ©) Z 
(с) 2 (ау т 


If b and С are two mutually perpendicular unit vec- 
tors and a is any vector, then 


а ђе «acea £9 x9 (2) 
(b x 22) 

(a) 0 (b) а 

(c) 24 (d) 4 
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(Problems for JEE-Advanced) 


. Three force vectors Р, О and R of 15 KN each acts 


along AB, BC and CA, respectively. The position 
vectors OA, OB and OC are given in metres as OA 
= 21-4] + 3k, OB = 51+ 3j - 2k and OC = -2i 
+ 2j + ЗК. 

Find the resultant force vector S of the vectors P, Q 
and R. [Roorkee-JEE, 1983] 


10. 


11. 


12. 


. Constant forces 


. Let a and Б are two vectors satisfying the conditions 


a x b = 0. Does it imply that one of the vectors a 
and b must be a null vector. Give one example in 
support of your answer. 
[Roorkee-JEE, 1984] 
P = 21-5] + 6k and Q = -i + 
2j — К act on a particle. Determine the work done 
when the particle is displaced from a point A with 
position vector 4i — 3j – 2k to a point В with a 
position vector 6i + j — ЗК. 
[Roorkee-JEE, 1984] 


. Prove that for any two vectors a and b 


(a x b = db? – (a. by 
[Roorkee-JEE, 1985] 


. If (a x b) = (bx с) z 0, show that a + с = kb, where 


k is a scalar. 
[Roorkee-JEE, 1985] 


. Find the value of the constant S such that the scalar 


product of the vector (i + j + k) with the unit vector 
parallel to the sum of the vectors (2i + 4j — 5k) and 


(Si + 2j + 3k) is equal to 1. [Roorkee-JEE, 1985] 


. Find a such that the vectors (21-1 + К), (i+ 2j – 3k) 


and (3i + aj + 5k) are coplanar. 
[Roorkee-JEE, 1986] 


. If a and b аге non-null vectors and la + bl = la — bl, 


show that a and b are perpendicular to each other. 
[Roorkee-JEE, 1986] 


. Find a vector of magnitude V51 which makes equal 


angles with the three vectors a = 54 – 2j + 2k), b 


= 504 — 3k) and с = j. 
[Roorkee-JEE, 1987] 


Three vectors a = (12, 4, 3), b = (8, —12, –9) and 
с = (33, -4, –24) define a parallelopiped. Evaluate 
the length of its edges, area of the faces and its 
volume. 


[Roorkee-JEE, 1988] 


It is given that x = pee ‚у= cxa and 
[a, b, c] [a, b, c] 
7 = axb , where а, b and с are non-coplanar 
[a, b, c] 
vectors. 


Show that x, y and z also form a non-coplanar 
system. Find the value of x- (а + b) + y: (b + с) + 
7-(а + b). 

[Roorkee-JEE, 1989] 


It is given that r x b = c x b, гга = 0, а.Ь + 0 
What is the geometrical meaning of these equations 
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separately? If the above three statements hold good 
simultaneously, determine the vector r in terms of a, 
b and с. 


[Roorkee-JEE, 1989] 


. Let a, b, с are three unit vectors, a + b + c = 0. 


Then a.b + b-c + c-a 15 
(a) -3/2 
(c) -1 


(b) 0 
(d) 1 
[Roorkee-JEE, 1990] 


. Let a = xi + yj + zk, b = j. For what c, a, b, c form 


a right handed system? 
(a) 2i – xk 
(c) —zi x xk 


(b) 0 


(d) yj 
[Roorkee-JEE, 1990] 


. Let a, b, c are in the same plane. Which of the 


following is correct? 
(а) a-bxc=0 
(c) a.b xc-2 


(D a.b хе= 1 
(d) a.b хе=3 
[Roorkee-JEE, 1990] 


. Given that the vectors A, B, C form a triangle such 


that A = B + C. Find a, Б, c and d such that the area 
of the triangle is 546, where А = ai + bj * ck, B 
= di + 3] + 4k, C = 31 + j - 2k. 

[Roorkee-JEE, 1990] 


. If a and b be two unit vectors, the vector 


(a + b) x (a x b) is 
(a) perpendicular to (a — b) 
(b) parallel to (a — b) 
(c) equal to 2(a — b) 
(d) equal to 2(a — b) 
[Roorkee-JEE, 1991] 


. If the position vectors of points A and B with respect 


to origin О are a = 2i- j + 2k and b = i + 2j – 2k, 
respectively, the projection of the vector а + b + а 
x b on a line perpendicular to the plane ОАВ is 


(a) 15 (b) 10 
(c) 475 (d) N65 


[Roorkee-JEE, 1991] 


. If two vectors a and b are such that a-b = 0, the 


solution of x + a = b for all x 
(a) is unique 
(b) is possible only, when a = b 
(c) does not exist 
(d) will be infinitely many. 
[Roorkee-JEE, 1991] 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


Let à be a unit vector and b be а non-zero vector 
not parallel to 4. Find the angles of the triangle, two 
sides of each are represented by the vectors 


ҮЗ (à x b) and b – (a-b)a 
[Roorkee-JEE, 1991] 


Unit vector in the xy-plane that makes an angle of 
45? with the vector i + j and an angle of 60? with 
the vector 3i — 4j is 


(a) i фу i3 
. . v2 
(c) 2 (4) попе 


[Roorkee-JEE, 1992] 
Find the value of A that the vectors 21-11 + К, 
i + 2j – ЗК and 31 + Aj + 5k are coplaner 
(а) -4 (5) 0 
(с) 2 (а) 4 

[Roorkee-JEE, 1992] 
In parallelogram ABCD, the interrior bisectors of 
the consecutive angles B and C intersect at P. Find 
ZBPC. 

[Roorkee-JEE, 1992] 
If the sides of an angle are given by the vectors 
a =i - 2] + 2k and b = 2i + j + 2k, the internal 
bisector is 


(a) 3i + j + 4k (b) i Gi - + 4k) 


(c) ici – зр (d) 31-1-4К 
[Roorkee-JEE, 1993] 


Let a, b and c are three vectors such that a x = c, 
b x c = a, then 
(a)a=1,b=c 
(с) b=2,c=2a 


(b) c=l,a=b 
(d Р-І,с-а 


[Roorkee-JEE, 1993] 


Let a, b and с are in the same plane. Which of the 
following is correct? 
(а ађхс=0 
(c)a-bxc=2 


(D аб хе= 1 
(d) аб хе= 1 


[Roorkee-JEE, 1994] 
If two vectors a and b are such that a-b = 0, the 
solution of x x a = b for all x. 
(a) is unique 
(b) is possible only, when a = b 
(c) does not exist 
(d) will be infinitely many. 


[Roorkee-JEE, 1994] 
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28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


Solve the following system of simultaneous equations 
for vectors x and y 


x+y=a,xxy=b,x-a=l1 
[Roorkee-JEE, 1994] 
The vector —1 + j – К bisects the angle between vector 


c and 3i + 4j. Determine the unit vector along a. 
(a) -- (31 – 8jz + 12k) 
15 
(b) EU + 10j + 2k) 
(c) EE + 8j + 12k) 


(d) none. [Roorkee-JEE, 1995] 


Find the scalers œ and f if 

ах (b x c) + (a-b)b = (4 - 2B – sino)b + (B? – De 

and (с-с)а = c, where b and c are non-collinear. 
[Roorkee-JEE, 1995] 


Ка х b): cl = lallblicl, where а, b, c are non-zero 
vectors holds, if 

(a) a.b = 0 (b) b.c = 0 

(c) c-a=0 (4) a.b- b:c-c.a 


[Roorkee-JEE, 1996] 


Let x, y and z be unit vectors such that x + y + Z = 


ахх (ухо) = Ъ(кху) х= сах=З,а:у=7. 


2 4 
and lal = 2. Find х, у апа 7 in terms of a, b, апа с. 
[Roorkee-JEE, 1996] 


Vectors x, у and 7 each of magnitude V2 makes 
an angle of 60° with each other. If x x (y x z) = 
а, ух (Zz хх) = b and (x x y) = c, find x, у 2 in 
terms of a, b and с. 
[Roorkee-JEE, 1997] 
Which of the following is a true statement? 
(a) (ах b) x с is coplaner with c 
(b) (a x b) x c is perpendicular to a 
(c) (a x b) x с is perpendicular to b 
(d) (a x b) x c is perpendicular to c. 
[Roorkee-JEE, 1998] 
If A, B, C and D are any four points, then 
AB: СР + BC-AD + СА. BD is equal to 
(a) 1 (b) 0 
(c) -1 (d) None. 
[Roorkee-JEE, 1998] 
Ifp22a-3b,q-2a-2b-cc,r--3a- b + 2с, 


where a, b, c are non-zero are non-coplanar vectors, 
then the vector -2а + 3b - c is equal to 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


44. 


45. 


(a) p — 4q (b) Zp + zr 
(c) 2p – 3q -r (d) —4p - 2r 


[Roorkee-JEE, 1998] 


The vector c directed along the bisectors of the angle 
between the vectors a = 7i - 4j — 4k and b = -2i- j 


+ 2k, where lel = 3V6 is given by 

(а) 1-7) + 2k (b) i+ 7j – 2k 

(c) -i+ 7j – 2k (d) i- 7j – 2k 
[Roorkee-JEE, 1998] 

а, b, c three non-coplanar vectors such that r, - 

а-Б+с.г, =b +е-а,г. =c +a- Б, апа 

г = 2a — 2b + 4c, if r = Ху + Хр + Хуга, then 


@x=4 (b) x, 41,23 
(с) х + 0 + x4 = 4 (d) x; + x3 = 2 


[Roorkee-JEE, 1998] 
Ifxxy=a,yxz=b,x-b=c,x-y=l1andy-z 
= 1, find x, y and z in terms of a, b апа с. 


[Roorkee-JEE, 1998] 


If a, b, с are non-coplanar vectors and d is a unit 
vector, find the value of (а: d) (b x c) + (b-d) (c x 
а) + (c: d) (a x 9) independent of d. 


[Roorkee-JEE, 1999] 


Ifa=i+j—k, b=-i+2j+ 2k and c¢ =-i+2j-k, 
find a unit vector normal to the vectors a + b and 
b-c. 

[Roorkee-JEE, 2000] 
Given that the vectors a and b are perpendicular 
to each other, find vector v in terms of а and b 
satisfying the equations 
v-a = 0, v-b = 1 and [у, a, b] = 1 

[Roorkee-JEE, 2000] 


a, b, c are three unit vectors such that a x (b x с) 
= HL + с). Find the angle between vectors a and b 


given that vectors b and c are nonparallel. 
[Roorkee-JEE, 2000] 


The diagonals of a parallelogram are given by the 
vectors 21 + 3j — 6k and 3i - 4j – К. Determine its 
sides and the area also. 


[Roorkee-JEE, 2001] 
Find the value of А that a, b, c are all non-zero 
апа (-4di + 5ра + (31 — 3] + ЮБа+] + Юе = 
A(ai + bj + ck) 

[Roorkee-JEE, 2001] 
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46. 


47. 
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Find the vector r which is perpendicular to a = i – 2j 
+ 5k, b = 21 + 3j К and г:(21 +] + K) +8 = 0. 


[Roorkee-JEE, 2001] 


Two vertices of a triangle are —1 + 3j and 2i + 5] and 
its orthocentre is at i + 2j. Find the position vector 
of the third vertex. 


[Roorkee-JEE, 2001] 


(Tougher Problems for JEE-Advanced) 


. If а and b be two unit vectors, find the range of 


ju ХХН. 


. Find the unit vector а which makes an angle 2 


with axis of 2 and is such that (а + 1+ Ò is a unit 
vector. 


. If r and s are non-zero vectors and the sacalar b is 


chosen in such a way that [7 + 5 5115 minimum, find 
the value of Ir + БЗ + Ib P. 


и =i —2j + 3k, 


. Given that Y = 21 — j + 4k and у = 1 + 3j + 3k, 


and 
(4-8-104 + (9-R 20 j + GR – 20)k = 0 
Find the vector R. 


. Suppose the vectors а, В, с on а plane satisfy the 


conditions [а] = Ibl = [2] = la + Ы = 1; са=0 


апа be > 0. Find the angle between (2a + b) 
and b. 


. Find the minimum area of the triangle whose vertices 


are А (- 1, 1, 2), В(1, 2, 3) and C(t, 1, 1), where t is 
a real number. 


. Suppose the vectors a, b, c on a plane satisfy the 


— -> 

conditions [а] = Ibl -121 = la + bl = 1; са = 0 
ээ 

and b-¢ > 0. If the vector ¢ is a linear combination 


Аа+и+ b, find the ordered pair (3-1). 


. Given that а and b are two unit vectors such that the 


angle between 4 and b is cos"! |] If с be a vector 


in the plane of à and b such that cl 242 x b = 
24 x b and с = Ad x ub, find the 
(i) values of A 


(ii) sum of the values of u 


(11) product of all values of u. 


10. 


11. 


12. 


13. 


14. 


15. 


. Let а and b are two unit vectors such that [а] = 1, 


М = 4, d-b =2. If = Qd x Б) – 3b, find the 
angle between b and С. 


-> 


Given that 4, b, P and 4 are four vectors such 
that d + b = up, b-g = 0 and (D)! = 1, 


where u is a scaler, prove that 


ка фр - (p: q)dl = Ip: ql 

Find a vector Y, which is coplanar with with the 
vectors 7 + Ў – 2k andi + 7 — 2k and is orthogonal 
to the vector 27 + j + R. 

It is given that the projection of ¥ along the vector 
252426 k is equal to 643. 


112000 | 1 | 
Let a=|0|,b=]1] аас =|] 1 |. 
-3 0 -1 
Find the numbers а, В and y such that 
E -2 
аа = ВЬ + yè =|-5 
6 


Let a 3-dimentional vector У satisfies the condition 
У V x 6 + 2j) = 2i +2. 

If ЗІМІ = Jm, те М, find m. 

Let A =? 27+ 3h, В=2 -7-Ка40-71-4 


If the vector В x С = xA + УВ + zC, 


where х, у апа 2 аге scalars, find the value of (100x 
+ 10y + 82). 


Find the angle between any edge and face, which is 
not containing the edge of a regular tetrahedron and 
also find the angle between the two faces of a regular 
tetrahedron. 


INTEGER TYPE QUESTIONS 


. If [a, b, c] = 1, find the value of 


а: хо Һ.(сха) c- (axb) 


(сх a). b (ахђ)с (bxc)a 


. If a, b and c are non-coplanar vectors and p, q, r 


are defined as 


» bxc 
[bca] 


_ сха __ axb 


= icab] ^ ^ [abc] 


p 


find the value of 
(a+b)-p+(b+c)-q+(c+a)-r 

Let Е ЬР=21+3]-Ё 
+] + QA- р If C 


оу al 
Il 


and 
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. Let 81 = 1, 


is parallel to the plane of the vectors а and b, find 
the value of (A? + 1). 


. Let 7 be a vector perpendicular to (а + b + С) 


where (2, Б, c] 2. £72 = P@ x O + ОС ха) + 
R (à x Б), find the value of (P + О + R + S). 
Ibi = 1, 2 and 2 L (b + 2), 


51(2-2),21(4 + xb) such that m = 
find the value of (т + 1). 


Гере 


Ж: 
га + b + cl, 


. Ifa, b and c are the pth, qth and rth terms of an 


HP and и = (4-81 +(r—b)j + (p – ФЕ апа 
Baba ta such that m = IG ¥) + 2l, find the 


value of (m + 4). 


_ Le Å =f -2f +3, b =2 +31 - Ê and = Ai + 


f+ (2A - 1)k. 
If ¢ is parallel to the plane of 4 and b, find the value 
of (22 + А + 2). 


. Let a, b and с be three vectors of magnitudes 3, 4 


and 5 respectively and а L b+ С: b 1 6 + а and 


€ Ld such that m = lá + b + cl, find the value 


Шек! 


. If the three points with position vectors (1, a, 5), 


(a, 2, b) and (a, b, 3) are collinear in the space, find 
the value of (a + b). 


. Le ù=îf+ j, V =f- j and Ww =i +2} - 3k. If â 


is a unit vector such that 2-£ = 0 and v-f = 0, find 


the value of ІУ: fil. 


an 
— . 
. If à and b аге non-zero and non-collinear and 


the linear combination (2x — y) à + 4b = 5à + 
(x — 2y) b. holds for real x and y, find the value of 
(x+y + 2). 


. Given the vectors ù = 21- j - Ў 2i - j - 2k 


and w =i — 3k. If the volume of the parallelopiped 


having -сИ, У and cw are concurrent edges is 8, 
find the positive integral value of c. 


. Consider three vectors p= =i+j+ k, 4-22-4 


j -k and 7 = 1 + j + 3Å and s be a unit vector. If 
(p xq)xr = up + уд + wr, find the value of 
(и + v + w + 4). 


. Consider three vectors р = = P +j+ k, 4-21. 4j 


– Капа 7 =1 + 7 + 3k and 2 be a unit vector. Find 
the value of 


Kp-s)(q x T) + (4:5)(7 х p) + (7-5)3( ха) 


Linked Comprehension Type 
(For JEE-Advanced Examination Only) 
Passage I 
Let the vectors X, y and 2 are coplanar such that X = ai + 


j-k, У=#+Ь)] – Капа? =1 + j- сЁ 


ТТТ 2225-41-25 Кы 
l-a 1-5 1-с 
(а) 1 (b) 2 
(с) 0 (d) -1 
Gi) The value of о 
l-a 1-b 1-с 
(a) -1 (b) -2 
(с) -3 (4) 0 
(ii) The value of Lx + ў, y + 2,2 + Zlis 
(a) 1 (b) 2 
(c) 0 (d) -1 
Passage II 


Consider the three vectors sp = =î+j+k, а = 2: + 41-6 
and 7 =i + j + 3k also 2 be a unit vector. 


(i) р, 4, T are 

linearly dependent vectors 

can form the sides of a possible triangle 

(4 — 7) is orthogonal to p 

any one can be expressed as a linear combination 
of the other two. 


Gi) If (D. x q) х? = up + vq + ит, the value of 
(u+v+w + 2) 18 
(а) 6 
(с) 0 

(iii) Тһе value of 
|2. 5) ах T) + (4:3)(7 x p) (7-5)(Р x q)| is 
(a) 4 (b) 8 
(c) 18 (d) 2. 


(b) 4 
(d) 2 


Passage III 


Consider the three vectors р, 4 and 7 such that p =7 + 


j+kq=i-j+kand (р x7) = 4 + cp and (p-q) = 
2, then 
(i) the value of | р, 4, 7 | is 


(a) E (b) - 


(9921) 


(с) 2 (d) 1 
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(i) the value of | P + d, d +7, 7 + Pl is 


4 8 
im b) -È 
(a) -7 (b) -7 
16 
(с) == (а) 2 
(ii) the value of |рха ах у rx p| is 
4 16 
ыг b) 
(а) 3 (b) 9 
64 
— d) 1 
©) 70 (4) 
Passage IV 


The edges of a parallelopiped are of unit length and are 
parallel to non-coplanar unit vectors 4, Ё, ё such that 


MA Ра ~ 1 
р= Б.ё= ёа = -. 
а с са 2 
(i) The value of | a x b, x bx ё, ёха | is 

1 1 

== b) = 

(а) 5 6) 2 

1 1 

= а) = 

(€ 5 (4) 9 


(ii) The volume of the parallelopiped with coterminous 
edges are given by a, b, ё is 


1 1 
(а) = (b) — 
3 Үз 
1 1 
(с) -- (а) =. 
42 2 
(11) The volume of the tetrahedron formed by the vectors 
à, b, 6 is 
1 1 
(а) — ©) — 
642 3-2 
1 1 
= (0). o. 
442 12/2 
Passage У 


Ifa+ B+ y 2 2 and = ai + Bj + yk and also 
kx ха) = а. 


(i) The value of (02 + 1) is 


(a) 2 (b) 1 

(c) -1 (d) 0. 
(ii) The value of (82 + B + 1) is 

(a) 1 (b) 2 

(c) -1 (d) 0 
(iii) The value of (y? — y) is 

(a) -2 (b) 0 

(c) 4 (d) 2 


Passage VI 


-> 


Let 4, v, w be three unit vectors such that и + v + w 
7 
=å, ÙÙ =A 8-9 = and й = 2. 


(i) The value of @-w is 


(a) 3/4 (b) 1/4 

(c) 1/2 (d) -1/2 
(ii) The value of u-w is 

(a) -3/4 (b) 1/2 

(c) - 1/4 (d) 1/6 
Gii) The value of u-Y is 

(a) 1/2 (b) 3/4 

(c) - 1/2 (d) -3/4. 


Passage VII 
Let а, b, ап 


ab = Ъ. 


с. 


С be three vectors with magnitude 4 such 
> 1 
c 


= с а = 2 
(i) The height of the parallelopiped whose adjacent 
edges by the vectors 4, b and 2 is 


а) {2 © 2x48 
© 3x ахар 


(ii) Тһе volume of the prism whose adjacent edges by 
the vectors а, b and с is 


(а) 242. 
(с) 442 


(b) 342 
(d) 162 


(iii) The volume of the tetrahedron whose adjacent edges 
by the vectors а, b and С is 
4N2 8/2 
ST b) 2 
(a) -; (5) == 
1642 3242. 
©) = — (4) 5 


Passage УШ 
Let а, b and с are three non-parallel unit vectors such 
that Z x (b x 2) = 5206» e 


(i) The angle between 4 and С is 


(a) 90? (b) 60? 

(c) 30? (d) none. 
(ii) The angle between à and b 18 

(а) 90° (b) 60° 

(с) 1202 (4) 0° 
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Gii) The value of (2 x БР + Ia x 212 is dyes (a — b) x e - (a + b) 
2 
(а) 1 (b) 2 Gii) The vector 2 is 
(090 (@) 4. (а) | b-a-c(a-b)xc 
Passage IX а 2 
Let à, b and с be three vectors such that [al = 1, [2], ГРІ = (b) z = b+a-—(a+b)xe 
> > 2 
4 and Ib x с! = V15 and also b — 2¢ = да. 
4 _b-at+(a+b)xe 
(i) The angle between the vectors b and € is (уз 2 
иг b ын _ Б+а+ а-Бхс 
(a) sin n (b) cos n (d) z= » 
(c) чат | (а) cos (1) Passage ХІ 
Gi) The value of À is Let x, y and 7 be three unit vectors such that 
(a) +4 (b) +3 ї-у»?-ахх(ух2)-9 
+2 4) + i : E 
(с) хун (Хху)х2,2,4-3-3,4-7-17ан 12-12, 
(iii) The angle between the vectors a апа Ъ is 2 4 
(а) a (i) The vector x is 
а) л -– cos |= 
(a) х=а+ Sb + е 
(b) m+ cos! = 4 8 
(меж bue 
()-л- cos! z) 
8 4 8 
1 (x cuero boue 
(d) m- cos! 5 
(d) x =-a + 3b - Зе 
Passage X 
Vectors x, y and z each of magnitude V2 makes an angle of ши агшиж 
60° with each other. (а) у = а – 4с 
If x x (y x Z) =a, ух (Z хх) = band (хх y = с. (Dye ede 
(с) у = а + 4c + ЗЬ 
(i) The vector x is (d) y = 2b — 4c 


_ а+Бхс- (а +ђ) 


(а) х 2 (iii) The vector Z is 
(a+b) х с (а + b) (a) z = 2(e - b) 
(b) x = 5 3 
1 
(a — b) x c + (a + b) (b) z = 3(¢ - b) 
(с) x= 3 
4 
Ware (c) z = =(е - b) 
хе Gt 5 (a — b) 3 
5 
d) z = = (© - b). 
(ii) The vector У is 2 36 2 
(a - b) x с + (a + b) Passage XII 
(a) y = 2 E 
Ifx+y=a,xxy=b,x-a=1. 
(b) y = (a + b) x c + (a + b) (i) The vector x is 
(a — b) x с + (a — b) ()х--дажах 
(с) у = 2 
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(а) у = а + (2 +a х 5) 
а 

(b) y-a-l(a.dxb) 
a 

(c) yecd qi +å xb) 
a 


(d) Ун аг 20:43) 


(iii) The vector (x + У) is 
(a) a (b) -a 
(с) 24 (а) 34. 


Matrix Match 
(For JEE-Advanced Examination Only) 


1. Match the following Columns: 


> 


Гега =1 + ] + Капађ =1 + 2) +2k 


Column I Column П 
(A) | The projection of à on bis |Ф) {26 
2) 
(В) | The projection of b on d is | (0) N26 
4 
(C) The area of a triangle formed (R) 1 
by the vectors 4 and b is 3 
(D)| The area of a parallelogram | (S) 1 
having diagonals à and b is УЗ 
2. Match the following Columns: 
Column I Column II 


(A) те + bl = à - n the angle (Р) | 60° 


и? 
between d and b is 


(В) | If [а + 261 = [а – 25), the angle (Q) | 45° 


pe 
between à and b is 


(C)| If Id + bl = ià - 251 and [al = ID, | (ву | 0° 


the angle between @ and b is 


(D) | 112 + 261 = [28 — ЗЫ, and [al = 1,| (S) | 90° 


the angle between 4 and b is 


3. Match the following Columns: 


Column I 


Column II 


(A) | 1f a, b and c be three unit vec- 
tors such that à + b — @ = 0, 


the angle between 4 and b is 


(B) | jf a, b and c be unit vectors 
such that a is perpendicular to 
b and c and la + р + cl = 1, 
the angle between b and c 15 


(P) 


(Q) 


60° 


30° 


© If d + b + 2 = 0 and [4 = 


1, 151 = 5 [Zl = 7, the angle 
between d and b is 


(R) 


180° 


(D) | rt [à bl = 1318 х Ы, the angle 
between a and b is 


(S) 


120° 


4. Match the following Columns: 


Column I 


Column П 


(A) 


ПИРА + ià- jP + TÀ -kP is 


If a be any vector, the value of (P) 


21а! 


x bl 


(B) | If a be any vector, the value of | (Q) 


а, ара 


42141 


Ё?) 17) 


of (а x iP + [а x је + [а х 


(С) | а be апу vector, the value | (В) 


КЕЗГІ 


(D) 
(4-1)? + (à-5) j + (а: 58 is 


5. Match the following Columns: 


If a be any vector, the value of (S) 


E 
lal 


252097 -» 
If a, b and с аге three non-coplaner vectors such 


that (2, Б, 2] = 2. 


Column I Column II 
(A) | The value of (Р) | 12 
[а +, Бе, 244] is 
(В) | е уаше оҒ (О) | 16 
[а + 25,25 + 32, 32 + а] в 
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(C) | The value of (R) 9 
ПО б> ee aa hs 

(D) | The value of (5)| 4 
| x 2b, 2b x č, 6 x d]is 


6. Match the following Columns: 


If a, b, с and a’, b’, c' be the reciprocal systems of 


vectors. 
Column I Column II 

(A)| The value of (P) 2 
a-a’+b-b’+c-c’ 15 

(B) | The value of (Q) 0 
a(at+b) +b’ -(b+ec)+c-(e 
+ a) is 

(С) The value of (R) 1 
(a+b+c)-(a’ +b’ + с”) is 

(D)| The value of (S) 3 
(axa’+bxb’+c~x Cc) is 


7. Match the following Columns: 
Ifa+B+y=2anda=ait+Bj+yki+kkxa) 


= 0. 

Column I Column П 
(А) | The value of (œ + 1) is (P) 1 
(B) | The value of (82 + 1) is (Q) 2 
(С) | The value of (A + 1) is (R) 0 
(D) | The value of (В + y) is (S) 3 


8. Match the following Columns: 


Теа =f +], Б =} +Ê, and = аа + Bb. If the 
vectors 7 — 2j + К, 3i + 2j — k and the vector С are 


coplanar. 
Column I Column II 
(А) | The value of (œ + ЗВ + 2) 18 (P) 1 
(В) Тһе уаше оЁ 2 + 4) is (Q) 1 
В 
В 
У) The value of 3 А + = 15 (5) Ё 
о 3 
D 2 
ч The value of 3|® + 5 СОДОН 


9. Match the following Columns: 


Given that A, В, С form a triangle such that A 
=В+С НА=а + ] + bj + ck and В = di + 3 


d + 4k and С = 31 + 7 - 2k and the area of the 
triangle is 5V6 sq.u. 


Column I Column II 
(A) | The value of (a + b + c) is (P) 15 
(В) | The value of (a + с + d) is (Q) 11 
(С) | The value of (b + c + d) is (R) 19 
(б) | The value of (a + b + c + а) | (S) 14 
is 
10. Match the following Columns: 
If à, b and С be unit vectors satisfying 
ù - bP + Ib - 22 + È -àP = 9. 
Column I Column П 
(A)| The value of 24 + 5b + 42| (P) 1 
| is 
(В) | The value of 122 + 3b + 32| (0) | 5 
| is 
(С) | The value of 122 + b 42118 | (В) | 4 
(D)| The value of 122 + 7b + 72 (S) | 3 
| is 
11. Match the following Columns: 
Column I Column II 
(А) | The volume of the parallelopiped (P) | 100 
determined by the vectors a, b, Cis 
2. The volume of the parallelopiped 
determined by the vectors 2 (axb), 
3(b x €) and (сха) is 
(В) | The volume of the parallelopiped| (Q) | 30 
determined by the vectors а, 
b, С is 5. The volume of the 
parallelopiped determined by the 
vectors 3(@ + b), (b + ©) and 
2(€ + à) is 
(С) |Тһе area of a triangle with| (R) | 24 
adjacent sides determined by 
the vectors 4 and Б is 20. The 
area of the triangle with adjacent 
sides determined by the vectors 
(24 + 3b) and (d – Б) is 
(Б) | The area of a parallelogram ууй | (S) | 60 
adjacent sides determined by the 
vectors a and b is 30. The area 
of the parallelogram with adjacent 
sides determined by the vectors (а 
+ b) and d is 
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. А, A», 


Questions asked in Previous Years' 
JEE-Advanced Examinations 


. The value of A-{(B + C) x (A + B + О)) is 


(a) 0 
(c) [ABC] 


(b) [ABC] + [BCA] 
(d) none 
[IIT-JEE, 1981] 


. Let A, B, С be there unit vectors. Suppose that А-В 


= 0 = А.С and the angle between B and С is 7/6. 
Then А = +2(B x C). Is it true or false? 


ШТ-ЈЕЕ, 1981] 


. For non-zero-vectors а, b, с (ах b)-cl = lallbllel holds 


if and only if 
(а) a-b = 0, b-c = 0 
(b) са = 0, bec = 0 
(c)c-a=0,a-b=0 
(d) a-b=b-c=c-a=0 
[IIT-JEE, 1982] 
.., A, are the vertices of a regular polygon 
with n sides and O its centre. Show that 


һ-1 


> (A, x ОА,+1) = (1 – л)(ОА, x ОА, + 1). 
[IIT-JEE, 1982] 


і-1 


. Find all values of А such that (x, у, 2) = (0, 0, 0) 


and 

x(i, j, ЗК) + y Gi - 3j + К) + z(-4i + 5j) 4014 
yj + zk), 

where i, j, k are unit vectors along the co-ordinate 
axes. 


[IIT-JEE, 1982] 


. The points with position vectors 601 + 3j, 40i — 8j, 


ai — 52j are collinear if 
(a) a = –40 
(c) a = 20 


(b) a = 40 
(d) None. 
[IIT-JEE, 1983] 


. If X-A = 0 = Х.В = Х.С for some non-zero vector 


X, then [ABC] = 0. Is it true or false? 
[IIT-JEE, 1983] 


. The volume of the parallelopiped whose sides 


are given by OA = 2i - 3j, OB = і + j - К and 
OC = 3i – К is 
(a) 4/13 
(c) 2/7 


(b) 4 
(d) None. 
[IIT-JEE, 1983] 


. If c be given non-zero scalar and A and B be given 


non zero vectors such that А | B. Find the vector X 
which satisfies the equations А.Х = с, Ax X = B 


ШТ-ЈЕЕ, 1983] 


. А vector А has components А), Ал, Аз in a right 


handed rectangular cartesian co-ordinate system 


11. 


12. 


13. 


14. 


15. 


16. 


OXYZ. The co-ordinate system is rotated about the 
x-axis through an angle - Find the components of 
A in the new co-ordinate system in terms of A,, A), 
Аз 

ШТ-ЈЕЕ, 1983] 
The points with position vectors a + b, а — b and 


a+k b are collinear for all real values of k. Is it 
true or false? 


[IIT-JEE, 1984] 
Let a = ай + aj + ак, b = Ри + b,j + bk and 
c = cj + сој + c3k be three non-zero vector such that 


с is a unit vector perpendicular to both the vectors 
a and b. If the angle between a and b be 776, then 


а аҙ 0, 
b, b, b, | is equal to 
Єт eae 763 
(a) 0 
(b) 1 
1/2 2 2) (4,2 2 2 
(с) 16 + а; + a,)(b; + b + b?) 


(а) = (а + а2 + а) (51 + p: t 3) (с + с; + ci) 
ШТ-ЈЕЕ, 1986] 
A vector a has components 2p and 1 with respect 
to a rectangular cartesian system. This system is 
rotated through a certain angle about the origin in 
the counter-clockwise sense. If, with respect to the 
new system, а has component p + 1 and 1, then 
(а) p#0 
(0 p=lorp=-1/3 
(с) р=-Тогр = 1/3 
(d р=Тогр =-1 
ШТ-ЈЕЕ, 1986] 
The position vectors of the points А, В, С and D аге 
3i — 2j – k, 21+ 3j - 4k, -i + j + 2k and 4i + 5j + 
Ak respectively. If the points A, B, C and D lie on 
a plane, find the value A. 


[IIT-JEE, 1986] 
The number of vectors of unit length perpendicular 
to vectors a = (1, 1, 0) and b = (0, 1, 1) is 
(a) 1 (b) 2 
(c) 3 (d) infinite 

[IIT-JEE, 1987] 
If the vectors ai + j + К, i + bj + К and 1 + j + СК, 
(a, b, с = 1) аге coplanar, the value of 


1 1 1 
+ 


ШТ-ЈЕЕ, 1987] 
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20. 


21. 


22. 


23. 


24. 


25. 


26. 


. Let b = 4i + 3] and с be two vectors perpendicular 


to each other in the xy-plane. All vectors in the 
same plane having projections | and 2 along b and 
с respectively, are given by ... 


ШТ-ЈЕЕ, 1987] 


. If A, B, C, D are four points in the space, prove that 


IAB x CD x BC x AD x CA x BDI 
= 4(area of AABC) 
[IIT-JEE, 1987] 


. Let a, b, c be three non-coplanar vectors and p, q 


r are vectors defined by the relations 


axb 
(а, b, с] 


_ bxc _ сха 


Га, b, c] [a, b, c] 


the value of the expression 


(a + b):p + (b + c)q + (c + a)-r is equal to 
(a) 0 (b) 1 
(c) 2 (d) 3 
[IIT-JEE, 1988] 
The components of a vector a along and perpendicular 
to a non-zero vector b are ... and ... respectively. 
[IIT-JEE, 1988] 


Let OACB be a parallelogram with O at the origin and 
OC a diagonal. Let D be the mid-point of OA. Using 
vectors method, prove that BD and CO intersect in 
the same ratio. Determine the same ratio. 


[IIT-JEE, 1988] 
For any three vectors a, b, c, 
(a — b)-{(b — с x (c — a)} = а (b x с). 
Is it true or false? 

[IIT-JEE, 1989] 
If vectors a, b and c are coplanar, show that 


a b c 
аа ар ac 
Һа b-b b-c 


=0 


[IIT-JEE, 1989] 


In a triangle OAB, E is the mid-point of BO and D 
is a point on AB such that AD:DB = 2:1. If OD and 
AE intersect at P, determine the ratio OP : OD, using 
vector method. 


[IIT-JEE, 1989] 
Let A = 2i + k, B=i+j+k and С = 4i - 3] + 
7k. Determine a vector R satifying R x B = C x B 
and R-A = 0. 

[IIT-JEE, 1990] 


Determine the value of c so that for all real x, the 
vectors cxi — 6j — ЗК and xi + 2j + 2c xk make ап 
obtuse angle with each other. 


ШТ-ЈЕЕ, 1991] 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


Given that а = (1, 1, 1), c = (0, 1 -1,) a-b = 3 and 
a x b = с, then b = ... 

[IIT-JEE, 1991] 
A unit vector coplanar with i + j + 2k and 1 + 2j 
+ К and perpendicular to i+ j + k 15... 

[IIT-JEE, 1992] 
Let a, b, c be distinct non-negative numbers. If the 
vectors ai + aj + ck, і + К and ci + cj + bk lie on 
a plane, then c is 


(a) the AM of a and b 
(b) the GM of a and b 
(c) The HM of a and b 
(d) equal to zero. 

[IIT-JEE, 1993] 
Let a = 21-ј + k, b = i + 2j – К, andc=i+j- 2k 
be three vectors. A vector in the plane of b and с, 


Заг ПРИЕ 
whose projection on a 1s 3” 15 


(a) 2i + 3j – ЗК (b) 21 + 3j + 3k 


(c) -2i - j + 5k (d) 2i+ j + 5k 
ШТ-ЈЕЕ, 1993] 
In a triangle ABC, D and E are points on BC and AC 
respectively, such that BD = 2DC and AE = 3EC. Let 
P be the point of intersection of AD and BE. Find 


the ratio a using vector method. 


[IIT-JEE, 1993] 
Let p and q be the position vectors of P and Q, 
respectively, with respect to О and Ірі = p, 14! = q. 
The points R and 5 divide PQ internally and exter- 
nally in the ratio 2:3 respectively. If OR and OS are 
perpendicular, then 


(a) др“ = 44° 


(с) Эр = 44 


(b) 4p? = 94: 


(d) 4p = 9q 

[IIT-JEE, 1994] 
Let о, D and y be distinct real numbers. The points 
with position vectors ai + Bj + yk, Ві + yj + ak 
and yi + aj + ВК 
(a) are collinear 
(b) form an equilateral triangle 
(c) form a scalene triangle 
(d) form a right angled triangle. 
[IIT-JEE, 1994] 


The vector d - ioi - 2j + k) is 


(a) a unit vector. 
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35. 


36. 


37. 


38. 


39. 


40. 


41. 


(b) makes an angle 4 with the vector. 
(2i - 4j + ЗК) 


(c) parallel to the vector Е +j- 5k) 


(d) perpendicular to the vector (31 + 2j — 2k) 
[IIT-JEE, 1994] 
A unit vector perpendicular to the plane determined 
by the points 
Pd, —1, 2), QQ, 0, –1) and R(0, 2, 1) is ... 
[IIT-JEE, 1994] 
If the vectors a, b, c, d are not coplanar, prove that 
the vector (a x b) x (сх d) + (ax о x (d x b) + 
(a x d) x (b x c) is parallel to a. 
[IIT-JEE, 1994] 
Leta-i-jb-j-k c =k — i. If d be a unit 
vector such that а-а = 0 = [b, с, d], then d equals 


(a) + =] (b) + Hi] 
z 46 B үз 
1-)-К 
(c) + тіз (d) +k 


[IIT-JEE, 1995] 
If a, b and с be non-coplanar unit vectors such that 


a x хое) = ze + €), the angle between a and 


b is 

3л Л 
(a) 37 (5 7 
(c) 2 (d) x 


[IIT-JEE, 1995] 
Let и, v and w be the vectors such that u + v + w 
= 0. If lul = 3, М = 4, М = 5, the value of u-v + v 
“Ww + w-u ds 
(a) 47 
(c) 0 


(b) -25 
(d) 25 

[IIT-JEE, 1995] 
If a, b and c are three non-coplaner vectors, 
(a + b + c): ((a + b) x (а + о} is 
(a) 0 (b) [a, b, c] 
(c) 2[а, b, c] (d) -[a, Б, c] 

[IIT-JEE, 1995] 

A non-zero vector a is parallel to the line of 
intersection of the plane determined by the vectors 
i, i+ j and the line determined by the vectors i — j, 


i + К. The angle between а and the vector i — 2j + 
2k is ... 


[IIT-JEE, 1996] 


42. 


43. 


44. 


45. 


46. 


4T. 


48. 


49. 


50. 


If b and c any two non-collinear unit vectors and a 
be any vector, then 
a-(b x с) 
(a-b)b + (a-c)e + ————— (b х е) =... 
l(b x е) 
[IIT-JEE, 1996] 
The position vectors of the vertices A, B, C of a 
tetrahedron ABCD are i + j + К, i and 3i, respectively. 
The altitude from vertex D to the opposite face ABC, 
meets the median line through A of the A ABC at E. 
If the length of the side AD is 4 and the volume of 


the tetrahedron is 22 Find the position vector of 


E for all its possible positions. 

[IIT-JEE, 1996] 
Let p, q and r be three mutually perpendicular vec- 
tors of the same magnitude. If a vector x satisfies 
the equation p x [(x — а x pl + q x [(x - р) xq] 
+r x [(x -рхт] = 0, then x is given by 


1 1 
(а) ҙір%4-20 (0) 5р+д+г) 


() FP * q- n 


ШТ-ЈЕЕ, 1997] 
Let OA = a, OB = 10a + 2b and OC = b where О, 
A and C are non-collinear points. Let p denotes the 
area of the quadrilateral OABC and q denotes the area 
of the parallelogram with OA and OC as adjacent 
sides. If p = kq then k =... 


(©) iQ * qr 


[IIT-JEE, 1997] 
Let a, b, and c be three vectors having magnitudes 
І, 1 and 2, respectively. If a x (a x c) + = 0, the 
acute angle between a and с is ... 

[IIT-JEE, 1997] 
If A, B and С are vectors such that IBI = ІСІ. Prove 
that (А + B) x (A + Сх (Bx C)-(B + О = 0 

[IIT-JEE, 1997] 
Let a, b and c be non-coplaner unit vectors, equally 
inclined to one another at an angle 0. 
Ifaxb+bxc=pa+qb++re, 
find scalars р, q апа г in terms of Ө. 

[IIT-JEE, 1997] 
На=1+ ] + К, b = 41 + 3] + 4k апа с =1+ aj 
+ ВК are linearly independent vectors and Ісі = V3, 
then 
(а) а= 1, В=1 
(с) а= –1, В= +1 


(b а= 1, В= +1 

(d а= +1, В = 1 
ШТ-ЈЕЕ, 1998] 

For the vectors и, у апа уу, which of the following 


expressions is not equal to any of the remaining 
three? 
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51. 


52. 


53. 


54. 


99; 


56. 


57. 


58. 


(5) (v x w):u 
(d) (а x м)-м 

[IIT-JEE, 1998] 
Which of the following expressions are meaningful? 
(b) (u-w)-w 
(d) их (у.м) 

[IIT-JEE, 1998] 
For апу two vectors и апа у, prove that 
(i) (и. v? + lu x ve = (и?у?) 


Gi) (1 + №2) (1 + Iv?) 


(а) u-(v x м) 
(c) У (пи x w) 


(а) u- (v x м) 


(c) (u-v) x w 


= и + v +(и x у) «(1-(u- v)? 
[IIT-JEE, 1998] 
Let a and b be two non-collinear unit vectors. 
If u = a —(a-b)b and v = a x b, then lvl is 
(a) lul (b) lul + lu-al 
(c) lul + lu-bl (d) lul + u-(a + b) 
[IIT-JEE, 1999] 
Let a = 21+ j – 2k and = і + j. If c be a vector such 


that a-c = lcl, Ic — al = 2V2 and the angle between 
(a x b) and c is 30°, the value of Ках b) x cl is 
(a) 2/3 (b) 3/2 
(c) 2 (d) 3. 

[IIT-JEE, 1999] 
Let a = 21+ ] + К and b =i + 2j - К and a unit 
vector с be coplanar. If с is perpendicular to a, then 
с is 


() Ci +Ю (Бі 


TN 
5 o imm 


(©) «e Ci - 2j 


Lu 
d —ü-j-k 
= () --4-1і-іЮ 


43 

[IIT-JEE, 1999] 
Let u and v be unit vectors. If w be a vector such that 
w x(w x u) = v, prove that l(u x ууу! < 5 and that 
the equality holds if and only if u is perpendicular 
to У. 
[IIT-JEE, 1999] 


If the vectors a, b and с from the sides BC, CA and 
AB, respectively, of a triangle ABC, then 


(a)a-b+b-c+c-a=0 
(bhaxb+bxc=cxa 
(c)a-b=b-c=c-a 
(d)axb+bxc+exa=0 

[IIT-JEE, 2000] 
Let the vertices a, В, с and d be such that 
(a x b) x (c x d) = 0. Let P, and P, be the two 


59. 


60. 


61. 


62. 


63. 


64. 


65. 


planes determined by the pair of vectors a, b and c, 
d respectively, then the angle between P, and Р; is 


(a) 0 (b) 


Nila sla 


©з (а) 
[IIT-JEE, 20001 


If a, b and с are unit coplanar vectors, then the value 
of [2a - b 2b - c 2c - a] is 
(a) 0 (b) 1 
(c) -У3 (d) 43 

[IIT-JEE, 2000] 
If a, b and c are unit vectors, then 
la — b + Ib — c? + Ic — а? does not exceed 
(a) 4 (b) 9 
(c) 8 (d) 6 

[IIT-JEE, 2000] 
Let a=i-k, b = хі + j + (1 - 9k and c = 
yl + xj + (1 + x – УК, then [a b c] depends оп 


(b) only y 
(d) both x and y. 
[IIT-JEE, 2001] 


(a) only x 
(c) neither x nor y 


Find 3-dimensional vectors Уу, Ул, V3 satisfying v,- Vv, 
= 4, у-у, = – 2 апа уруз = 6 У У; = 2, V: V4 = 
5 and узу; = 29. 

[IIT-JEE, 2001] 
Let A(t) = fi ()i + БОЈ and ВО) = 2, (01 + 820}, 
t € [0, 1], where fi, f. 81, 92 are continuous functions. 


If A(t) and B (f) are non-zero vectors for all t and 
А (0) = 21 + 3j, A (1) = бі + 2j, B(0) = 3i + 2j, ВО) 
= 21 + бі, show that A(r), ВО) are parallel for some 
t. 

[IIT-JEE, 2001] 
Let V be the volume of the parallelopiped formed by 
the vectors a = ай + a,j + azk, b = Бі + b,j + Б.К 
and c = cji + сој + ОК. 
If a,, b,, c, where г = 1, 2, 3, are non-negative real 
numbers and 


3 
У (а, * b, + c) = 3L, 
т=1 


Show that V < 12. 

[IIT-JEE, 2002] 
If a and b are two unit vectors such that a + 2b and 
5a — 4b are perpendicular to each other, the angle 
between a and b is 


(4 DES 
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66. 


67. 


68. 


69. 


70. 


71. 


72. 


412 
(4) сов (2) 
[IIT-JEE, 2002] 
Теру = 21+] - К, м =1+ 3 К and u is a unit 
vector, the maximum value of [и у w] is 


(c) cos! (i) 


(a) -1 (b) VIO + V6 
(c) N59 (d) N60 


[II T-JEE, 2002] 
The value of a be such so that the volume of a paral- 
lelopiped formed by the vectors i + aj + К, j + ak, 
ai + К becomes minimum, is 
(a) -3 (b) 3 
(с) 13 (d) УЗ 

ШТ-ЈЕЕ, 2003] 
If u, v, w are three non-coplaner unit vectors and о, В, 
y are the angle between u and v, v and w and w and 
u respectively, and x, y, z are unit vectors along the 
bisectors of the angle о, D, y respectively. Prove that 
[XX y, y X Z zx x] 


- + [u v млее (9) (2) (2) 
ШТ-ЈЕЕ, 2003] 
If a, b, с апа d аге distinct vectors satisfying relation 


ах b= сх 4 and a x ¢ = b x d. Prove that a-b + 
с4а-ас-054 

[IIT-JEE, 2004] 
Ifa=i+j+k,a. b= l anda x = j- К, then 
b is 
(a)i-j+k 
(c) i 


(b 2j - k 
(d) 21- k 
ШТ-ЈЕЕ, 2004] 
The unit vector which is orthogonal to the vector 
5i + 2j + 6k and is coplanar with the vectors 
21+] + К аа 1-1 + kis 
1 у : 
(a) — Qi - 6j + k) 
МАТ 
1 : . 
(b) — Qi - 5p 
/29 
1 : 
(с) — Gj - k) 
V10 
1 . : 
(d) — Qi - 8j + К) 
V69 
[IIT-JEE, 2004] 
Let v be a unit vector along the incident ray, w 
be a vector along the reflected ray and a be a unit 
vector along the outward normal to the plane mirror 
at the point of incidence P. Express w in terms of 
a and v. 


ШТ-ЈЕЕ, 2005] 


73. 


74. 


75: 


76. 


77. 


78. 


Let а, b, с be three non-coplanar vectors and 


a-b a-b 
b-b-—7ab,-b-*-—a, 
lal lal 
с-а c-b 
с=с а + — bp 
lal | 
с-а b,-c 
с = c — — cn === Юр» 
la? Ы 
с-а b-c 
с; = Таса + — bp 
lel lel 
апа с, = с са, bee 
алЛС6---а---,50%» 
Ie? — Ib? 


the triplet of pairwise orthogonal vectors is 
(а) (a, Ву, cj) (b) (a, bj, с) 
(с) (а, Њу, е) (d) (a, bj, сз) 

[IIT-JEE, 2005] 
Leta=i+2j+k,b=i-j+kandc=i+j-k. 
A vector in the plane of a and b, whose projection 
оп с is 1/13, is 


(a) 4i-jt+k (b 3i+j+k 
(c) 2i + j + 2k (d) 4i + j - 4k 
[IIT-JEE,2006] 


The number of distinct real values of y which the 
vectors - 721+] +К1- yj + k and i + j - УК 
are coplanar is 
(а) 0 
(с) 2 


(6) 1 
(4) 3 

[IIT-JEE, 2007] 
Let a, b and с be unit vectors such that a + b + с = 
0, Which one of the following is correct? 
(a)axb=bxc=cxa=0 
(b)axb=bxc=cxaz#0 
()axb-bxc-axczo 
(4) a x b, b x с, сха are mutually perpendicular. 
[IIT-JEE, 2007] 


Let the vectors PQ, QR, RS, ST, TU and UP 
represent the sides of a regular hexagon. 


Statement I: PQ x (RS + ST) = 0 
Statement П: PQ x RS = 0 and PQ х ST #0 
[IIT-JEE, 2007] 


Let two non-collinear unit vectors a and b form an 
acute angle. A point P moves so that at any time 
t, the position vector OP(where O is the origin) is 
given by acost + b sint, where P is the farthest from 
origin O, let M be the length of OP and u be the 
unit vector along OP. Then 
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79. 


80. 


81. 


82. 


83. 


84. 


_atb E ala 
Gu and М = (1 + a-b) 
(b u = А-В and M = (1 + a-b)!? 

la — bi 

_atb с „жу? 
(4544: and M = (1 + 2a-b) 
(d) u = D and M = (1 + 2a-b)"? 

la — bl 


[IIT-JEE, 2008] 
The edges of a parallelopiped are of length and 
parallel to non-coplanar unit vectors а, В, с such 


that a.b = b-c = c-a = 1. The volume of the 
parallelopiped is 


1 1 

A. b) — 
(a) T (b) m 

V3 1 
(с) > (а) в 


[IIT-JEE, 2008] 
If a, b, c and d are unit vectors such that 
(a x b): (ex d) = 1 and (ax €) = 5. 
then 
(a) a, b, c are non-coplanar 
(b) b, c, d are non-coplanar 
(c) b, d are non-parallel 
(d) a, d are parallel and b, c are parallel 


[IIT-JEE, 2009] 
The volume of the parallelopiped with its edges 
represented by the vectors i + j, i + 2j and 
i+ j+ ЛК is... 

[IIT-JEE, 2009] 
Angle between vectors a and b where a, b and с are 
unit vectors satisfying а + b + R3c = 0 is ... 

[IIT-JEE, 2009] 


Let P, Q, R, S be the points on the plane with position 
vectors -21- j, 4i, 31+ 3j and —3i + 2j respectively. 
The quadrilateral PORS must be a 

(a) parallelogram, which is neither a rhombus nor 

a rectangle 

(b) square 

(c) rectangle but not a square 

(d) rhombus but not a square. 


[IIT-JEE, 2010] 


Two adjacent sides of a parallelogram ABCD are 
given by АВ = 21+ 10j + ПК апа AD = -i + 2j 
+ 2k. The side AD is rotated by an acute angle œ in 
the plane of the parallelogram so that AD becomes 
AD'. If AD' makes a right angle with the side AB, 
the cosine of the angle @ is given by 


85. 


86. 


87. 


88. 


89. 


90. 


91. 


92. 


93. 


(а) 8/9 (b) “17/9 
(с) 1/9 (4) 445/9 


[IIT-JEE, 2010] 
Let non-zero vectors а, b and с such that a-b = 0, 
(b — a): (b + c) = 0 and 26 + cl = Ib — al. 
If a = ub + 4c, the possible values of И аге... 
[IIT-JEE, 2010] 


If a and b be vectors in the space given by 


i - 2j 2i +j + 3k iiem | Е 
а = ап р еп e value о 
V5 N14 


(2а + b): (а x b) x (a - 2b)} is 

[IIT-JEE, 2010] 
Leta=i+j+k,b=i-j+kandce=i-j-k 
be three vectors. A vector v in the plane of a and b, 


whose projection on с is B is given by 
43” 


(а) 1-3)-3К 
(c) 3i-j + 3k 


(b -3i-3j +k 

(d) 1+3] – 3k 
[IIT-JEE, 2011] 

The unit vector(s) which is/are coplanar with vectors 

1+] +2К, 1+ 2] + К and perpendicular to the vector 

i + j + К is given by 

(a) j -k 

(c)i-j 


(b) -i +j 
(d) -j + k 

[IIT-JEE, 2011] 
Leta =i-k, b = —i + j and c =i + 2j + ЗК be 
three given vectors. If r be a vector such that r x b 
= сх b and r-a = 0, the value of r-b is ... 
[IIT-JEE, 2011] 


If a = j + 3k, b = -j + ВЗК and с = 2V3k form 
a triangle, the internal angle of the triangle between 
a and b is. 

[IIT-JEE, 2011] 
If a, b and c are unit vectors satisfying la — bP + 
Ib — cl’ + le — al^ = 9, then 2а + 5b + 5с is. 


[IIT-JEE, 2012] 


If a and b are vectors such that la + bl = N29 and 
a x (21 + 3j + 4k) = (21 + 3j + 4k) x b, a possible 
value of (а + Б): (- 7i + 2j + 3k) is 
(a) 0 (b) 3 
(c) 4 (d) 8. 

[IIT-JEE, 2012] 
Let PR = 3i + j - 2k and SQ =i - 3j - 4k 
determine diagonals of a parallelogram PQRS and 
PT =i + 2j + ЗК be another vector. The volume of 


the parallelopiped determined by the vectors PT, PQ 
and PS is 
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94. 


95. 


96. 


97. 


98. 


(a) 5 
(c) 10 


(b) 20 
(d) 30 

[IIT-JEE, 2013] 
The volume of the parallelopiped determined by the 
vectors a, b and c is 2. The volume of the paral- 
lelopiped determined the vectors (a x b), 3(b x c) 
and (c x a) is 
(a) 100 
(c) 24 


(b) 30 
(d) 60 

[IIT-JEE, 2013] 
The volume of the parallelopiped determined by 
the vectors a, b and c is 5. The volume of the 
parallelopiped determined the vectors 3(a + b), 
(b + с) and 2(c + a) is 
(a) 100 
(c) 24 


(b) 30 
(d) 60 

[IIT-JEE, 2013] 
The area of a triangle with adjacent sides determined 
by the vectors a and b is 20. The area of the tri- 
angle with adjacent sides determined by the vectors 
(2a + 3b) and (a - b) is 
(a) 100 
(c) 24 


(b) 30 
(d) 60 
[IIT-JEE, 2013] 
The area of a parallelogram with adjacent sides 
determined by the vectors a and b is 30. The area 
of the parallelogram with adjacent sides determined 
by the vectors (a + b) and a is 
(a) 100 (b) 30 
(c) 24 (d) 60 
[IIT-JEE, 2013] 
Let x, y and 2 be three vectors each of magnitude V2 
and the angle between each pair of them is = Га 


Бе а non-zero vector perpendicular to x and (ух 7) 
and b is another non-zero vector perpendicular to y 


and (z x x), then 
(а) b = (b-z)(z - x) 
(b) a = (a-y)(y - 2) 
(с) (a-b) = (a-y)(b-z) 
(d) a = (a: y)(z - y) 
[IIT-JEE, 2014] 


99. 


100. 


101. 


102. 


103. 


If a, b and c are three non-coplaner unit vectors such 
that the angle between every pair of them is 2 If 


a x b +b x c= pa + qb + rc, where р, q and г are 


scalears, find the value of 
p + 24? +r | 
—— — — | is... [IIT-JEE, 2014] 


Фф 


Let POR be a triangle. а = OR, b = RP, с = РО 


If [2] = 12,151 = 443, and b-C = 24, which of the 
following is (are) true? 

СР 
MU ONE 
- 12 
(b) Ls + lal = 30 


Е» 


( là x b + х dl = 4883 


(d) d b sm 

[IIT-JEE, 2015] 
In R?, if the magnitude of the projection vector of 
the vector œi + Bj оп N3i + j is ҮЗ and а= 2 + 
ҮЗ В, find the possible values of 101. 

[IIT-JEE, 2015] 
Suppose that p, q and 7 are three non-coplanar vec- 
tors in R^. 

Let the components of a vector 5, along p, 4 
and 7 be 4, 3 and 5, respectively. If the components 
of a vector $ along (-p + 4 + 7), (p – q + т) and 
(-p — 4 + 7) are x, y and z, respectively, find the 
value of 2x + у + 2. 


[IIT-JEE, 2015] 
Let û = wi + њј + uk be a unit vector іп КУ апа w 
= - С + 1 + р. Given that there exists a vector v 


in R? such that Iù x VI = 1 and й. (и x У) = 1. 
Which of the following statement (s) is (are) correct? 
(a) There is exactly one choice for such ¥. 
(b) There are infinitely many choices for such v. 
(c) Ки lies in the xy-plane, then lull = 12]. 
(d) Ни lies in the xz-plane, then 21и1| = lul. 
[IIT-JEE, 2016] 


LEVEL Il 
1. (d) 2.0 3.) 40 5. (b) 
6. (4) 7.(b 8. (с) 9. (а 10.) 
11. (4) 12. (с) 39  14.(d) 15. (Ы) 
16. (0) 17. (@) 18® 19. (0)  20.(b) 


21. (а) 22. (а) 23. (**) 24. (b) 25. (а) 
26. (5) 27. (с) 28. (а) 29. (4) 30. (с) 
31. (© 32. (а) 33. 6) 34. (4 35. (@) 
36. (b 37. (а) 38. (6) 39. (а) 40. (Ы) 
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LEVEL-IV COMPREHENSIVE LINK PASSAGES 
1. [-5, 5] PI : (а  G)(b (іш) (с) 
"E UNT Е РП: @(c) ФО (іш) (а) 
2 2 ү РШ : (06) ФО (іш) (с) 
3. [712 PIV: (Іі) (а) ФО (іш) (а) 
T PES РУ : ФФ 60960) Gi) (d) 
mE: РУ: (Іі) (а) ФО (іш) (b) 
2 РУП: @@ (йі) (а) (іш) (с) 
6. КЕЙ Р-УШ: (06) ФО (ін) (а) 
2 PIX : ОФФ (ii) (а) (іш) (а) 
7. Ge РХ : (i) (a) (1) (b) (0) (с) 
Үз УЗ PXI : (де) 000) ФО 
8. (i) 2 (1) -1 (ін) 12 Р-ХП : (i) (а) ФО (іш) (а) 
9. = MATRIX MATCH 
11. 0-3 4B 1. (ARR), BS) OP), OR) 
ure xj eee 2. (AS), BS), OP), (ФФ) 
13. m=6 3. (А)-<5), (ВК), (ОФ),  (D)>(Q) 
{Д.А 4. (А)— 6), (ВР), (OQ, (0)-(5) 
Ew E 5. (А)— (5), (B)2(P, (С)-(5),  D)>Q) 
Ра 5) шан 6. (A)9(S BS), (OS), 0)-3(0) 
7. (АР), (B)2(P, (O-—(S,  D)>Q) 
INTEGER TYPE QUESTIONS 8. (А)>($), (В)-(Р), (ОР), (0)-4Р) 
1.3 2.3 3.3 4.4 5.7 9. (А) (5), (В)-Р),  (О— О), (0)-3(8) 
6. 6 У 8. 8 9. 4 10. 3 10. (А)>($), (B)O(P) (САР)  (D)>Q) 
11.3 12.2 13.2 14.4 11. (>R), (В)-Х9), (O-(P, (0)-30) 
Іше ( -- Also, 
a — b = (i+ 2j – ЗК) – (31 + j + 2k) 
1. Let 0 the angle between a and b. 
= (-2i + j — 5k) 
Now, a-b = abcos(0) Now: 
=; cos(6) = 22 (а + b)-(a—b) =-8 +3+5=0 
= Е 6—6+0 E : 2. (а + b) is perpendicular to (a — b). 
V14 NI3 ' 
л (a+b+ec)=0 
Б ас > |(а+ђ+ор=о 
Hence, the angle between а and b is > => lal’ + IbP + Ic? + 2(ађ + ресе + са) = 0 
2. We have, => 9+ 16 + 25 + 2(a-b+b-c+c-a)=0 
a + b = (i + 2) – ЗК) + Git j + 2k) = 2(a-b+b-c+c-a) = –50 
= (41 + 3j - К) = (ађ-+ђес + са) = –25 
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4. We have, 
(a+ b — oe 
= la? + Ib? + lc? + 2(a-b — a-c + b.c) 
=1+1+1+0 
=3 
> la + b — cl = V3 


5. As we know that the projection of a on b 


-ab 
Ibl ' 
3-2+2 „В 


“414441 46 12 


6. Given га +b =i+janda+ 2b=i-j 
Solving, we get 


a = 5 (i + 3j) and b = 1-3) 


Since, a-b = abcos(@) 


> cos(0) = ab 
ab 
1 
-(1-9 
= ЭЭН A 222 ші 
10 10 5 
9 
> (0) = es" (-2) 
5 
7. Let r = ai + bj + ck. 
We have to find 7 = ЕТ 


Неге, г is perpendicular to the given vectors, so 


a-2b+c=0 
and 24-5-3с-0 
Solving, we get 
a b [4 


6-1 2+3 1+4 


a b.c 
~ CC 
=> a = b = c = А(ѕау) 
ГОТИ е 
Tue Ее G@+jt )_(G+j+ ); 


гі 243 43 


8. Let the vector be r = xi + yj. 


We have to find f = 77 
г 


Let a=i+j and b = 31 - 4j 


10. 


Now, 
г.а = racos(45°) 


> ge yee + ye 


V2 
=> х+у= х2 + у? 
апа 
гр = rbcos(60°) 
> Зх – 4у = x eyes 


4) 


= 230-4) = ey 20 


From Eqs. (i) and (ii), we get 


х= 13у 
r xi+ yj 
Thus, f= — = === 
Irl 2 + у> 
Е 13yi + yj 
41695? + у? 
Р 131-) 
V170 | 
. Given a-b=0O=a-c=b-c 
Let lal = Ibl = icl = A 
Now, (a+b+c):a=la +b + cllalcos(@,) 


= la+b + cllalcos(0,) = (a-a+a-b + a-c) 
= la+ b + cllalcos(@,) = la? 


Ё lal 2 A 
T IIT d abe 
Similarly, cos (Ө) = b = A 
| а-Һ-сі la+b+c 
lel 3 


а = = 
a ONO нв ҮНЭЭ 


Thus, cos (0) = сов (0,) = cos (03) 
> (01) = (6) = (05. 


Let r = xi + yj + zk such that ігі = N51. 
It is given that 


cos (0) = cos (0,) = cos (03) 


ar br cr 


=> == = 
lallri ТЫІ Тек 
ar br cr 
mS lal ^ Ibl ја 
— ar-br-cr 
С: lal = 1 = Ibl = Iel) 
ES х- 2+ 25 -4х-32 У 


3 5 1 
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х- 2у + 25 -4х-32 Y _ 
3 72-5 a «| 


Solving, we get 


Х--54,у-2,2-54 


> A(say) 


Also, 
irl = V51 
=> дауа 2-51 
> 2542 + А2 + 2542 = 51 
> 5142 = 51 
> 22-1 
> ЛА = +1 
> г = t(-5i + j + 5k) 


11. Let r = xi + yj + zk such that Ш = 4. 
It is given that 


cos (0) = сов(0,) = cos (03) 


ar br cr 


=>. = = 
јак!) Юг 6 
ar br cr 
— = = 
lal ІМ lel 
=> ar-br-cr 
1 
lal = — = М = lel 
V2 
= х+у=у+т=х+{ 
= х+у=у+=х+ = А(зау) 


Solving, we get 


re m ET 
2 y 
Also, 
Irl = 4 
=> № + у + 2-4 
2 2 FP 
Поа а ЭРЭЭ”, 
Е qo HA 
ES 33° _ 
4 
16 
= д^. 
3 
4 
> А = +— 
V3 
Therefore, r = ross (i+ j+k) 
КЕ 
12. Let a = (i + 2j + k), 


13. 


14. 


b = (i + j + 2k) 
and c=(2i+j+k) 
and r be a vector 


such that r = (xi + yj + zk). 
It is given that r, a and b lie in the same plane, so 


г(ахһ)-0 
XYZ 
> 121 =0 
112 
> àx-y-zz0 ...(1) 
Also, 
r-c=0 
> 2xt+y+z=0 ...(ii) 


Solving Eqs. (1) and (ii), we get 


xX 2 -Z 
0 -5 5 
ХУ 1. 

> О A(say) 


БӘЛІШІ к 
Therefore, ? = — 


ігі 
ы Ре +0) +k) 
We have, 
ка — БР 


= ја! + Ib (a.b) 
= [1 +1 -2(4-b)] 


=2-2(4 

= 2 – 2с050 

= 2(1- cos@) 

-2х 2sin? (2) 

PES . (0 

ачаа 

> la | sin 2 
> sin( $) = 51 ep] 
Given  &b20-2b6-26à 
and 12|-1-15 = 11 
We have, 


= -l° 
=-1. 
Given lâl = 1 = ÊI = là + b 
We have, 
lat+bl=1 
> а + БР =1 
= là? + bP + 2(a-b) = 1 
> 1-1-2(4-5)-1 
> 2с08(0)-1-2--1 
1 
> 9) = -= 
cos (0) 2 
Thus, віп(0)- М1 – cos? (0) 
1 v3 
> 06)-41----- 
sin(@) 4 2 
. It is given that, а-1-1а! соѕ (30°) = E 
and b-i = Імійсов(120%) = — 
Clearly, the angle between а and b is 90°. 
Thus, (a-b)=0 
We have, 


là + bP = la? + Ib? + 2(а-5) 


=1+1+0 
о 
> lâ + ĝl =\2 
. Given, 
(2 ЕЕЕ 2(a-b) 
ac Б ab ab 
1 1 2(a-b) 
= + 
2 2 2,2 
а а ab 


а? + 2 – 2(а-ђ) 


a p 


2-1 


. Let ñ = xi + yj + zk such that 1А = 1. 


Now, 


(4) 


Also, 


Also, 
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ул=0 
x-y=0 
x=y ...(11) 
From Eqs. (1) and (ii), we get 
х=0= у 
In| = 1 
Pa у + 22 = 


19. Сіуеп 


Thus, 
20. Given 


Now, 


Thus, 


21. We have, 


0-0-2- 
12-31 
r=tk 


Ку а)! = 1—31 = 3. 
ар-0-а-с 

Р mil 
b-c = Iblielcos(7) = 5 


la + b + c? 
la? + Ib? + Ic? + 2 (a-b + b-c + c-a) 


=1+1+1+ 2(0 +5 + 1) 
-4 
la +b +cl=2. 


2(a-b+b-c+c-a)=0 


la + b + с> 

= la? + Ib? «Ic? + 2(a-b + b-c + c-a) 
=9+16+25+0 

= 50 

2la + b + cl = 5. 


lâl + 192 + 24.5) 
lal? + 102 – 2(а-ђ) 


_ 1+ 1 + 2cos(60°) 
© 1 + 1 — 2cos(60°) 


_1+1+1 
1-1-1 


- 3. 
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Th a+b 43 = b + с + 2Ьссоз(л- A) = а? 
15, ———| = 
a-b => 2 + с? + 2Ьссоз(А)= à? 
22. Given, = 2bccos(A) =b + с? – a2 
(а+ р + Зе) = 0 E Puri =, 
> (a+ b + с) = (2c) Е Ibe 
We have Hence, the result. 
la + b + c? = 120) 25. Let ВС = à, СА = b and АВ = C 
= la? + Ibi? + Ic? + 2(a-b + b.c + c-a) = 42 A 
=> 1 + 16 + 242@b+be+ea=% 
= па ће зб) = 2% = 17417 
51 
= 2(a-b+b-c+c-a)= y^ 17 
17 
= 2(a-b+b-c+c-a)= uw 17 
25 2b + be + c-a) = -2 = 
17 > 
=> 2(a-b+b-c+c-a) = За 
> 
23. Let the resultant force be Е such that 
=> abcos(m – С) + accos(z - В) = -à? 
Е = Е, + Е, + Е, 
i5 Е -2j-k > —abcos(C) – accos(B) = за 
Now, АВ-21-41-К > а = Ьсоз (С) + ссоѕ (В) 
г. Work done = (Force): (Displacement) 26. 
Y 
= (2 – К): (21 + 4) – К 
Qj – k): Qi + 4j – k) A (a,b) 
=8+1=9. 
> > > => о ‚а 
24. Let ВС = а, СА = b and AC = 2 Be M 
B 
A 1< >- 
x О х 
Y 
М 
Неге, ОР = ai +} 
C and OQ = с! + dj 


> 
B a 


od ek, es Now __ОР-00 = loPl|oQ|coscz РОО) 
We have BC + СА + АВ =0 


> 4-542-0 Now, (ai + Бр (cî + dj) 


=> + С =-а 
: = Маг + b? Nc) + Ф cos(A – B) 
= (È+? =à? 
> со$ (А – B) 
=> P+C+2b-c=a 
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27. 


28. 


29. 


Е (ai + bj) (с? + dj) 
Ма“ + Ь? Ме“ + Ф 
= ас + bd 
vw + 02 Үс? + Ф 
= a Нэг: " b НА 
Маг +b Ve? + Ф Va +b Үс? + Ф 


= cosA:cos B + sinA-sinB 


-Х 
О(с,-а) 

Неге, ОР = ai + bj 

and 00 = сі + dj 

Now, 


OP- 00 = |OP||00|cos(Z POQ) 


> ас bd = (OP)(OQ)cos(A + В) 


ac—bd 
(OP) (OQ) 
_ а c b а 
“ОР OQ ОР ОО 


= cos(A)cos(B) - sin(A)sin(B) 


=> cos(A+B)= 


We have, 
ij k 
axb=]2 -1 1 
1-3 -5 
-81-11)-5К 


Area of a triangle = та x bl 


Now, 
ij k 
ахр-1340 
570 
= (21 – 20)К 
=К 


Thus, the area of the triangle = 5 84.4 


30. Now, 
ijk 
axb=/1 2 3 
3-21 
= 81+ 8j — 8k 
= 8(+j—k) 
Area of the parallelogram 
= la x bl 
= 843 sq.u. 
31. Now, 
i К 
ахђ=ј 1 1 
3 -4 1 
=5i+2j-7k 
Area of the parallelogram 
1 
=! bl 
29 Х 
-1,405-4-449 
2 
безе 
32. Let а = 3i-j+ 2k, 
b=i-j-k 
and с = 4i — 3j + К. 
Now, ab = –21 – 3k 
and ас-і-21-К 
i j k 
ab xac = |-2 0 -3 
1 -2 -1 
= —6i — 5j + 4k 
Area of the triangle = Slab x acl 
= 1 36425416 = 177 squ 
33. Leta = 2i- j +k and b = 3i - 4j – К. 


А unit vector perpendicular to a and b 


г В) 
la x Ы 
Now, i j k 
(ax b)=|2 -1 1 
3 -4 -1 
= 51 + 5j – 5k 


-5üj-k) 
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34. 


35. 


36. 


37. 


Thus, the unit vector = ae х 
la x bl 
-+1G+j-w. 
үз 
We have, 


ах (b+ с) +b x (c+ a) + сх (а + Б) 
=axbt+axct+bxct+tbxat+exat+exb 


=axb-cxat+bxc-axbt+cxa-bxe 


=0 
Given axb=cxd ...(1) 
апа axc=bxd (ii) 


Subtracting Eq. (1) from Eq. (i), we get 
axb-axc=cxd-bxd 
ах (b-c)=(c-b)xd 

a x (b-—c)-(c-b) x d=0 
ах (b-—c)+(c-—b) xd=0 
ax (b-—c)-dx (b-c)=0 
(a-d)x (b-c) = 0 

Thus, (а - d) is parallel to (Ъ - с). 
Given, 


ууу ДЕ 


(a * b + с) 
ах(а-Ь-с)-ах0-0 
axat+axbt+axc=0 
axbtaxc=0 


axb--axc 


ууу у у 


ахһ-сха ...(1) 
Also, 

(a+b+c)=0 
Ьх(а-Һ-с)-Ьх0-0 
bxa+bxb+bxc=0 
bxat+bxc=0 


bxc=-bxa 


ууу уу 


bxc=axb ...(ii) 
From Eqs. (1) and (ii), we get 


axb=bxc=cxa 


Let а= aj + aj + ак 

Now, (a x i) 
= (аі хі+ајхі+ак x i) 
-(-аЖ- ај) 

Thus, Қах DÊ = a? + a? 


Similarly, Ка x DP = aj? + a4 


38. 


39. 


40. 


41. 


and Ка x ЮР = a? + aj 


Therefore, 

ах? + la x FP + la x ЁЁ 
= (a? + ау + аг + a? + ар + ay’) 
= 2(8р + a’ + аг?) 
= 2а? 


Given а-Һ-0-ас-с 


Thus, а is perpendicular to b and с. 
A unit vector perpnedicular to b and с 


А хе) 
Ib x cl 
de (b x c) 
‚ [T 
ІМІсі = 
БЕШ 
jE) 
1/2 
= t2(b х с). 
Given, 
ахђ=ахс 
= ax (b-—c) = 0 
A (b — с) is parallel to a 
> (b – с) = Aa 
> р—с + ла ДЕК 
Given, 
RxB=RxC 
> Rx (B-C©C)=0 
2 К is parallel to (B — C) 
— к= A(B - С) 
> В = A(-3i + 4j - 66) 
Also, 
R-A=1 
=> -6A-6A=1 
1 
Аш--- 
= 12 
Thus, R = -5(3i + 4j - 6k). 
Now, 
iJ k 
ахђ=ј 1 0 
011 
=i-j+k 


Unit vector perpendicular to a and b 


(4) 
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42. 


43. 


44. 


45. 


_ ахђ 
la x bl 


=+(-j+k) 
Thus, the number of vectors of unit length = 2. 


As we know that, if a, b and с form а right handed 
system, then 


c=axb 
ijk 
=> с=јх У 2| =-zitxk 
010 
Given, 
rxa=bxaandrxb=axb 
> rxa=-axbandrxb=axb 
> rxa--rxb 
> гха-гхһ-0 
> rx(a+b)=0 
r is parallel to (a + b) 
> r=A(a+b) 
> r=A(a+b) 
> rxb=A(axb+b~xb) 
> r x b= А(а х b) 
> a x b=A(a x b) 
-> 1-1 
Therefore, г = (ах b) 
= 31+] -К 
Given that 
rxa=bandr-a=0 
> rxa=b 
> ах (гха) =ахЬ 
> (а: а)г – (а га=ахђ 
= la’r -0-axb 
= г=2*Р^ 
lal? 
Given ax b=canda-b=3 
Let b = xi+ yj + zk 
Thus, x+y+z=3 
ij k 
and 1 1 1 
x у 2 
= (2– у)і + (х - әј + (у - дЕК=ј-К 


46. 


47. 


48. 


Comparing, we get 


(-у)-0,(х-2-і1,(0-х--і1 


Solving, we get 


=> х=. 22287 
3 7 79 
Thus, b = 765i + 2j +3) 


The vector [а — (a-b)b] lies in the plane of a and b 
and the vector (a x b) is perpendicular to each of a 
and b 

Thus, the angle between (a — (a: b)b) and (a x b) = 
90°. 


В с 
a+b 
b 
a-b 
О 5 А 
Here, lal = Ibl and (a-b) = 0 
Given a+b=3i+ 4] 
Now, la + ЪЁ = lal + Ibi? + 2(a-b) 
> la + b? = la? + Ib? = 21a? 
> 2la? = la + b? = la + b? = (32 + 47) = 25 
> ar= = 
"^. Area of a square = la? = 2 
Let А = (1, –2, 2) and В = (2, -1, 3) 
Thus, r-BA-OA-OB--i-j-k 


49. 


Therefore, Momentum about the point B 


=rxF 
i j k 
= ]-1 -1 -1 
3 2 -4 
= 61-7] +К 
Нете, РО =-6i-j-k 


Thus, moment of the couple 
=M 
=PQxF 
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i j k 
-|-6 -1 -1 
5 0 1 
=-i+j+5k 
50. Here, r= (i-j + 2k) – Qi+j+k) 
=> r=i-2j+k 


51. 


32; 


Thus, torque about the point 


=rxF 
i j k 
-|1-21 
4 0 1 
=-21- 3j + 8k. 
Given AABC, a = BC, b = CA, c = AB 
A 
Clearly, 
= 
= 
= |absin(z — C)| = |bcsin(z — A)| 
= |casin(z - B)| 
> absinC = bcsinA = casinB 
S absinC  bcsinA  casinB 
abc — abc abc 
sinC _ sinA _ sinB 
m с a — b 
sinA _ sinB  sinC 
x a b € 
Hence, the result. 
Y 
А 
P (a, b) 
2-8 O(c, а) 
224 
X’< о >X 


54. 


29: 


56. 


57. 


Неге, ОР = aî + bj 
and 00 =ci+dj 
Now, OP x OQ = (ad - БОЈЕ 
> КОР) (OO) sin(ZPOQ)|k = (ad – be)k 
= in(A — B) (ad — bc) 
sin = 
(ОР) (OQ) 
а d b c 
7 ОР ОО OP ОО 
= cosA-sinB - sinA-cosB 
> sin(A - B) = sinA-cosB — cosA-sinB 


Hence, the result. 

We have, 

fa+b,+b+e¢c+al] 

= (a + b)-(b + с) х (с + a) 

=(a+b)-(bxc+bxa чсхс-чсха) 

=(at+b)-(bxc+bxa+t+cx a) 

= (а:рхс+а: рф ха +а:сх а) 
+(b-bxc+b-bxa+b-c x а) 

= [a, b, c] + [a, b, c] 


= 2[a, b, c] 

We have, 

[2a — b, 2b - с, 2c - a] 

= (2a – b)-(2b - с) x 2c - a) 
-(2а-5-(4хс-20ха-сха) 

= (2а – b) (46 хс+ 2ахЬ + сха) 

= (8a-b x c—b-c x a) 

= 7[a, b, c] 

= 0, а, b апа с аге coplaner vectors 
We have, 


[а, Б+са-Ь + с] 

= а: (+ с) х(а + ђ + с) 

=a (bxa+bxc+cxa+cxb) 
= (a-bxc+a-c xb) 

= (a-b x c—a-c x b) 

= 0. 

We have, 

[а + р + с, а + Б, а + с] 

= (a + b + с): (a * b) x (a + c) 

= а+ + с): (а+се+рха+ь + с) 
=(a-bxc+b-axc+e-b х а) 
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58. 


59. 


60. 


61. 


62. 


=(a-bxc-—a-bxc+c-b ха) 
= [a, b, c] - [a, b, с] + [a, b, c] 
- (а, b, c] 

We have, 

[a — В, b-c, c — a] 

= (a — b)- (b — с x (с-а) 

= (a-b)(bxc-bxa+cxa) 
= (a-b)(bxc+axb+cxa) 
= (a-bxc-b-cxa) 

= (а, b, c] - [a, b, c] 

- 0. 

We have, 

a-(b x c) = lallbllel 

(a x b):c = lallbllel 

lal Пе sin(@)cos(@) = lallbllel 
sin(@) cos(@) = 1 

sin(@) = 1, соѕ(ф) = 1 


ууу) 


0-5 9-0 


Hence, the angle between a and b is 0 = 2 


We have, 


10 x €-(a +b +e) 
=> (bx oa + (bx ©)-Ъ + (хоо) 


- (b x o-a + 0 + 0) 


= jo x суа 


= 5 la, b, c] 


Ее: 
2 

Since the given vectors are coplanar, so 
2-1 4 
1-12 
3-21 
> 6-5+4(-2 + 3) = 0 
> 1+4=0 

> A=-1 

The volume of the parallelopiped 

= (а, b, c] 

3 -2 1 
1 1 1 
1 1 -2 


=0 


63. 


64. 


65. 


67. 


= 3(-3) + 2(-3) +0 


= |- 31 = 3c.u. 
We have, 
2(a+b+c) = 61 + 8j - 12k 
=> (а +>"ђ + с) = 31+ 4] – 6k 


Thus, а-1--К,0-К, с-21-3)-5К 
Hence, the volume of the parallelopiped 


11-1 
=00 1|-21cau. 
2 3 -5 


Given (а, В, с|-5 
Now, [3(a + b), (b + с), 2 (с + a)] 
3.2[(a + b), (b + c), 2(c + a)] 
6[(a + b), (b + с), 2 (с + а)! 
= 6 x 2 [a, b, c] 
-6х2х5 
- 60. 
The volume of the parallelopiped, 


l a 1 
014 
а 0 1 


У = 


1 + а(а? – 1) 


= а“ – а +1 


ау 2 
— = За“ – 1 
= da a 


For maximum or minimum, 


dV 
egt n 
da 
gives 
> За? – 1 = 
1 
=> а = += 
V3 
+ - + 
< | | > 
zu. ih 
V3 V3 


By sign scheme, the point of minima is a = = 


Since the given vectors are coplanar, so 


all 
1b 1|=0 
11€ 
a 1-а 1-а О, 
=> |1 5-1 0 = | 
1 0 c-l ? METUS 


5.46 


Integral Calculus, 3D Geometry & Vector Booster 


= a(b-D(c-D(a- D(c- 1) 
+ (1 — БА - b) = 0. 

> (1-5(1-0)-(1-а)1-0) 
*(1-a)(1-5)20 


Dividing both the sides by (1 — a)(1 — D)(1 – c), 


we get 
a 1 1 
+ + =0 
1-а 1-b 1-с 
1 1 
ie -1 
x Eimer mr ame 
1 1 1 
> + + = 1 


68. Let a = aji + aj + ask, 


b = рі + р) + Б.К and c = сі + cj + ОК 
We have, Га, b, с]? 


= [a, b, с] [а, b, c] 


a, а, а; ау а а; 
Сі Су с; Сі Су С; 


a,b, + a,b, + аЬ, асу + asc, + азс; 
ЖИГ, 
b^ tb, +b, 


сјај + суа» + сзаз Cub, + Соб, + сз, 


ара, + а> 
һа, + ba, + һа» b,c, + bc, + byc, 


2 2 2 
C1 + С + с; 


аа аһ ас 
=|b-a b-b b-c 
са с.р ce 
69. As we know that, 
аа a-b ac 
Га, b, c =|b-a b-b b-c 
са ср сс 
111 
2). 
= 1 11 
2 
11, 
2 2 
2 (ка ја | 52 
2 214 2 
ый. эг 
2 8 8 
КЕ) 
Thus, [a, b, c] = —— 
2N2 


Therefore, the volume of the parallelopiped 


70. 


71. 


72. 


73. 


_ УЗ 
242 
Let a x b = аі + aj + ak 
We have, 


(а, b, ili = (ах b)-i)i 
за 
Similarly, [a, b, j]j = ай 
and [а, b, КЈК = ак 
Thus, 
(а, b, iJi + [a, b, j]j + [а, b, k]k 
= aj * ај + ak 
= (a x b) 
Hence, the result. 
Let a = ai + a,j + ask, 
b = bi + bj + b3k and c = a = ci + ој + ОК 
Also, let m = ти + mj + mk 
and n = пі + mj + mk 
Now, 


(а, b, c] (m x n) 


а ауа) |i j k 
= b, b, | xm, m, та 
Cy C5 C3 пу Ny п; 
а b с 
= јат b.m ст 
an pen СП 
Given г = ха фуђ + 22 


Taking scalar product of (b x с) 
r-(b хс) = xa: (b x с) + yb-(b x c) + с. хс) 


> r-(b хе) = xa-(b x с) 
=> (т, b, c] = х[а, b, с| 
= 5, е] 
** Ta, b, c] 
Similarl [r, с, а] [r, a, b] 
1milar = = 
YT la, b,c] ^^ Ta, b, c] 
(г b c] [г € a] [r a b] 
H = 
ence, г [рс аре “икс 
Given, 


1 
b, b] = – 
[a b, a x b] n 


> (a x b)-(a x b) = 1 


Vectors 
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1 
| b)? = – 
> (a x b) 1 
= Ka x by = 1 
2 
5 absin(0) = t 
2 
э їп (Ө) = 1 
2 
л 
0-2. 
= 6 
74. Сіуеп a = x(a x b) + y(b x с) + z(c x а) 
=> a@-c=x(axb)-c+y(bxc)-c+z(cxa)-c 
= x(a х ђ) с = хја b с] 
_ ae 
zi - Та, b, c] 
Simin y Же. 2 oO 
(а, b, с] (а, b, с] 
Thus, 
X+y+Z 
= ас оза о-һ 
[a, b,c] [a,b,c] [а b, c] 


œ- (а + с) 
(а, b, c] 


œ- (а + + с) 
1/8 


= да (а + ђ + с). 


75. Volume of the tetrahedron 


1 
== ‚ b, 
618 c] 
1 1 1 
-ех -1 1 
1 2 -1 
Sd ra) 
6 
2 
= — C.u. 
3 


76. Given la — bl? + Ib — c? + Ic — а? = 9 


ууу у) 


2(а? +b + с“) – 2(ађ + ђ-с + са) = 9 

6 – 2(ађ += ђе + са) = 9 

2(a-b + b-c + са) = –3 

(а? +b + с?) + 2(a-b+b-c+c-a)=3-3 
а + + с? = 0 

(a+b+c)=0 


77. 


78. 


Now, 
2а + 5b + Sel = Ра + 5(b + с)! 
= [2a + 5(-a) 
-1-3(а) 
= |-3llal 
= 33 
Let a=i+j,b=j+kandc=k+i 
Now, , 
i Jk 
(ахМ-(|11 OJ = -ј+ Юю 
011 
‚ (axb) ЦЭЛ: 
= = k 
Pe UI ов Ыш 
b 
similarly, A= > = Lie k) 
4 (exa) Iis 
d Р = — К 
= (хай 82325 
Volume of а parallelopiped 
NEMPE E 
Уз V3 V3 |. 
11 1 
1 101 
=— |1 2 = (Се С, + С) 
УЗ | 10 1 
2 
esc (1+1) 
3N3 
— M 
343 7 
Given а-р-с-04 
and р + с+ а = fa 
= d --b-c- Ва 
> ad = –ођ – ас - ора 
= а+=ђ+с=о%- ас – ава 


Comparing, the co-efficients of the vectors, we get 


а =–1, аВ = –1 


> а=-,В=1 
Now. 
a+bt+e+d+4=ad+d+4 
=-9+9+4 
= 4. 
79. Ге а = 31+ 2] + 6К, 


Ь = 21+] +К 
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80. 


81. 


and с=1і-ј + К. 
ах (b хо) 

We have to find + ———————. 

la x (b x с)! 


Now, 
i j k 
2 1 1 
1-11 


(b x c)= 


=2i-j-3k 


Also, 

ij k 
3 2 6 
2 -1 -3 


ах (b x с) = 


= 211 -7К 
Thus, 
a x (b x с) 
“la x (b x o)l 
(21i — 7k) 
V441 + 49 
(21i — 7k) 
7410 
(31 – 7k) 
110 


I+ 


= + 


= + 


a x (a x b) = (a-b)a - (а: ајђ 
= a – lab 
-a-3b 
> 3b =а-ах (a xb) ...(1) 


ax(axb)- 


=-21+]+К 
Thus, from Eq. (i), we get 
3b=(+j+k) - (-21+]+Ю 


> 3b = 31 
> b=i 
We have, 


(a x хе) = tb 


=> (а-о) – (a-b)e = Tb 


82. 


83. 


84. 


> ассо8(0,) = 5 and abcos(@,) = 0 
> cos(0)) = 5 апа cos(@,) = 0 

T T 
> (Ө) = 3 (6) = 2 


Hence, the result. 


We have, 
1 
a x (b xc) = —(bte 
(a x ( )) 5 ) 
> a-c)b - (а: Бе = — (b + c 
(а с) (a-b) 23 ) 
= ote ape 
үз” V2 
1 1 
= accos(@,) = — апа abcos(@,) = — 
(6) 7 5 (= 
1 1 
= cos(0,) = — апа cos(@,) = — 
ИР = 
> д = 7 and 6, = 7 
ah 
> eer 


Hence, the angle between a and b is A 


Given, 
ax(axc)+b=0 
ах(ахс)--һ 
la x (a x с)! = I- bl 

af To 
аа x с) ШЕ -1 


lall(a x ce) = 1 
(а хс = 1 


acsin@ = 1 


ууу у у] 


: 1 
0-4 
sin 


8-4 
= 6 


Hence, the angle between а апа с is o 


We have, 
ax(bxc)(axb)xczO0 


=> {(a-c)b – (a-b)c}-{(c-a)b – (с ба) = 0 
> (а. ©) 5)? – (а. с) (с. b)(b.a) 

– (a-b)(c-a)(c-b) + (а-Ъ)(с-Ъ)(с-а) = 0 
= ((a-c)b? – (a-c) (c-b) (b-a) = 0 
= (а. с) ((a-c) b? – (а ђуб-с) = 0 
> (а. с) = 0, {(а- ОБ? – (a-b)(b-c)} =0 


Hence, (a-c) = 0 
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85. 


86. 


87. 


Given, 


(a x b) x e = 5 Ыса 
c x (a x b) = = Бка 
(c-b)a – (a-a)b = — Ыса 
(c-b) = - вида 
3 
leliblcos (6) = -$ 1 
1 
pac 
COS 3 
қ 1 202 
= (5585 а 
sin Ө 9 3 
the result. 
a-b=0 
г= та + пь + р(а x b) 2-4) 
r:a = т(а:а) + n(a-b) + р(а (ах b)) 
т-0 
r-b = m(a-b) + n(b-b) + p(b-(a x b) 
1=0+n(b-b) +0 
n=1 
r-a x b= m(a-a x b) + n(b-a x b) 
+ p[(a x b)-(a x b)] 
1=0+0+pl(a x b)? 
р-1 


Hence, from Eq. (1), 


r= b + (a x b) 


We have, 


= (а: 


ах (bxc) *bx(exa)- a 


Ob - (a-b)e + (b-a)e – (b-c)a = Та 
‘© = 0, (a-b) = 0, (b-a) = 0, ®.9=- 
(a.c) = 0 
ассоѕ (01) = 0 
cos(0)) = 0 
бА л 
ЕС 


88. 


89. 


90. 


Thus, 


We have, 


(а x с)! 


= асвіп(2| 
2 


(d + a)-[a x b x (сх d)] 


^ 


= (d + a): (a x [(b-d)c - (b x o)d] 

= (d + a): (ах ©): 9) - (a x d)(b.o)] 

= [9. (a x c)(b-d) +а: (a x с): а) 
—9. (a x d)(b-c) –а (ах d)(b.c)] 

= (а, c, d] (b. d) 


рх + (хха) = 
р(а-х) +а: (хха) =a-b 
р(а-х) + 0 = а:Ь 
р(а-х) = а: 
(a-b) 
7 (ах) 


рх + (хха) = 
р(ахх) +ах (хха) =ахЬ 
р(ахх) + (а:а)х – (а:х)а=ахьЬ 


(a-a)x = (a.x)a -a x b - p(a x x) 


(a-ayx = Ра ax b- p(a x x) 

(a-a)x = Уа axb- p(px – b) 

рух = Уа axb-pb 
aD axb-pb 

Á (а? + р?) 

хаһм-0 


x, а, b are coplanar vectors 
x=ma+nb 

х.а = т(а:а) + n(b-a) 
х.а = m(a-a) + n(b-a) 

0 = та! + 0 

m=0 

х= та + пі 


х.б = m(a-b) + n(b-b) 
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91. 


92. 


93. 


94. 


95. 


=> 1=0 + |b? 
5 ма 
|ы? 
b b 
Thus, - ы 
115 X matn bÊ Ibi 


We have, 
[a x (b + с), b x (c - 2a), сх (a + 3b)] 
= [ах Ь-+ахс, Б хе - 2Ь ха, сха + 3сх bl 
= [ах b — сха, b x c + 2a x b, сха- 3b х с] 
= [x —z, у + 2x, 2 – 3y] 

where х =axb,y=bxcec,z=cxa 
= (x — Z): (y + 2x) x (z - Зу) 
= (kx —Z):(y х2- 6x xX y + 2x x Z) 
=x (У + z) + 6z-(x + y) 
= 7х. (ух 2) 
= 7 [ху z] 
= 7 [а b c? 
= 28 
We have, 
(а – Б), (а - b - с), (а + 2b - е)] 
= (а – b)- (a — b – с) x (a+ 2b - с) 
=(a—b)-[(2axb-axc-bxa+bxc-c 

ха – 2c х] 
=a-(b x c) – 2а: (c x b)+ b- (ах е) +5. (сх a) 
=a-(b хе) + 2а: (6х c) 5: (сха) +: (сх a) 
3 (а, b, c] 
- 15 
We have, 
[Фа x 3b), (3b x 4c), (4c x 2a)] 


= [x x y, y X Z, Z x x] 


where 2а = x, 3b = y, 4с = 2 
= [x, у, 2] 
= [2a, 3b, 4ср 
= 4. 9. 16[a, b, c]? 


- 576 x 4 - 2304 
Given, 
xxb=axb 
> (x-a)xb=0 
> (x — a) = Ab, where Ae В 
> x =а + Àb. 
We have, 


хха=ђ 


96. 


97. 


98. 


> (xxa)xa=bxa 
> ах (xxa)=-bxa=axb 
= (a-a)x – (а:х)а=ахьЬ 
> аРх = a x b 
= «-ахь 
lal? 
Given, 
rxb=axb 
> (r—a)xb=0 
> (r-a)=Ab,AER 
> r=a+ Ab 
> г.с = (a-c) + Л(ђ с) 
zs _ (ае) 
(b.c) 
a-c 
Thus, r-a- ($2). 
Given, 


xa+yb+zc=d 

Taking scalar product of (b x с), we get 

ха. (b x с) + yb (b x ©) + ze (b x c) = d-(b x е) 
5 ха. фхс +0+0=d-(b x с) 

> ха. (b x c) = d-(b хс) 


dbx) [d b c] 


zi ХР афхо [abc] 


Similarly, we can easily find that 


[9 са] [d a b] 
" label ^ [abe] 
We have, 

х+у=а 

> (х+У.а=а:а 
> х.а-+у:а=а.а 
> 1 + уга = la? NO 
Also, хху=ђ 
> ax(xxy)-axb 


> (a.y)x- (a. X)y-axb 
> (la? — 0х - y =a x b [from Eq. ()] ...(1) 
Again x+y=a ...(iii) 
Adding Eqs. (ii) and (iii), we get 


(laP)x = (a x + a) 
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(ах b+ a) 
INC ШП 
lal 


From Eq. (iii), we get 


> 


(ах b+ a) 
у= а = 2 
lal 
(a x b + a) (ax b+ a) 
Hence, x= 7 ‚у = 5 
lal lal 
Lever (1! 
1. We have, 
AB = 31+ 7j - 5k 
ВС = -7i-j+5k 
апа СА = 4i - 6j 
Unit vectors along AB, ВС, СА are 
1-22: : 
—— (31+ 7j - 5k) 
N83 
41 (71-56) 
475 
and | (44-6) 
452. 
Since the forces Р, О, В are of 15 KN each, so 
15 : : 
Р = — (31 + 7j – 5k) 
483 
15 ша. 
О = — (-71-]+5К) 
475 
15 . 
апа = — (4і- 6k) 
452. 
Thus, the resultant 5 is given by 
=P+Q+R 
15:44: : 15 Er A 
= —— (3i + 7j- 5k) + (-7i - j + 5k) 
483 475 


--13-(4:-6) 
52 


452 


= 13| 3 7 4 Ji p 1 6 
483 N75 452 483 N75 N52 


“Гаваа 


b are null vectors, let 


. As a x = 0 does not imply that the vectors a and 


а = 21+ 3j and b = 3] + 4k 
Thus, 
ijk 
23 0 
03 4 


axb- 


-12i- 8j + 6k #0 


. Resultant of P and Q 


= (2i — 5j + 6k) + (-1 + 2j - k) 
= (i — 3j + 5k). 
Displacement, 
= АВ = (61 + j – 3k) – (41 + 3j - 2k) 
= (2i + 4j —k) 
Workdone = Force: Displacement 
= (i — 3j + 5k). (2i + 4j - К) 
= |2 – 12-5 
= |- 15| = 15units. 


. We have, 


(a x b) = (absin Ө)? 
= ab’ sin’ Ө 
= @ b’(1 — cos?0) 


= а? b- a? b cos?0 


= ap (a by 
. Given, 
(ахь) = хо #0 
= (b x с) 
= -(e x b) 
> (ax b) + (схЬ) = 0 
> (axc)xb=0 
=> a x с = КЬ, where К is a scalar. 


. Sum of the vectors 


= (2i + 4j - 5k) + (Si + 2j + 3k) 
= (2 + S)i+ 6j – 2k 

Unit vector parallel to the sum of the vectors 
_ @+5)1+ 6j – 2k 
Ог + 5 + 36 +4 


0+ 5) +6] – 2 


4524 45 + 44 


Also, it is given that 


(2+ Sit 6j-2k | 


NS? + 45 + 44 
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(2 + S) +6 – 2 = М52 + 36 + 44 


> 
-> (S + 6) = (52 + 45 + 44) 

> S? + 125 + 36 = (S? + 45 + 44) 
> 85-8 

> 5-1 


. Since the vectors (2i — j + k), 


(i + 2j — 3k) and (31 + aj + 5k) 


are coplanar, so, 


2-11 
1 2 -3|=0 
34 5 
> 33-2) -a(-6 - 1) + 5(4 + 1) =0 
=> 3+ 7а + 25 = 0 
> Та = -28 
> а = –4. 
Given, 
la + bl = la — Ы 
> la + b? = la - b? 
=> a + 2 + га ђ = а? +b’ – 2a-b 
= 4a-b=0 
=> a-b=0 


Thus, a and b are perpendicular to each other. 

Let r= xi + yj + zk 

=> Хауа 2 = 51 .-(i) 
Let the vector г makes an angle Ө with the vectors 
a, b and c. 


г-а rb rc 


Thus, cos@ = = = 
Irilal НЫ. ша 
ra rc rb rc 
Irllal _ Інісі ПЫ 111 
io —2у + 22) ice - 32) 
=> = 5 = 
(51 V51 V51 V51 
=> x — 5y + 2z = 0; 4х + Sy + 35 = 0 
Solving, we get 
и = Z = = A(say) (1) 


From Eqs. (i) and (ii), we get 
2542 + 17+ 2522 = 51 
> 51A = 51 


| | 
ET 
|| 

| 
Foi 
К 


Thus, (һе vector г is 


= t(-5i + j + 5k). 


10. We have lal = N144 + 16 + 9 = 13 


Ibl = V64 + 144 + 81 = V289 = 17 


and ісі = V1089 + 16 + 576 = N1681 = 41 


Thus, the length of the edges are 13, 17 and 41 
respectively. 
. Area of the faces 
= la x Ы, Ib x cl, le x al 


= 220, 435, 455 
Volume of the parallelopiped 
= (а, b. c] 


12 4 3 
8 -12 -9 
33 —4 -24 


= 3696 
11. Since a, b and с are non-coplanar vectors, so 
(а, b, c] = 0. 
Now, 
х, y, 2] = х:(у х 2) 


axb 
[a, b, c] 


bxc 1. 
[а, b, с] \ [а, Б, c] 


жене Siren LT 


Га, b, с]? 
= —1—[а,Ь, ер 
Га, b, c] 


Te 
[a, b, c] 


Thus, x, y and z are non-coplanar vectors. 


# 0. 


Now, x: (а + b) +у: ( + ©) + 2: (а + b) 


_ (b x c)-(a + b) + (ex a). (b + e) + (a x b) x (с+а) 


[a, b, c] 


- (b хса+(сха)ђ+ (ах Ь)-с 
Е Га, b, с] 


_ Га, b. c] + [a, Б, с] + (а, b. c] 
7 Га, b, c] 


7 3[a, b, c] 
^ Га, b. с] 


=3 
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. Given, 
rxb=cxb 
> (r—c)xb=0 
=> (г — с) is parallel to b. 


or r is coplanar with the vectors b and c. 


Also, r-a=0 
=> r is perpendicular to a. 
Again ађ»о 


— neither a nor b is a null vector or a is not 
perpendicular to b. 


. Given, 


a+b+c=0 

(a+b+c)=0 

a +b +c? + 2(ађ +" ђе + са) = 0 
1+1+1+-2(ађ + ђс+ са) = 0 
2(ађ + b-c + c-a) = –3 


у ЖЕ! 


= (a-b+b-c+c-a)= = 


. Аз we know that, if a, b, c form a right handed 


system, so 
ахһ-с 
> c=axb 
ijk 
= с-|ху2 
010 


-xk-zi--zi- xk 


. Since a, b and c are lie in the same plane, so they 


are coplanar. 


Thus, [a, b, c] 2 0 
> a-(b x c) = 0 
. Given, 
A=B+C 


=> ait+ bj+ck = + 3] +4К + 31+] - 2k 
> a=d+3,b=4,c=2. 
We have, 
ijk 
(АхВ)-|аьс 
d34 


ijk 
a42 
d34 


= 10i - (4а — 2d)j + (За – 4d)k 
10i- (4d + 12 - 2d)j + (3d + 9 – Ad)k 


17. 


18. 
19. 
20. 


= 101- Qd - 12j + (9 - d)k 
Given the area of the triangle is 546. 
ТА x = 546 


ІА x BI = 10N6 


X100 + Qd + 12): + (9 – dy. = 1046 
100 + (2d + 12)? + (9 – а) = 600 

Qd + 12): + (9 – dy. = 500 

Ad? + 48d + 144 + 81 — 18d + d? = 500 
54? + 304 – 275 = 0 

d? + 64 55 = 0 

(d + 11)(d-5) = 0 

d=-11,5 

Hence, а= 8, р = 4, с = 2, а = 5 

ог а= -8, b = 4, c = 2, d = -11 

We have, 

(a + b) x (a x b) 

=a x (a x b)+ b x (a x b) 

= (a-b)a - (a-a)b + (b-b)a - (b-a)b 
=a-b+a-b 

= 2(a – b) 


мг... 


Ans. (с) 

Апв. (4) 

Also, Let 7, k be unit vectors on 8 so that 4, 7 Ї 
form а right handed system 


Let b = bâ + by} + ЊЕ 


C 


A E B 
Then P= Захь 

= УЗ (bok — bj) 
and Q- b - (à-b)à 

= (b,j + b4k) 
Then cosA= 29 -0 

ІРІСІ 
А- 90% 

Also, Ё-Р- 0 
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= (V3b, – Ь)Ё — СВЬ, — b)j 23. Let BP as x-axis and BY as y-axis. 


3(b; + 55) - 253 bb; 
243 (22 + b3) 


3(5; + b?) - 2V3 b,b; 
243 | "mm Ч Let i and j be unit vectors along x-axis and y-axis, 
2 3 respectively. 


Also, C= 180° – 90° – В = 90° – В Here, 20%28-л 


^ "2 


Thus, В = соғ! 


Hence, the result, Л 
> a+ В = 2 


Question asked іп Past IIT-JEE Examinations Let 6 the angle between BP ла СР 


21. Let x be a unit vector such that x = ai + bj 


Now, СР = ісоѕ (о + + jsin(@ + 
Thus, |х| = 1 ( B) + jsin( B) 


=> а1 + bjl=1 = їсов(2) + jsin(7) =j 
= Wp =i Thus, ВР-СР =i-j= 5. 
= 42 + Ь? =1 4) Therefore, the angle between the angle bisectors of 
Al angles B and C is 90°. 
so 
24. As we know that, a vector in the direction of the 
(ai + bj): ü + j) = Каі + bj)l- Ii + j)lcos (459) bisector of the angle between two vectors a and b 
1 15 
> a + b= 1.\2.— 
v2 аыр Rij + ЮО 
>. lal 3 3 
> а+р = 1 ...(11) : 
Again, =з Gi - j + 4k) 
(ai + bj)- Bi – 4j) = Каі + bj)l- (31 — 4j cos (60°) 25. We a-bxc 
> За - Ab = 15-5 -bx(axb) 
5 = (b: b)a - (b. a)b 
> За - 4b = > (Hi) = Ра – (b-a)b 
On solving (ii) and (iii), we get Comparing, we get 
_ 13 z^. 2 _ oe 
а = 7, and b= тд ІМ“ = 1, (b-a) = 0 
1 220: > Ы = 1, aLb 
Thus, = — (13i - 
ааг Also, с-ахь 
22. Since the given vectors are coplanar, so -(bxoxb 
2-1 1 = (b. b)c - (b. ce)b 
1 2 -3| =0 2 
34 5 = [blc – (b:c)b 


Comparing, we get 


= 33-2)-A-6-1)+54+1)=0 Ib? = iwosi 
=> 33-2)-A-6-1)+5(4+1)=0 ыз bl=1,blc 
= 3+74+25=0 Thus, lbi-1anda-c 
> 74-28-0 26. Ans. (a) 

> ,А=-4 27. Ans. (d) 


Vectors 5.55 
28. Given, > В = and а = (Ап + 1) Е nel 
хху=ђ 
31. Given (а х Ь)-сі-Іа/ІМІсі 
= (xx y)xa=bxa 
> lallbllclsin@cos@ = lallbllcl 
=> ах (хху) =-Бха | 
> 51п0соѕф = 1 
=ахђ 
> sin@ = 1 апа созф = 1 
== (а-уух-(аху-ах р 
Л 
> (-ух-у-ахһ „Â = ges dp = 0 
Also, х+у=а ...(11) Similarly, (а х b):cl = lallbllel 
> ха-у-а-а-а > (b x c)-al = lallbllel 
> 1 + у:а = а? > ble 
> уа-а:-1 .-(Ш) Азат (а х b)-cl = lallbllci 
From Egs. (1) апа Gii), we get => (с х a): bl = ја ђ с! 
(а? – 1)х-у=ахьЬ (у) ыз alit 
Adding and subtracting Eq. (ii) from Eq. (iv), we Thus idb ЕТЕСІҢ hit 
get ! 
1 32. Given, 
шиг ша x+y+z=a 
> +у + 2)-а=а:а 
апа у=а- (a +a x b). ESEA 
a > (x-a + y-a+z-a) = la? 
29. Ans. (b) 
Зол m 
30. We have, = алта ы = 
a x (b x с) + (a-b)b = (4 — 2B — sina)b + (f) 1)е EN (ai -4-42-34 E 
= (a-c)b - (a: b)c + (а: b)b Also 
- E Le 2 _ 
= (4 – 28 – sina)b + (B^ – Ус виа 
Companig, We: Bet > хх-ух-х-ах 
(a-c + a-b) = 4 – 26 — sina 2-4) 3 
> 1+ух+ 2-х = = 
апа (B? – 1) = —(a-b) 2 
— В? = 1(а-Ь) NT -> у.х+ 7-х = 5 NT 
Also (c-c)a=c 3 
Similarly, x-y + z-y = 3 аш) 
=> (с-с)(а-с) = (с: с) 
_ 1 : 
> (a.c) = 1 ...(iii) and а у) 
From Eqs. (i) and (iii), we get Adding Ваз. (ii), (iii) and (iv), we get 
1 + (a-b) = 4 – 28 - sina . (iv) 1 
х.у-у: 7 +7-у = — 
Adding Eqs. (ii) and (iv), we get 2 
4 – 2B - sina + В? = 2 Hence, юу-ӛул-0,2х--І 
2 Жэ 
> В — 288 + 2 = sina Now, xx(yxz)-b 
2 oou 
=> = 1) + 1 = sing ze GS E р 
It is possible only when 
1 3 
(B — 1) = 0 and sina = 1 > qr 79 (7 
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33. 


Also, (Xxy)xzz-c 
> 7 х (хху) =-с 
> (-ух-(2-9у--с 
le 
> b dri ex c 
> у = – 4с (vi) 


From Eqs. (v) and (vi), we get 


c-iz-b 
> z=% (c-b) 
Finally, x+y+z=a 
> х-а-у-ї 
> xcd ip. 

3 3 

We have, 

х.у = 42-42. соз (60°) = 2 
Thus, xy=l=y-z=2-x 
=> XXX-2-2yy-zz 
Now, xx(yxz)-a 
> (х.2)у - (х: у); =a 
= y-z-a 2.4) 
Also, yx(zxx)-b 
> (у:2)2 – (у: 2)х =b 
> z-x=b 441) 
Adding Eq. (i) and (ii), we get 

y-x=a+b ...(iii) 
Again (хху)-с 
> хх (хху) = ххс 
> (-ух-(-ху-ххс 
> х-2у-ххс ...(1у) 
Finally, хху-с 
=> ух (хху) =ухс 
> (-ух-(у-ду-ухс 
> 2х -у=ухс ...(У) 


Subtracting Eq. (iv) from Eq. (v), we get 


х+у= (у-х) хе 


> х-+у = а+Бхс ...(vi) 
Solving Eqs. (iii) and (vi), we get 


uu ck В). Ж er (p) 


2 
_ а+Бхс+ (a+b) 
3 2 
b-a+(a+b)xc 
and 2 
2 
34. Ге r-(axb)xc 
> гі (ахђ)апаг | с 
= [ах ђ)х с] Le 


35. Let D be the origin. 


and A=i,B=i+j,C=i+j+k 
Now, AB. CD + BC-AD + CA-BD 
=-1+0+1 
= 0. 


36. Since а, b and с аге non-zero and non-coplanar 
vectors, so any vector can be expressed as a linear 
combination of these three vectors, 1.6. 


-2а + 3b – с = Ір + тд + nr 
where 1, т, пЕЮ 
> —2а + 3b – с = 1(2a - 3b) 
+т (а — 2b + с) + n(—3a + b + 2c) 
= (21+ т - 3n)a 
+(-=31 — 2m + n)b + (т + 2n)c 
Comparing, we get 


(21 + m – 3n) = –2, 


(-31 - 2m + п) = 3 


and (m + 2n) = -1 
Solving, we get 
7 1 
1= 0, т= -=, п = = 
dE шинж 
7 1 
Therefore, —2а + ЗЬ – с = -34 + sr 


37. According to the question, 


_ „ја , b 
с = Да + z) where AeR 
|: 4j-4k -2-142К 
= c=A + 
9 3 
1- 7j + 2k 
> c= ees | 


Vectors 5.57 
It is given that, > ух = у+уха 
с! = 3\6 
у+уха 
> Ic? = 54 > VE 
y 
2[1+ 49 + 4 
- 54 = (mts | (а) (жа) ха 
с с 
2 - 
> A = 81 LEES 
А = +9 с 
1-7)-2К 
Therefore, с = ко | ж) (3 xb) SM | xb) xa 
= 2 
= +(i — 7j + 2k) (229 
38. Given г = Хүү + Ху + хі; _ €((a x b) + (a x b) ха) 
> (2а 3b + 40) (a x b 
= (a-b + c)x + (b + c- а)х, + (с + a - b)x; Finally, yxz-b 
= (х — № + x48 + (=x; + x; – x3)b = yx(yxz)=yxb 
цаас > (-2y-(yz-yxb 
Comparing, we get 2. йе у? 25b exea 
Xy—Xy +X, = 2 
МЕР > ly’z=y-yxb 
=> ХүжХ,-Хэ-2 
> X, +X, +x, =4 25 PE ig 
On solving, we get, ly? 
7 1 axb axb 
хэрэн 158-5 (=) (80) хь 
39. Given, («x by 
хху=а 
> bx(xxy)=bxa _ (ах b) - (a x b) x b 
5 : 
> (b-y)x - (b-x)y=bxa i) (a x b) 
Alo,  yxz-b 40. Let г = (a-d)(b x c) + (b-d)(c x a) + (c-d)(a x b) 
> . =y-b 
Тее > г = a(b x c) + В(сха) + y(a x b) 
> O=y-b 
where æ = (a-d), В = (b-d), y= (с-а) 
= уђ=о (8) 
From Eqs. (i) and (ii), we get Now, r-a = ода, Б, с] 
-(b-x)y=bxa r-b = В[а, b, c] 
КЕ е Gii) дах 
Thus, r-(a+b+c)=(a+ В + y)[a, b, c] 
Agal = 
алаг Анды => r(atbt+e)=(ad+b-d+c-d)[a, b, c] 
=> x(xxy)-yxa 
к у= = г. (а+ Б + с) = (а+ + с): да, b, c] 
> (у-у)х - (уху = уха => (г- |а, b c)(a+b+e) = 0 
2 = 
> ух - (у:х)у =уха => (г - (а, b, с) = 0 [- a, b, c are non- 
> |у?х -у=уха Г: (у-х) = 1] coplanar] 
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41. 


42. 


=> ғ-((а, b,c] =0 
=> г = da, Б, с] 
= Ш = Ја [а, b, с)! 
= Irl = Па, b, cll С. d is a unit vector) 
which is independent of d. 
Thus, 
(а d)(b x c) + (b-d)(c x a) + (c-d)(a x МІ 
= (а, b, c] 
Let r = xi + yj + zk 
Now, 
a + b = (i + j – k) + (~-i + 2j + 2k) 
= (3j + k) 
and 


b — c = (~i + 2j + 2k) - (~i + 2j - k) 
= 3k 
It is given that, 
г. (а + b) = 0 andr-(b-c) = 0 
> Зу + z = 0 and 3z = 0 
=> y=Oandz=0 
Since r is a unit vector, so 


дауа 2-і 


> x21 
> х==1 
Thus, г= +і 
> r=ti 


Hence, the result. 
Here, v, b and a x b are coplanar. 


Thus, 

у = ођ + В(ах b) 

v:b = ab-b + B(a x b)-b 
v-b = ОБР + 0 


1 = alb? +0 
1 


NT 
[v, а, b] 2 1 
у (ахђ)=1 
(ab + B(a x b). (ax b) = 1 


> 
> 
> (ођ (а x b) + Bax b)-(a x b)) = 1 
=> 
=> 


Now, 


(40 + B(a x b) = 1 
TS M 
(ах b)? 


43. 


44. 


45. 


Therefore, v= 2 + шин, 
Ibl (a x b) 
Given, 
ax (bx 0) =F (b +6) 
ER (а-о - (@-bye = 3.5 +) 


Comparing, we get 


а.с = 1 a-b= zd 


2 2 
> cos, = i and cos Ө, = m 
2 2 
> 0, = = and & 
3 3 


Thus, the angle between а апа b is = 


Area of a given parallelogram 


=} id, х 4 


We have, 

(-4i + 5j)a + Gi - 3j + k)b (i + j + ЗК)с 
= A(ai + bj + ck) 

(-4a + 3b + ся + (5а – 3b + c)j + (b + ОК 
= A(ai + bj + ck) 

Comparing, we get 

(-4а + ЗЬ + c) = Ла, 

(5a - 3b + с) ЕЛЬ 

апа (b + 3c) = Ac. 


-4-А 3 1 
Thus, 5 -3-A 1 

0 ] ^8 
> +44? – 251 = 0 
= AQ? + 44 – 25) = 0 
= А = 0 and (22 + 44 – 25) = 0 
= A= 0 and 4 = 5510 
= А = 0 and А = —2+V29 
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47. 


Let r=xi + yj + zk 
Given, 
r-a=0,r-b=0 
х-2у+ 52 = 0 
> 2х + 3y-z=0 
y 2 
Тһ эсу г = 
Hec 3215 ӘСТЕ 
UND UM 8 8. 
5 sapo) 
Also, г: (21+] + к) +8 = 0 
> 2х+у+5+8=0 


From Eqs (i) and (ii), we get 
– 261, + 114 + 74 + 8 = 0 


> -81-8-0 
> 1-1 
Hence, г=-131+ 11] + 7k 


Let the position vector of the third vertex be 


xi + yj. 


BÈS D Cix y) 


0) 


Gi) 


4) 


(ii) 


Here, АС = (x + Пі + (у – 3)j 
> ВО =1+ 3] 
Since АСТВО 
> АС.ВО =0 
> (х+ 1) + 3(у – 3) = 0 
> х + Зу = 8 
Also, ВС = (х – 21 + (у -5)j 
and OA = 2i - j 
Again, ВС.ОА 
=> 2(x-2)-(y-5)20 
> 2х- у= 1 
On solving Eqs (i) and (ii), we get 
Е 
T 7 
Hence, the position vector of the thrid vertex is 
= + j, 


Lev e (0 -------------------- 
(Tougher Problems for JEE Advanced) 
1. We have, 
là + DP =a? p + 2(G-d) 
= 1 + 1 + 2с050 
= 2(1 + cos) 
2 219 
= 2.2cos (% 
E 4cos*( 2) 
2 
> la + bi - 2e (f) 
2 
3|. бра 9 
> 318 + bl = Зсоз[ 5) 
Also, 
la -bP = а +b -02(4-5) 
=1+1- 2с080 
= 2(1 – сов0) 
Е 
= 4sin (% 
T ONE REN |. 
> la — bl = 2sin( 2) 
> 20-ы = ап (5) 
Thus, 


318 + Dl +28 а 3cos( 2) + ЕЕ 


2 


Hence, the range of 212 = ҒА + 21а – bi 


2. Let 
where 


= [-5, 51. 


> Ж A 23 
а= хі + yj + zk, 


х фу + 2 =1 


It is given that, 


la+i+jl=1 
х + 18 + (у + 1] + 10 =1 


(x4 бре ze 


СО 


Nl N 


(х + 1) + (у + 1) = 
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=> P+ ya 24 ye 2=5 
= lioigpsyja2-d 
2 2 
— х+у=-1 .40) 
2 211 T 
Also, x+y = 5 ...(11) 
From Eq. (1) and (ii), we get 
re ENS 
2 , 42. 
-> 1 ~ n k 
Thus, a = -= (i + j) + — 
2 V2 


. It is given that [7 + bsl is minimum when b = 0 


— — 
Hence, the value of [7 + bs? + Ibs? 


Е 
= ГЁ 


. Let R = ai + bj + ck. 


It is given that 
Gi-R – 10)? + (-R – 20)7 + WRK = 0 
= (а-2Ь+3с)ї + (га + b + Асу) 
+(а + 3b + 3c)k = 107 – 20] – 20k 

Comparing the co-efficients, we get 

a — 2b + 3c = 10, 

2a + b + 4c = -20 
and а + 3b + 3c =-20 
Solving, we get 

а= -1, Б = 2, с = 5 


Непсе, R =-i+ 2j + 5k. 


. It is given that, 


[4 + bl=1 
= га + be =1 
> a+ 12-2(4-5)-1 
> 1+1+ 2@-b)=1 
> (4-5--і 
2 
Now, 


са + b)-b = Qà-b + Б.Б) 


= 2(4-b) + BÊ 


Thus, the angle between (2a + b) and b is 2 


. Now, AB=2i+j +k 


and АС =(t+li-k 
Thus, 

ar(AABC) = 3 (АВ x АС) 

i ЈЕ 

= |5 2 11 

(+1)0-1 


- | (+ +3]-а+ 59 


= 141 + (1 + 32 + +1? 
рии 
2 

Let с= 2р + 81+ 11 

dz 
> — = 44+ 8 

а! 

2 
> = -4>0 

dt 
> zis minimum 
> Area is minimum. 


For maximum or minimum, 


Z = 0 gives dre 8 = 0 
t= -2 


Thus, the minimum area is 


1 516311 3 
= — ү8 — 16+ 11 = = 
2 SOMOS 


. Given, 
а + bl=1 
= га + БР =1 
> là? + be -2(4-5)-1 
> 1+1+2@-Бу=1 
> (4-5--і 
> 


It is also given that, 


2-14 + ub 
> 20 = 22 + р + 2A (à - D) 
-> 1- 42 + из + 2Au[-7) 


= 22 + (24)? - AQA) 
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> 342 = 1 
> А? = i 
> А = = 
Again и-24- = 


. It is given that, 
2-5 = abcos(@) 


> совб- cos(eos 5 >) = " 
Also, éxb-2axb 
= (2-24)х 5-0 

(с – 2а) is parallel to b 
= (@ - 2a) = mb 
= ё = га + тђ 

= да + иђ 

Thus, A=2,m=wU 

< = 2a + mb 
> R? = 4128 + пар + Ат(а -Б) 
= 16 = 4 + m? + 4m() 
> т? + т – 12 = 0 
Sum of the roots 5-1 
and the product of the roots = 12 
Hence, sum of the values of и 5-1 


and the product of all values of u = 12. 


. Given, Qa x b) – 3b 


$ ој 


= -З1ЬР = –48 


217 


Now, 


-Z =-3(@-Бу=-—6 


ау 


Also, 2 = (2a x БР + БР — 0 

= дађ' біп?0 + 144 

= 64520 + 144 

= 64 х 5 + 144 = 48 + 144 = 192 
> ІСІ = N192 = 843 


Again, Б. = –48 


> | 1ї21со8ф = —48 
E ico Жер Эн v3 
4х83 295 2 
> ps2 
6 
10. Given, 
а + Б = ир 
> 24+54=иФф 
> а-4- u(p:q) 
Now., 
(а фр — (pq) al = (2: 49) lup — al 
= 1-9) БІ 
= 10:9) 
11. Let а=1+ј- 
Б=1—2]+Ё 
апа 2--2141-4 
Now, ВС: 
N i jk 
bxĉ=|1 -21 
-2 1 1 
--3i — 3j – 3k 
Also, A. YA A 
i j k 
PX 108 ar) d 1 -2 
—3-3-3 
ЭГ 2 
=3|1 1-2 
21:41:21 
| ЈЕ 
SLT 1-2 
-1 -1 -1 
118 
=3 1.19 
00-3 
=-90 - j) 
12. It is given that, 
_ 22 
аа + Bb + ус = |-5 
6 


жоо 
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> а + 2В + у= -2 -2Х + y +z = -2 

ES Bayes aud 3x -ytz=2 

Solving, we get 

> -3a-y=6 = 1 -1 gal 
шада LE 


Solving, we get Hence, the value of 


a=1,B=-2, y= 3. (100x + 10y + 82) 


13. Let Y-2ai*bj + с = 100 + 5 – 4 
Х=1 +2] = 101 
as "M 15. Do yourself 
and Y=2i+k 
Integer Type Questions 
Now, 


1. We have, 


a- (bxc) Ъ: (сха) c- (axb) 
(сха): ЫЬ (axb)c (ЬҺхс)а 


= 
х 
><} 
| 
ка © so 
N SS» 
© о => 


= 20 + cj + Qa — ЂЕ 
_ Га, b.c] | [a,b,c] а, b. c] 


se TAEVA: [a b,c] [a,b,c] а, b, c] 
=2(a-c)Î + ОЬ + с)ј + Qa- b + 20k =1+1+1 
А К К =3 
=>  2(a-o0i* (26 + oj + Qa- b + 2с)Ё 
2. We have, 


=021+ 


дон р (a+ b)-p+(b+c)-q+(c+a)-r 
Comparing the coefficients of i, j, and k, we get 


_ (a+ b). (b x с) (b + е): (с ха) 
й Га, b, c] [a, b, c] 


a-c=1,2b+c=0, 2а – Б + 2с = 1. 


Solving, we get 
(c + a): (a x b) 


ge ped езгі 2 b 
0” 9 9 (а, b, c] 
ae m _афхо+д Беха) 0 c(axb) +0 
FR ~~ fa, b. c] [a. b, c] Га, b, c] 
12 
= хе _ [a,b,c] _ [a,b,c] | [a.b.c] 
БЕЗЕ [a b, с] а, Б, c] [a, b, c] 
> m= 9 x| =Á 
81 
=3 
54 E Е 
= 9х (=) = 6 3. It is given that, С is parallel to the plane of the 


2210 vectors а and b, ie. 
14. It is given that, 


cl(a x b) 
ХА фув+ zC - Bx C => (axb)-c=0 
^ А т A о т 1-2 3 
-20-14-0х(0-27-30 е 230 
+y +j-k) +z +Å à 1 030-1) 


=2@ -j +R) => (64-3+1)+2(44-2+4+32-34)=0 
Comparing the co-efficients of the unit vectors, = (6A—2)+2(5A- 2) + 3(2 – 34) = 0 
we get => (64-2) + (104 - 4) + 36-92) = 0 
алсыг = 74 5:0 
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> A=0 
Hence, the value of (A? + 2) is 2. 
. We have, 
r-(a+b+c)=0 
=> rat+r-b+r-c=0 
Now, г.а = P[b, с, a] 
r-b = Q[c, a, b] 
and r-c = R[a, b, c] 


Adding, we get 
P[b, с, a] + Q[c a, b] + Аа, b, c] = 0 
> (P+Q+R)=0 


Hence, the value of (Р+О+К+ 5) = 5. 
. It is given that 


21(Б-2), Б1(2-2)761(4 +x Б) 
(5-2)-0, 


© ау 


(2-4)-0 


and 2-(4 + Б) =0 
Thus, 4-5 -5-242-4-0 
Now, [а + b + СР 


> 


oy 
раар) 


сараа? 


= 1+1 +4 
= 6 
Hence, the value of (т? +1)=7. 
. In ап АР, 
1 
= А + (р- )4= = 
ый ђа = 1 
і-4-(4-1) =Б 
Ц-Аж(г-1)4-4 
1(5-а 
Th -4-- 
n EO al 24) 
-r= 0) 
Ы d\ cb 
1 a-c 
10241 ac) 


Now, u-v 


_ А ; 21117 
= ((q- Di + (r- pJj + (p – Qk} ы 
UR (1 ПЕ agg 1) 
abed\b с с а а bp 


=0 


Thus, m = 0 
Hence, the value of (m + 4) = 4. 
7. Clearly, p = bxc q= cxa |. axb 


[a b, с ^ [a, b, c] а, Б, c] 
Hence, the value of (а + b + с). + 4 + 7) 


_abxe Һ-сха сахьЬ 


“ja bec] [abc] [a, b, c] 
_ [a,b,c] [a Б, с] | [a, b, с] 
" [a,b,c] [a,b,c] а, b, е] 
= 3 


8. We have, 

là - DP + Ib -ÈP + [2 – 20 =9 

> 2(@ +b + с“) —2(a-b + b-c + са) = 9 

> 6-2(a-b+b-c+c-a)=9 

= -2(a-b+b-c+c-a) = 3 

= 2(a-b+b-c+c-a) = –3 

Now la+b+cl? 
=a +b + с“ +2(a-b + b-a + са) 
=3-3=0 

Thus, la+b+cl=0 

> а+с=-а 

Hence, the value of 


24 + 5b + 521 = Da + 5(Ь + с) 


= 12а – Sal 
= Bal 
=3 
9. Let Pp =! +ај + bk, 
d = а1 * 2j + bk 
and = аі + bj + ЗК 
Now рӯ = (а- 1)? + (2-а)ј 
апа 4---(Ы-2)) + (3 – Ь)Ё 


біпсе Ше уесіогѕ аге соШпеаг, 50 
(a - Di + (2-а)ј = МО – 2)ј + (3 – Dk} 
> (a -1) = 0, (3-Ь)=0 


> a=1,b=3 
Hence, the value of (a + b) = 4. 


10. Let " = ai + bj + ck. 
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Thus, й = 


Now, 
— ^ 
> уп = 


Solving, we get 


Thus, 1-6 


Hence, the value of Iw- ЙІ = 3. 


. Clearly, 
2x-y=5 
and х-2у-4 
Solving, we get 
3x =6 
=> x=2 
andso у=-1 


Hence, the value of (x + y + 2) = 3. 


. It is given that, 


--» > — 
|- си, У, ст = 8 


-21 1 
> eT 8 
10-1 
-2 1-1 
- С11-13|1-8 аа 
100 
2 Е 
> С(3-1)-8 
> с =4 
= с= 2 
Now, 2.35 
ij К Й К А 
(px q)=]11 1|=—5 + 37 + 2k 
24-1 
Thus, 


A 


i ЈЕ 
(px q)xr=|-532 
113 


=7 + 17) — 8k 
It is given that, 


(p x q)x f = ир + уд + wr 
7+ 17] -8k=G+j+hu 
+021 +4] + Dv + (1 + j + Зу 


= (и + ду + м)? + (и + Ду  w)j + (и — v + 3wk 


Comparing the co-efficients, we get 
(и + Ху фу) = 7 
(и + ду + и) = 17 


апа (u — v + 3w) = -8 
Solving, we get 


u=-3,v=S5andw=0 


Hence, the value of 
(ut+vtw+4)=-3+54+04+4 


= 6. 
14. Let 8 = x(p + 4) + у(д + т?) + 2(# + p) 
Now, | p:s = y(p-(q x 7) = у[р, 4, T] 
— Jo 2 -> 
ЇР, 4, 7] 
Similarly, x = —= and z = ЕЕ - 
ЇР, 4, r] ЇР, 4, r] 


Thus, 


(4:5)(7 х р) 


5 P-DG x 7) 
(Р, 4. 71 


[Р, d. 7] 


— 


2 (7-3) (р х 4) 
ГР, 4, 71 


= |р, 4,71-(р-8)(4 х 7) 


+ (4:5)(7 х p) + (7-5) x 4) 


=> 1|(р-5)(4 хт) + (4:53(7 х р) 
+ (7-3)( х 4) 
= [5 [В, 4, 71 
= 181100, 4, 71 
-1х4 
-4 
Questions asked in Past IIT-JEE Examinations 
1. We have, 
A-{(B+C) х (А + В + О)) 


= А.{ВхА + ВхВ +. ВхС+ СхА + Сх В 
+ Сх С) 
= А. (ВХА + ВхС+СхА + Сх В) 
= A-(B x A) + A-(B x CO) + A-(C x A) 
+ A-(C x B) 


Thus, 

п-1 

i=l 

. Given 

x(i + j + ЗК) + y Gi – 3] + k) + 2 -–- 41 + 5) 


= A(xi + yj + zk) 


Thus, [A, B, C] = 0 


8. У = [ОА OB OC] 


2 -3 0 
= 1 -l 
3 0 -І 
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= О+А. (BxC)+0+A (Сх B) > X + Зу – 45 = Ах 
= [A B C] - [A B C] x – 3y + 52 = Ay 
| апа 3x фу = А 
ы > (1 – 2)х + 3y - Az = 0 
. We have, x-3+A)y+5z=0 
(В x Су = BC за (2) T 5 and 3x + y-Az=0 
Eliminating x, y, z, we get 
(B x C) 
N А = + ——— = +2(В : 
iis Р PO I-A 3 924 
1 -(A+3) 5|-0 
. We have 3 1 -5 
lal ТЫ ісі = (а x ђ) с! 
i ; ; = № +22 + А = 0 
= Volume of а parallelopiped having three adjacent 
sides as a, b, c. 5 AQ +25+1)=0 
= Vol f t 1 llelopiped havi 
olume of а rectangular parallelopiped having Ss А@ 179—0 
а, b, с as adjacenat sides. 
> ab=b-c=c-a=0 > А=-1 0 
. Let ЮАЯ = R, for every i . Let OP = p = 601 + 3}, 
ОО = q = 401 - 8j 
and OR = г = аі – 52] 
Since the points are collinear, so 
60 3 1 
40 -8 Ц-0 
a —52 1 
Let p be a unit vector perpendicular to the plane of 60 31 R вв 
the regular polygon => -20 -11 0ј=0| 2 Бг 
` К, > К;—К, 
We have, for 1 <i Сп –1 а-60 -55 0 
2.12 = = 
ОА; x OA, = (СІ ЕНІ > 5 11 =0 
а-60 —55 
. (20 
= | R^sin| == | -20 1 
| | п | р => =0 
а-60 5 
Thus, 
P 25; => -100-а- 60 
» АО ааа Me D(R?sin(27))p > а--40. 
5 2m . Since, ХА =0=Х.В =Х.С 
Also, (OA, x OA,) = -(в за (22) јр 
= А, В, С аге coplanar 
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9. 


. Given 


= 2(-1 - 0) + 3(-1 + 3) 


=-2+6 
- 4. 
Given, 
А.В =0, А.Х =с Ахх=В 
Now, 
А х (Ах В) =АХВ 
> (А-ХЈА - (А.А)Х = А х B 
=> СА - АХ = Ax B 
=> AX=cA-AxB 
S х-<А-АхВ 
А2 
. Let i, |, К be the unit vectors along the positive 


directions of x, y and z axes respectively. 


Here, A, = rsin Ө cos 0, 
A, = rsin 0 sing 
апа Аз = гсо$ Ө. 
When the x-axis is rotated through an angle of > the 
new components of A аге B,, B,, В; respectively. 
Thus, В! = rsin Ө cos( p + Al 
= -rsin Өсоѕ = —A, 
B, = rsin asin( + 5) = rsin 0 cos Q 
= А, 


апа B, = rcos@ = Аз. 


. The given statement is true. 


Let the position vectors of the points A, B and C are 
a + b, a — b and а + kb respectively. 

Then АВ = - 2b 

Similarly, BC = (k + 1)b 

Clearly, AB is parallel to BC for all k in R 

Thus, A, B and C are collinear 

(a x b) = (a b)sin(Z) = F(ab) 


Now, 2 


[c a b] = e: (a x b) 


= lel la x Ы cos(0) 


= la x bl 

= ab) 
Thus, 

2 
а a, а; 5 
b, b, b, = [a b c] 
бі <> с; 
zd 22 
4 


1 
= да + ay ча) + b + b3) 
13. As the length of the vectors remain the same. 


(Ср): + 1 =(р + 1)? + 1 


= 4р? = (p + 1): 
= p+ 1= #2р 
1 
= = 1, –=. 
< 3 


14. Given А, В, С and D are coplanar, so 
AB, AC and AD are also coplanar. 


Now, AB = OB - ОА 
= (21 + 3j - 4k) - (31 – 2j - k) 
=-1+ 5j – ЗК. 
Also, AC = ОС- OA 
= (-i + j - 2k) - (31 – 2j – К) 
= 21+ 3j + ЗК. 
Finally, AD = OD — ОА 
= (41 + 5j + Ak) - Gi – 2j – k) 
=1+7) + (А + Dk 
Given, 
[AB AC AB] = 0 
-1 5 -3 
> |2 3 3 |=0 
7 A+) 
=> 1(15 +9) – 7(-3 + 6) + (1 + 1) (-3 - 10) =0 
> 24 – 21 – 13(4+ 10) = 0 
> 13(А + 1) = 3 
> (2+0=5 
а ет Е 


15. Number of unit vectors = + Хаз) 
Ка х Б) 
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16. 


а1 1 
Given 1 b 1:20 
1 1 c 


2 (асын 
= 1 b-1 0 1-0 pum 
1 0 c-l 
= а(Ь-1)с-1)-(1-а)(с-1) 
+(1-a(1-b)=0 
> аа-ьа-о+а-аа-о 


+(1-a)(1-b) =0 


Divide both the sides by (1 — a)(1 — 5)(1 – c), we 
get 


1 В БУГД Ве 
1 1 
1+ — = 1 
i "ug "Кый pes 
> ! + ! + 1 =1 
l-a 1-b 1-с 
. Let ё= ai + В} 
Also, b-¢ 20 
4а + 3B=0 
a B. 
3 -4 
Let à = xi + yj be the required vectors 
Projection of a along Р = ЖР 1 
4х + Зу 
Ү16 +9 
4х + Зу = 5 (i) 
Also, projection of a along c is 2 
а.с 
че =” 
ах + 
ux BY. 5 
yo? + p? 
3x – 4y = 10 (ii) 


Solving (i) and (ii), we get, 
х= 2, у=-1 

Hence, the required vector is 
2?-] 


. Let the position vectors of the points А, В, C and р 


be a, b, c and d respectively w.r.t the origin О 
Now, AB = b-a, AD-d-a 

ВС = c - b, BD=d-b 
CD-d-c,CA-a-c 

Now, IAB x CD + BC x AD + CA x BDI 


=2laxb+bxc+exal 
Also, area of a triangle AABC 


= ахь + хе+ехај 
From, (i) апа (ii), we get, 
АВ x CD + BC x AD + CA x BDI 
= 4ar(AABC) 

19. (a+ b)-p+(b+c)-q+(c+a)-r 
_(at+b)x(bxec) (Ьчс)-(с x a) 


[a b c] [a b c] 
(c + a)-(a x b) 
[a b c] 
_ a bxc) Ь. (сха) с: (ахь) 
^ [abc] [a b c] [a b c] 
. [a b c] [ар c] [abc] 
" [abc] [abc] [abc] 


=3 
20. Component of a along b 


= (Projection of a on b)b 


(iar)? 


= (ы 


“fs 


Component of a perpendicular to b 


a-b 
-a-|—-|b 
mi 
_ Iba – (а b)b 
Ib? 


_bx(axb) 
ээ. 
21. Do Yourself 
By the help of internal section formula 
22. (a — b): (b- с x (с-а)! 
=(a—b)-(bxc-bxa-—cxc+cx a) 
-(а-һ)(Һхс-Бха-сха) 


-(40хс-архачасха) 


(4) 


—(b-bxc-—b-bxa+b-c x a) 


= (a-b x с) – (b-c x a) 
= [a b с] - [a b c] 
=0 
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23. Given [a b c] = 0. — с < О ара c(3c + 4) < 0 
Let = qji + aj + ak 
5 шэн ас и = c<0and-4<c<0 
b = bà + bj + БК 3 
and c ЕСИ + ој + СК Hence, the value of с = (-3. о) 
Шен 27. Given, 
а b с а а-а b-a a-b=3 andaxb=c 
аа аһ ас =|b аһ b-b Now, 
b-a b-b bc ac bc ax(ax b)=a xc 
> (а. Б)а – (а ајђ=а х с 
а а) а ji j k 
-|b b, ха а, а, > За - 36 =ахс 
а с 6 bh b b — 3b = За-ахс 
-ü-j-k)-C2i*j + Kk) 
zi - 3i 
(^ a, b, с are coplanar vectors.) EN b-i 
24. Do yourself 28. We have 
By the help of internal section formula and the vector i jk 
equation of a line. (xeu 
25. Given, 11 2 
R x B=C x B and К.А = 0. 
Now, (R-B)xC=0 aia] 
EN R=B+ AC Therefore, 
Also, Ж. 
R.A-0 ах(хс)-1 2 1 
1 -l 
> (В + АОЈХА = 0 : 
> В.А + A(C-A) = 0 =i+j-3k 
> (2+1)+A(8+7)=0 a x (b x с) 1 
Thus, pm - i +j- 3k). 
2 — 1343-0 axxo qp) 9 
1 
> à=- 
5 aac 
Hence, the vector 29. Given 10 1-0 
R= G+ j +k) - 4i- 3j 7k) pow 
= = + 8j – 2k) = a(0 — c) – а – с) + с(с) = 0 
2 
26. Let а = cxi — 6j — 3k > c = ab 
i b= xi + О 2схК Thus, c is the GM of a and b. 
: 30. Let v be a vector in the plane of b and с. 
Given, 
аЬ <0 Then 
=> сх? – 12 - 6ex < 0 цах rae 
EN eui Bex oue = (i + 2j —k) + Ai + j - 2k) 
= c<0OandD <0 =(1+Aji+ (2 + Aj- СА + Dk 
2 
с < 0 and Збс + 48c < 0 Now, the projection of v on a = È 
> с < 0 and 3c? + 4c < 0 
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31. 


32. 


33. 


34. 


2, ха 
lal 3 


21 + 27) - (2+4) - 22 + 1) 42 


> 
46 уз 

> -l-1=2 

> 1=-3 


Therefore, v = -21-] + 5k 
Do yourself 


By the help of internal section formula and basic 
Geometry. 


Given ОР = p and ОО = q 
Thus, OR = pe and OS = m i 24 
Now, 
OR | 08-0 
> ОКВ. 05 
(Р + 2а) (22 - за E 
5 1 
= Эр-р = 44-4 
> др: = 4. 
Let ОР = оі + Bj + yk, 
ОО = Bi + yj + ок 
and ОК = ji + сј + Bk 


Now, РО = OQ - OP 

= (В- œi + (ф- В)ј + (a-y)k 
Also, PR = ОК – ОР 

-(y- a)i + (а – B)j + В-ук 


Again, ОВ = ОК – ОО 
= (y- Bi + (a – у)ј + (В- ок 
Thus, РО! = ОВ! = РВ! 


= \(B- oy + (у – BY + (а – ү)? 


Therefore, A PQR is an equilateral triangle. 
Given, 


d= 501-2) +k) 


Clearly 14 = 553 =1 
Thus, d is a unit vector. 


И | 
d= -3- +j- 5k) 
212479 


Also, 
2 


35. 


36. 


37. 


38. 


бо, 4 is parallel to Е + i-i). 


Now, d (3i + 2j — 2k) 
5 ;0i – 2j + k)-Gi + 2j — 2k) 
sig.422)29 
3 
Thus, d is parallel to (3i + 2j - 2k). 
QP x QR 


Unit tor = + ———— — 
nit vector ЮР x ОК! 


Е 
We have, 6 | m 
(a x b) x (ex d) 
=p x (сх d), р = (ax b) 
= (p-d)c - (p. od 
= ((a x b):d)c - (а x Ь):е)а 
= [a b d]c - [a b сја. 
Similarly, 
(a x c) x (b x d) = [ас d]b - [a b са 
and (a x d) x хо = [ad c]b - [a d blc 
Therefore, x = (a x b) x (сх d) + (a x c) x (d x b) 
+ (a x d) x (b x с) 
= [a b d]c - [a b сја + [a c d]b - [a сја 
+ [a d c] b - [ad ble 


= —2[a b сја 
= -2[b c аја 
Thus, x is parallel a. 
Given [b cd] = 0 
> b, с, d are coplanar vectors 
Thus, d=b+Ac 
=(j-k) + ACi+k 
-(-41-14(1-1К 
Also, 
а-4-0 
> -A-1=0 
> 1--1 


Therefore, 4-1-1-2К 


Hence, 4 = + а шал 


“18 46 


Given AES = ке) 
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39. 


40. 


41. 


42. 


43. 


ез (4-08 - (a-bje = O + 


Comparing the components of b and с, we get, 


(a-b) = S and (а -с) = - 


1 
=> abcos Ө = – 
V2 


1 
= совд = -— 


_ 3л 
> а 


Given, 
u+v+tw=0 


= (u¢+v+w)=0 
= a8 y) +w + 2(u-v + Ум + wu) =—50 
=> 2(u-v+v-w+t w-u) = –50 
= (и у+у у + У-и) =-25 
Given, 
(a + b + с): {(а +b) х (а + с)) 
= (а+0 + с): {(аха) + (ах с) + (b ха) 
+ (b x c)} 
=(a+b+c)-{(axc) + (bx a) + (bx с)) 
=a- (b xc) +5. (ах с) + c (b xa) 
= [a b c] - [a b c] - [a b c] 
= —[a b c] 
Let М, = normal to the plane parallel to i and i + j 
=іх(і+)= Е 
апа №, = normal to the plane parallel to i – j, і + К 
=(i-j)x (i +k) 
=-i-j+k. 
Note that a is parallel to М, x №, 
So, we can consider a = N, x М, 
= Кх -i-j+k) 
-ü-p 
Let 0 the angle between a and i — 2j + 2k. 


2 1 
Thus, cos@= 1 + == 
V2.3 v2 
л 
> 0-- 
4 


If 15 perpendicular to с, the given expression is 
equal to a. Otherwise can not be calculated. 


Let DE = p. 


44. 


А(1,1,1) 


В(1,0,0) M C (3, 0, 0) 

Volumne of the tetrahedron 
ABCD - 22 
1 222 

> — IBC x BAI р = —— 
greed 

> IBC x BAI р = 4V2 

> 2N2 p = 442 


> p=2 


Here, A ADE is a right-angled triangle. 


Thus, АЕ? = Ар? – РЕ? = 16 – 4 = 12 
> AE = 243 
Now. ОМ = OB + OC 
2 
Thus, AM = OM - OA 
=2i-i-j-k=(-j-k) 
=> АМ = V3 


If E lies on AM produced, then M is the mid-point 
of AE. Then 


jer jrk-2i 
— е-3-1-К 


ГЕ lies оп МА produced, then A divides the join of 
E and M in the ratio 2:1. Thus, 


20) +e . , 

———— = 1 + Ј + К 

2+1 
> e = –і + 3] + 3k 
Let Ipl = |а! = Irl = А 
Also, рч-0-адг-г-р 
Let x=apt+Pqtyr, 

(where о, В, y, Е R) 

Now, 


рх ((х- 4) хр) 
-(р-р(х-%)-іІр(х-Фір 
= (р:р)(х – q) – (рх -Рр фр 
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45. 


46. 


47. 


-(р-р(х-%;-(р-хур 
= p(x – q) - (арр 
=% a- q) – 2 ор 


= A [(x – q) - ор] (i) 
Similarly, 
qx[x - r) x q] = К - r) – Bal (i) 
гх [( х- р) хг] = P [x – p) - yr] (Ш) 


Adding Eqs. (1), (11) and (iii), we get 
0 = 77 (3x – (p+ q+r)-x) 


1 
= х = 5(P +9 + г). 
Given, 
p = ar(quad ОАВС) 
= ar(AOAB) + ar(AOCB) 
= Та x (10а + 25) + jb x (10а + 2b)! 
= Грах + lnop xal 
2 2 
= la x bl + Бр x al 
= 6la x bl 
Also q = ar(parallelogram OABC) 
= la x bl 
Thus p = 6q 
=> k=6. 
Given 
ax(axc)+b=0 
=> ах(ахс)-- 
> la x (a x с)! = НЫ 
=1 
> lal (а x о) sin(7) = 
=> lal (a x ce) = 1 
== Ка х с)! = 1 
> ac sin@ = | 
шас2 
=> sin Ө = 2 
Л 
> 0-- 
6 
We have, 


Ахс + ВхА + Вх CO (Bx С) (В + ОЈ 

= АхС+ВхА + Вх C) [(B x С) х (B + ОЈ 
= (АхС+ ВхА + B x C)-[(B x О) + (€ x В)] 
= (АхС+ВхА + Вх C) [(B x C) – (B x ОЈ 
= (АхС+ВхА +" Вх С):0 

= 0). 


48. 


49. 


Given, 

аа a-b ас 
[a b c}? = b-a b-b b-c 
ca cb cc 
1 А А 


= А 144, 
AA 1 


(where A = cos 0) 


Ау АУА -2 
ex d ua 


mca 1; 
> [a b с]? = 243 – 342 + 1 
= [a b c] = 222 - 332 + 1 
- m, (say) 


m = (1 — cos@)V1 + 2cos0 
Taking dot product of 


Here, 


ах + ЬБхс = ра + pb + rc with a, b and с we 
сей 
p + 42080 + гсоѕ0 = m 40) 
pcos + а + гсозд = 0 ...(ii) 
(1) 


pcos + 4с050 + г = т 
Adding, we get 
(p + q-*r)(1-* 2cos0) 


2m : 
> +q +" ) = == ay 
И а ay) 
Multiplying Eq. (iv) by cos@ and subtracting from 
Eq. (i), we get, 
2mcos 0 


= р(1 
is 1 + 2cos@ pt 


m 2 1 


(1 + 2сов0(1-сов0) ү + 2c0s 0 


cos 6) 


> p= 


Similarly, 
% 1 _ —2cos0 
VI + 2cos@ “ГЖ 2с080 
Given that 
й=@+]+Ё, b = 4i +3] + 46 
and © = (i + ај +. ВЮ are linearly independent 


vectors Č = [а + mb for some scalers / and m not 
all zeroes. 


i+ aj + Bk = (1 + Ат)? + (1 + 3m)j + (1 + Ат) 
[+ Ат = 1 
1+ Зт = а 


Thus, 1+ 4m = В 
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On solving, we get, B = 1 
Also, given that, Icl = КЕ) 


50. Апз. (с) 


51. 
52. 


53. 


54. 


Ans. (а) 
We have, 


1+ а? + В? =3 
а= +1 


(i) Qv + (и x v 


(1) lu + 


=(u 


We have 
Also, 


Again, 


= и2у2с0520 + wv’ sin’@ 


изуг (cos?0 + ѕіп20) 
= wv 
у + (их VP + (1 — (u- v)? 


+ v? + Ku x v)P + 2(u + v) (u x v) 


+ (1 - u-v)? 


+ У)? + (u-v + (1 – u-v)? 


+ у? + 2щ-у + uv 5120 


+ 1 — 2и-у + iy? cos?0 


+ уз + иу + 1 
И) 
+ luP) (1 + lvl). 


М = la x Ы = absin@ = sin@ 


lu? = a? — 2(a-b)(a-b) + (а ђу- b? 
1 – 2(a-b) + (a. by 
= 1 - (a.b = 1 – cos?8 = sin?8 


lul = sin @ = lvl 


u-b = (a: b) – (a-b)(b-b) 
= (a-b) - (a.b) P? 
= (a-b) - (a-b) = 0 


М = lul + lu-bl 


le — al = 2V2 

le - a? = (242)? = 8 
cca-2ca-8 
2+9-2с=8 
c-2c*128 


(c 1)? 20 
c 
(ах b) x cl 


= |a x М lel sin (30?) 


55. 


56. 


1 
=! bl 
е 


- where (a x b) = 2i — 2j + k 

Given c is coplanar with a and b. 
Thus, c=a+Ab 

= (2i * j +k) +A(i+ 2j - К) 

=(2 + ЛЕ + (1 + 20] + (1 -Ak 
Also, с is perpendicular to a 
> са=0 
> 202+) + (1+ 24) + (1-4) = 0 
-> 4%24%1%424-1-4-0 
= 
= 
= 


3, + 6 = 0 
A+2=0 
--2 
5о, с = -3j + 3k 
A 1 
Thus, e = —(-j + k) 
B J 


Let u and v are not parallel. 
Let w be a linear combination of u, v and u x v 
Then м = Qu + Ву + y(u x v). 


мхи = В(ухш + y((uxv)xu) 
= B(v x u) + y((u-u)v – (У: ди) 
Now, wt+wxu=v 
> Qu + Ву + yu x v) + yv - y(v- wu 
+ Вухш = у 
= (м - y(v:u)u + (B + у)у + (у- B)(ux v) = у 
= (a-y(v-u)) = 0, (В+ у = 1, (у- В) =0 


Also, (а x v): = 0(0) + B(0) + y(o + v) 
= y(Ux v) 
> (их v) wÊ = Кох v)? 
= у (ију“ - u.v’) 
-iü- ev) 


< 


кі- 


=> [TIED 


and the equality holds iff u-v = 0 < u and v are 
perpendicular to each other. 


5.73 


Vectors 


57. 


58. 


59. 


60. 


61. 


Given at+b+c=0 

> а-0р--с 

> ах (a + b)=-axc 

> (ахь) = сха ...(1) 
Also, a+c=-b 

= b x (a + с) = -ђхђ 

=> bxc=-bxa=axb ...(11) 


From Eqs. (1) and (ii), we get 
axb=bxc=cxa 

Let М, = normal vector to plane P, = a x b 

and №, = normal vector to plane p; = сх d 

Now, 


М, x № = (ax b) x (сха) = 0 


Thus, N, and № are parallel. 
Therefore, the angle between Р, and Р, is 0. 
Given [a b c] = 0 


Now, [2a- b2b- c2c- a] 
= (2а –ђ) (СВ – с) х (2с – a)} 
= (2а — b)- {4(b x с) - 20 ха) + (сх a)} 
= 8(а:(Ь x с))- (b: (сх a)) 
= 8 [а b c] - [a b c] 
= 7 [a b c] 
- 0. 
We have, 


la – ЂЕ + Ib — се + Ic а 


-2(а +b +c’) —2a-b + ђе + са) 


=6-2(a-b+b-c+c-a) .40) 
Also, 

(а2 +02 +c) + 2 (а ђ+ђ-с+ са) = (а +ђ+ 0): > 0 
= 3 + 2(ађ + ђ-с + са) > 0 

= 2(a-b + b-c + c-a) 2-3 

> —2(a-b+b-c+c-a) > 3 ...(ii) 


From Eqs (i) and (ii), we get 


la - b? + Ib- c? + Ic - a? <6+3 = 9 


1 0 -1 
[аре = |х 1 (1-х) 

y x l+x-y 

10 0 


(С; > С; + С) 
1+х 


< + 
~ 


62. 


63. 


64. 


=1+х-х 

=1 

= neither depends on x nor y. 
Thre vectors Уу, Ул, Уз involve 9 unknown quantities. 
Since, we are given six equations involving 9 


unknown quantities, it is not possible to have uniquely 
3 vectors-satisfying these conditions. 


As V, V, = 4, let us consider v, = 2k. 
Also, let v, = ai + bj + ck 


and уз = хі + yj + zk. 
Now, У-У)--2->2с--2-эс--іІ 
Now, V,-V3=6> 2z =-6 => & =-3 
Now, Уу Vo = 2, Vj: V3 = 5, V4: У = 29 
CLD te врана ЊЕ пр је 
Хау + 22 = 29 => х + у: = 20 
апа ах + by + ст = 5 
= ах + by = 5 – 3 = 2. 
Рш b = 0, we get, 
а-і-а-%і 
and ах= 2 => х= +2 
Мом 02 +у2= 20 > у? = 20 – 4 = 16 
> у = +4. 


Thus, one possible set of vectors is 
у = 2k, v, =i + 2k, v, = —2i + 4j + ЗК. 
A (t) is parallel to B (В for some t in [0, 1] 
hO _ AO 
81() QO 
Let AA = ЛФ 820 -NOA 
h(O) = fi(0) 82(0) - 00) 81(0) 
= 2.2 - 3.3 =-5 < 0 
h(1) =f, ) 82а) - AC) 810) 
= 6.6 - 2.2 = 32 >0 
since h is a continuous function and A(0) A(1) < 0 
Then there is some ¢ in (0, 1] for which Ла) = 0 
Thus, A(f) is parallel to B (0) for this 1. 


for some 1 in (0, 1] 


We have, 
У = [a b c] 
а а; а; 
=|b, b b 
€ с) с; 


= а\(б»с» - 646) + а басу sa Бісз) + аз (bicz = БС) 
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65. 


66. 


= (а Бос + азбас + абс») = (а|Бас» + а>Ь1 сз + азЬ»с\) 
We assume that 
(a,b yc + а»Рзсү + абс») > (а расу + аҙбіс; + азрос)) 


As we know that, АМ > ОМ 


=> Flay + by + су) > (a, b, c3)" 
= (а| by C3) > Lir + by + ау 
27 
Similarly, (ay b; сі) = +a + Ь + су)? 
and — (a,b у> 5) (a; ы.) 
Thus, 


(a, by сз) + (a, Бұ сі) + (аҙ b, сэ) 


< ale, + by + c3} + (а) + Бу c + (a + Б c9] 


< zi + b + c4) + (а) + 5, + су) + (а +, c) 


біпсе, Ly +2 < (х+у+ 2)? fox, у, 22 0 

224% b : 

= xz, (а, + b, + с) 

1 3 
= —(3L 
573 ) 

= 73 
Thus, Via te 
Given, 

(а + 25). (ба – 4b) = 0 
> 54? — 4(a-b) + 10(a-b) – 85: = 
=> 5 + 6(a-b) –8=0 
> 6(a-b) = 3 

-1 
> (a-b) = 2 
1 
b == 
= abcos@ 2 
ЕП NEC 
> cos 8 = > = сов + 
SA 
> 0 = Y 
We have, 
[u v w] =u. (v x w) 
-ur 
= urcos Ө 


= гсо$ 0, where r = оху 


k 
-]23i- 7j-k 


ij 
-2 1 
10 3 


г = |г| = V9 + 49 + 1 = N59 
Thus, (һе maximum value of 


[и v w] = V59. 


la 
67. Given У-10 Га 
а 0 


=а –а+1 

ау 2 

— = За – 1 

да 2 

; od dV 

For maximum or minimum, Ta =0 
a 
> 342-1-0 
2 1 
> => 
8 
1 
> а = += 
V3 
+ - + 
< | | > 
1 хэ 
үз V3 
1 
Hence, the value of a = —. 
A3 
68. Given х = и + у, у= у + у, 2= у +и 
Thus 3 2.0 а ана ара мп 
lu + vl [у + wl Iw + ul 
We have, 

(и + vy = i? + y) + 2u-v 
=1+1+2cosa 
=1+1+2cosa 
= 2(1 + cos 0) 
өвлөн) 

cos 2 
> (и + у)! = 26035 | 


Similarly, Ку +)! = 26055 


апа (w + wl = 2cos__ 


69. 


70. 


71. 


Vectors 5.75 
= „ ax (bx ce) ЕГЕ 
Thus, x = 1/2(u + v)sec_, Thus = = (3j - k) 
у = 1/2(v + w)sec. от 
dd Lc dw и) веб о 72. Note that а is directed along the internal bisector of 
= the triangle formed by the vectors - v апа у 
Now, xxyyxzzxx]- [x y 21 


—{u+vv+wweul sed =) 2) (2 


ч эш v ү] «(0 (8) є(7| 
ilu vw] sec( 5) ЗЕЙ! 
хе (8) (5) е3) 


axb=cxdandaxc=bxd 
axb-axc=cxd-bxd 

ах (b— с) = (с- b) xX d=d x (b-c) 
ax (b-—c)-dx (b-c) =0 
(a—d)x (b-c) =0 

21 (a - d) is parallel to (b — c) 

> (a -—d)-(b-c) #0 

=> ad+c-d#a-c+b-d. 


[a b с]? 


Hence, the result. 


We have, 
a x (a x b) = (a: b)a – (а-а) 
> ах (a x b) =a-—a’b 
=a- 3b 
=> 3b = а-ах (a x b) 
= 3b = (i+ j+k - (-21+]+ k) 
> 3b = 3i 
=> b=i 
Raa жоса реле 
la x (b x с)! 
We have, 
i j k 
bxc= 1 1-2-1-3К 
1-11 
Now, 
i j К 
ах(хс)-15 2 6 
2 -1 -3 
= 27] - 9k 


= 9(3j — k) 


73. 


74. 


75. 


Thus, ka=-vV+w 


> Ka? = у? +w – 2(v-w) 
= K = 1 + 1 – 2vwcos(z – 20) 
= K = 2 + 2с0520 
= K = 2(1 + cos20) = 2.2cos?0 
= k = 2cos 0 
> k = 2(а: (- v)) 
Thus, w= у + ка = У – 2(а (-У)). 
Ans. (b) 
We have a-b; = a-b – ааа) = 0. 
а 
а-с re 
а.с› =а.с 5 (а-а) 5 Фуа) 
lal № | 
=ас-а:с = 0 
с-а re 
and bic = В, -с СЕ (0, -a) ЪЁ (b,-b,) 
= b,-c, -0-b,-c =0 
Thus, the required triplet is (a b, с). 
Ans.(c) 
Let v be a vector. 
A vector v in the plane of a and b 
бо, v, a, b are coplaner vectors. 
Thus, v=a+Ab 
> у= (1 + Ла + (2 – ОЈ +] +АЈК 
= у = (1 + ЛЕ + (2 – 4)ј + 1] +АЈК 
n. EE! 
Also, the projection of v on c is — 
рго] B 
оқ Жақ 
lel 43 
((-44-0-4-0144) 1 
V3 Үз 
-> (2-A)=1 
> 1-1 
Therefore, v = 2i + j + 2k 
Ans. (c) 
-A2 1 1 
Given 1 -A2 1'|=0 
1 1 -22 
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=> PA – 1) - 10? - 1) + 10? + 1) = 0 = cos^r + sin^r + (a-b)sin21 
> -42(12-1)-024-1)-024-1)-0 = 1 +(a-b)sin2r 
> -4f + 372 +2 = 0 
Thus, — ЮМ = ЮР, = NT + (а), t= Z 
> 2 -32 -2=0 4 
3 2 1 1 1 
> a -3а-2-0,а-2 > ОМ = — а + —b = — (a + b) 
2 wor Уу? 
> а (a – 2) + 2а(а – 2) + Ца-2)-0 
2 Theref, л OM а+ђ 
> (a – 2)(а" + 2а+ 1) = 0 eretore, U = OMI БО 
E (a - 2)(a + 1)" = 0 79. We have, 
=> (а – 2) = 0, (а + 1 = 0 Е. 
> а-2,а--1 аза ab ас 2222 
- 2-2,/2--1 [abc?=|b-a b-b ь 9-1 1 В 
= 22-2 ca be cc 1524 
> А = + 5-93 
Thus, the number of real values of А is 2. 

76. Ans. (b) = 1 1) 55 ) «iG У 
Given a+b+c=0 2 $a ES 
-> а+Ь = -с = (5 1 У ЈЕНЕ 
> ах (а + 5) =-ахс хааг. T o 
> (ax b)=cxa ...(1) = Га, b, c] = E 
Also, а-с-- v2 
> b x (a + с) = -b x b 80. Let 0, and 0, be the angles between a and b, and с 
> bxc=-bxaz=axb (ii) and d and n, and n, аге the unit vectors perpendicular 
From (i) and (ii), we get, to the plane of a and b, and с апа а. 

ая Now, a x b = (ар 510, ) п: 
77. We have RS + ST = RT ad л ла 
$ Let ф the angle between n, and n}. 
T, Given (a x b) (c xd)=1 
R > (sin Ө) (sin @,)(n,-n,) = 1 
U > (sin Ө,) (sin 05) (cos р) = 1 
Q It is possible only when Ө, = 2 -0,0-0 
Р 
Since ф = 0, so n, and п, are parallel. 
As PQ and TR are not parallel to each other. Thus, a, b, ¢ and d are coplaner vectors. 
PQ x (RS x ST) #0 i 
Thus, statement-I is true. Also, азс- 2 
Next, since РО and RS аге not parallel, 1 Л 
> cos Ө; = = = со82| 
50, PQ x RS #0 2 3 
Thus, statement-II is false. => 0, = (5) 

78. Ans. (a) 3 
Given OP = acost + bsint Since the angle between a and c is 5 апа b and 4 
ОРІ? = |асовл“ = Ibsint? + 2(a-b)sintcost is also а So b апа 4 are non-parallel. 
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Vectors 


81. 


82. 


83. 


84. 


We have, 
1 1 0 
У-ї1 2 0 
112 
= л(2- 1) 
= mJ. 
Given, 
a + b = -43c 
> (a + by -(-У3с) 
= a + D + 2a-b = Зс? 
=> 1+ 1+ 2a-b = 3 
=> 8-2 
> аЬсовӨ = + 
2 
> соѕ50 = = = cos( 7] 
=> 0-2 


Let M be the mid-point of PR. Then the position 
vector of M is 


jC2i -j 3i +30 = 51+) 

Let N be the mid-point of QS. Then the position 

vector of N is 

-jdi-3ie2p- 11 +] 

Thus, PQRS is a parallelogram. 

Also, PQ = IPQI = Mi – (—2i – j)l = [61 + jl 
= \36 + 1 = \37 

And ОК = IPRI = 131 + 3] - 4il = Li + 3) 
= М +9 = (10 

Therefore, PORS is not a rhombus. 

Also, PR = IPRI = 131 + 3j – (—2i - ])! 
= 151 + 4jl = NAT 

And QS = 108! = |-31 + 2j - (-4i)I 
= + 2jl=V1 + 4 =V5 


So, РОКУ is not a rectangle. 


Therefore, РОКУ is a parallelogram, which is neither 
a rhombus nor a rectangle. 


Let 0 be the angle between AB and AD. 


AB. AD 


Th ты 
Us, COS O = АВИА: 


85. 


86. 


Є —2 + 20 + 22 
М4 + 100 + 12171 +4 + 4 


40 8 


15.3 9 


л 
Мое (һай -|-- 
ote that а (5 2 


Thus, cosa = со (5 - 0) 
= sin@ 
= Vi — cos!8 = 41 - (2) 
_ [81-64 _ [71 - {2 
81 81 9” 
Given, 
а = ub + 4c 
=> a-b = ub-b + 4Ъ.с 
=> ub? + Ас = 0 (i) 
Also, 
а-а = u(a-b) + 4(a:c) 
=> la? = А(а-с) 2.64) 
Given, 
(b — a)-(b+ е) =0 
> (b-b) + (b:c) – (a-b) – (a-c) = 0 
= Ib? + (b.c) – (а: с) = 0 40) 
Again, 
2Ib + cl = Ib — al 
> ай + с? = Ib — ар. 
> 4(52 + с? + 21-с) = (b? + а? – 2(a-b)) 
> AQ? + c + 2Ь-с) = (b + а?) 
> 35" + с? + 8ф с) = а? у) 


Eliminating (b-c) and а? from Eqs (i), (ii), (11) and 
(iv), we get 


(202 – 10)? = 0 


> Q4? – 10) = 0 
> Ши — 5) = 0 
> и = 0, 5. 


Given lal = 1 = ІЫ and a.b = 0 
Now, (2а + b): {(a x b) x (a - 2b)} 
= (2a + b)- {(2b – a) x (a x b)} 
= (2a + b)- (С x (a x b) -a x (a x b) 
= (2а + Б): {(2(b- b)a – 2(b-a)b - (а-ђја 
+ (a-a)b)} 
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= (2a + b)-(2b’a + а) 

= (2a + b)-(2a + b) 

= (4d? + b? + 4a-b) 

=4+1+0 

555 

87. Given v, а, and b аге coplaner, so, 

v=a+Ab 
=(i+jt+k)+AG-j+k 
-(1-Ді-(1-21-(1-2ДК 


spe .. 1 
Also, the projection of v on c is —. 
Үз 


vc 1 
=> — = — 
ю 4 
2, 0*2-ü-2--*2]| 1 
КЕ КЕ 
> (1-2)21 
— A=2 
Thus, у = 31 – і + 3k 
88. Гей а=і+ј+К, 
b=i+j+ 2k 
and c=i+2j+k 
ij k 
Now, (bxc)21 1 2 
Т. 22:21 


=-3i+j+k 


і jk 
Also, ах(фхе= |1 1 1 
11 


-3 
= —4j + 4k 
= 4j + k). 
тіс 222529 сүх 
la x (b x с)! 


89. We have, 
rxb=cxb 


=> ах (гх b) = a x (c x b) 

=> (а Буг - (a-r)b = a x (c x b) 
> (a-b)r = a x (c x b) 

= -r = ах (c x b) = 3i - 6j - 3k 
=> г = —3i + 6j + 3k 

Thus, гђ=3+6+љ+0=9. 


90. We have, 


91. 


92. 


93. 


lal = 2 = ІЫ and a-b = -1 +3 =2 


Let 0 be the angle between them. 


Xo уй 219 
Then cos@ = Ир oe 
2ab 
ae ЖЕ 
8 2 
Thus, 0- 22 


Given  la- b + Ib- c «Ic- a? = 9 


=> 2(-b.c)-2(abr-bccca)j29 
> 6-2(a-b+b-c+c-a)=9 
= 2(a-b+b-c+c-a) = –3 
= 2(а2 + 2 + с?) – 2(ађ + ђе + са) 23-3 
= la+b+el=0 
= (а-һҺ-с)-0 
Мом, 
а + 5b + 5cl = 2а + 5(b + с)! 
= [2a + 5(-а)! 
= |- З(а)! 
= 1-31 lal 
=3 
Given, 
ах (21+ 3j + 4k) = (21+ 3] + 4k) x b 
=> ах (2i + 3j + 4k) = -b x (2i + 3j + 4k) 
=> (a+b) x (21+ 3] + 4k) = 0 
=> (a+b) =A(2i + 3] + 4k) 
=> (а + b)l = 1401 + 3j + 4К) 
= 42943 = 429 
> zl 
А = +1 


Thus, (a + b) = +(2i + 3j + 4k) 
Now, (a + b)-(-7i + 2j + 3k) 
=+(-14+ 6 + 12) 
=+4 


When diagonal are given, then area of a parallelogram 


PORS = ЗРО x SQI 


Volume of ће parallelopiped 
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= ((PQ x PS))-PT) 
= > х 5 x (PR x 80)-РТ 


(РК x SQ)]- PT) 


3 1 -2 
= -3 -4 
12 3 


I3(-9 + 8 – (3 + 4) - 2C. +3) 
= |-3 - 7-19 
= 20 
94. Given [a b c] = 2 
Now, 
[2(a x b)3(b x c)(c x a)] 
= 6[(a x b)(b x с) (сх a)] 
= 6[a b с] 
= 24 
95. Given ар с] =5 
Now, [3(a + b)(b + с)2(с + a)] 
= 6[(a + b)(b + с)(с + a)] 
= 6 x 2[a b c] 
- 60 


96. Given Та хы 
= la x bl = 0 
Now, 22а + 3b) x (a — b)i 


= 5 1-2a x b + 3b x al 


= 5 1-2a x b - 3a x bi 


Е 11-58 x bi 


= За x bl 


= 100 
97. Given la x bl = 30 
Now, la x (a + 0) 
= laxa - a + bl 
= 0 +a x bl 


= |a x bl 


98. 


99. 


- 30. 
It is given that а is in the direction of x x (y x 2) 


> а= A(x x (y x z) = „их ту -(x-y)z) 


> a = A (2 х Тју - (2 210 = (у – 2) 


= ayc-A(yy-y2 

Thus, a=a-y(y - 2) 

Similarly, b = (b-z)(z – x) 

Now, a:b = (a-y)(b-z){(y – z): (z — x)} 
= (а: у Фа —- 1-241) 
= —(a-y)(b-z). 

Given a x b + b x c = pa + qb + re 


5 а. [(ах b)+ (b x с)] = р + q(a-b) + r(a:c) 


> a(bxc¢c)=p+q(a-b)+ ra c) 
q r 
(b = А 
> а: (хое) D 
> р+у +» =а:Ф хс) = [a b, є] (7) 
р r 24 
ш» э+4+у=0 41) 
Ž+ł+r=[a b, ер -. (ii) 
Also, 


$ 8/ 42 
-5 ар 
> 922 42. 


From Eqs (4), (1) and (iii), we get 
GES 54 


2 2 =4 


pue +24? + Ф 
Now, = = 
4 4 
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100. We have, 
Ib + 2! = [а] 


х 
Ib + СР = lal’ 


= 
= Ib? + 122 + 25-2 = Гар 
= 48 + [СР + 48 = 144 
= Ic? = 144 — 96 = 48 
> ІСІ = 443 
Now 28 12-48 12-24-12-12 
2 2 
Also, 
д + bl = Г 
> lá + bP = ГР 
= la? + Ib 4:2(4-5) = СР 
> 144 + 48 + 2(G-b) = 48 
= (4-5)--72 
Again, Р P 
а+р+с= 0 
> axb=txa 
Thus, 


> > > 
ахр+схаі= ахь +ах 0 


212 x bl 
= Wars? – à- b} 


= 24144 х 48 – (- 727? 


= 21144 x 48 - 72 x 72 
= 2472(2 х 48 – 72) 

= 2/72(96 - 72) 

= 2472 x 24 

=2х 2443 

= 48\3 


Hence, the result. 
101. It is given that 


шин 


102. 


103. 


ом + В = +2V3 2.64) 
Given а= 2 + ү3д И) 
From Eqs (i) апа (ii), we get 

a=-lor2 
Thus, lal = 1 or 2 


We have, 
$ = Ар + 34 + 57 


= х(-р+9 + 7) +У(Ф – 4 +7) 
+ 1 Ср – 4 + 7) 
-(-х%у-др%(х-у-024 


+(xty+2r 


> (-x+y-z=4 
=> (x-y-z=3 
> (X+y+z2=5 


Solving, we get 


х-4,у-2,2--4 


Hence, the value of 2x + y+z=9 


We have, 
W-(f x v) 
> МИ la x vicosa = 1 
> сова = 1 
= » 1 8 жамау 


As it is given that there exists a vector У. 
=> w must be perpendicular to й 


. . =e . 
Hence, infinitely many such vectors v exist. 


If à = щі + uj 
=> ту = 0 

> (и фи») = 0 

> Ш --и; 

> lul = 1-ші = lul 
If и= щі + из 
= u-w=0 

> и, + 2u, = 0 

=> іші = 2lusl 


СНАРТЕК 


CONCEPT BOOSTER 


1.1 INTRODUCTION 


In earlier classes, we learnt about points, lines, cicles and 
conic sections in two-dimensional geometry. In 2D-geometry, 
a point represented by an ordered pair (x, y) for which both 
x and y are real numbers. 

In the space, each body has length, breadth and height, 
i.e. each body exits in three-dimensional space. Thus, three 
independent quantities are required to represent any point 
in a space and so three axes are required to represent these 
quantities. 


1.2 RECTANGULAR CO-ORDINATE SYSTEM 


The cartesian system of three lines which are mutually 
perpendicular to each other is called rectangular co-ordinate 
system. 

When three mutually perpendicular planes intersect at 
a point, the mutually perpendicular lines are obtained and 
these lines also pass through that point. If we assume the 
point of intersection as the origin, these three planes are 
known as co-ordinate planes and the three lines are known 
as co-ordinate axes. 


Octants 


Every plane bisects the space. Hence three-co-ordinate plane 
divide the space into eight parts. Each part is called an 
octant. 
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1.3 POSITION VECTOR OF A POINT ІМ A SPACE 


Let O be a fixed point, known as the origin, and let OX, 
OY and OZ be three mutually perpendicular lines, taken as 
X-axis, y-axis and z-axis, respectively, in such a way that 
they form a right handed system. 


X 


The plane XOY, YOZ and ZOX are known as xy-plane, 
yz-plane and zx-plane, respectively. 


Let P be a point in a space such that its distances from 
yz-, zx- апа xy-planes be а, b апа c, respectively and i, j and 
k are the vectors along x, y and z axes, respectively, i.e. 


ОА =a, OB = b and OC =с 


Now, OP = OL + LP 
= OA + AL + LP 
= OA + OB + OC. 
= аі + bj + ck. 
and IOPI = Nà! + P + с. 
Notes: 


1. Equation of x-axis: y = 0, < = 0 
. Equation of y-axis: x = 0, z = 0 
. Equation of z-axis: x = 0, y = 0 


. Equation of yz-plane: x = 0 


2 
2 
4. Equation of xy-plane: z = 0 
5 
6 


. Equation of zx-plane: y = 0 
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1.4 DisTANCE BETWEEN TWO POINTS IN SPACE 


From the figure, it is clear that P 
РО = OQ – ОР 
= Гә – [у 
РО! = Ir, – гу 
Let Р = (ху, у, д) and О-(х, у, 2) 
Тһеп РО = OQ - OP 


= (X5 — xj)i + (у» ын ypj + (z2 = z)k 


Thus, the distance between two points, 


РО- Ма x х)? + (у; = у)? + (2 - a 


1.4.1 Distance from Origin 
Let О be the origin and P(x, y, 2) be any point, then 


ОР = NX + » + 22. 
1.4.2 Distance of a Point from Co-ordinate Axes 


The distance from a point to x-axis = Vb? + с? 


The distance from a point to y-axis = Ма + с” 


and the distance Кот a point to z-axis = Va? + b? 


1.5 SECTION FORMULAE 


1.5.1 


If a point R(r) divides the line segment joining the points 
P(r,) and Q(r,) internally in the ratio m:n, then 


Internal Section 


mY, + nr, 
7 отап” 
-— PR т 
RQ ^" 
OR - OP m 
— ШЕ 


r-ri m 
= = — 


r-r n 
-> п(т – г) = m(r, – г) 
> r(m + п) = mr, + nr, 
mY, + nr 
^ m+n 
=> (хі + yj + zk) 
M(X i + yj + К) + п(хи + yj + zk) 
d mn 
тх; + NX, my, + ny, mz, + NZ, 
> х= en? = min’ m+n 


1.5.2 External Section 


If a point R(r) divides the line segment joining the points 
P(rj) and Q(r,) externally in the ratio m:n, then 


gos Dye г P m Ч 
T m-n ` P R n Q 
mX, = nx, 

хал m-n ’ 

= ПИ 

Ж m-n ^ 
mz, — mz, 

== т-п 


1.5.3 Mid-Point Formula 


If a point R(r) divides the line segment joining the points 
P(r,) and Q(r,) internally in the ratio 1:1, then 
r= : 
2 


Thus, the co-ordinates of R 
are 


зе У + Ул ыы 
28 27” 2 


1.5.4 Centroid 


The point of intersection of the A 
medians of a triangle is called 
the centroid of the triangle. 

Let A (гу), B (r5) and С(ғҙ) be 
the vertices of a triangle ABC 
and G(r) be its centroid. Then 
the position vector of the cen- 1 
troid is B 


OF rtr 
3 
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Let the position vectors of OA, ОВ and ОС аге гу, г; and 
r5, respectively. 
Let the position vectors of G be r. 
Now, the position vector of D is 
r, + ғ; 
OD: = = 
2 


As we know that, the centroid divides the median іп the 
ratio 2:1. Thus, the position vector of G, 
-ОС-г 
г) + r3 


2 
1-2 


2 


+ 1-1 


3 


Thus, the co-ordinates of the centroid С are 


= у + yn + Уз алаан 
3 : 3 у 3 
Centroid of a Tetrahedron 
Let the co-ordinates of A, В, C and D аге (x, ур, 21). 


(х, Ул, 52), (Хз, Уз» 53) and (ха, уд» 24), respectively. 
Then the co-ordinates of its vertices are 


Еи Ур + yo + Уз + Уд _ 
4 : 4 : 4 


А 


В C 


1.6 DIRECTION COSINES AND DIRECTION RATIOS OF A VECTOR OR A 
LINE 


1.6.1 Direction cosines 


If a line makes an angle о, В, 
y with the positive direction of 
the co-ordinate axes. Then cos c, 
cos D, cos y are known as the direc- 
tion cosines of the given line and 
are, generally, denoted ав l, т and 
n, respectively. 

Thus, | = cos œ, т = cos, n = 
cos y. 


1.6.2 Direction Ratios 


A set of three numbers a, b, c, which are proportional to 
the direction cosines /, m, n respectively of a line, are called 
the direction ratios. 


Thus, 


1.6.3 Refult-1 


Let OP = r = ai + bj + ck and i, j, k be the unit vectors 
along the x-axis, y-axis and z-axis, respectively 


Now, ri-a 
=> Irllilcosa@ = а 
а 
> сова = — 
ігі 
> [= — 
Iri 
Similarly, т- тЇ and n= in 
ы а а 
1.е. l= ‚т= 
Ма2 + 52 + с? Ма2 + 2 + с? 
с 
апа п = 


1.6.4 Refult-2 


If 1, m, n be the direction cosines of a line, then 


2 + т + па =l 


1.6.5 Refult-3 
Any vector r can be expressed as 


r = (й + mj + nk) 


Let r= ai + bj + ck. 
r а. b. с 

> = + —ј + 
ігі irl ігі ігі 

= i+ тј + nk 
> г = (+ тј + nk) 


1.6.6 Refult-4 


If a vector r having direction cosines /, m, n, the projection 
of r on the co-ordinate axes are given by 


Url, тікі, пігі. 
1.6.7 Refult-5 


The projection of the segment joining the points P (xj, уј, 21) 
and Q(x), у», 2) on a line having direction cosines l, m, n 
is given by 


105 – xj) + т(у; – yp + n» - 21). 


6.4 
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1.6.8 Refult-6 


If the co-ordinates of Р and О are (хі, уу, 21) and (x2, у», 22), 
the direction ratios of the line PQ are a = x, – x, b = yy – y, 
C = 25 — 2, and the direction cosines of the line PQ are 


_ 27M 


т=?? 2?! dis Е 
РО! ' IPQI ' ЇРО! 


1.6.9 Direction Cosines of the Axes 


Since the positive x-axis makes angles 0°, 90°, 90° with the 
axes of x, y and z, respectively, then the direction cosines 
of x-axis are (1, 0, 0). 

Similarly, the direction cosines of y-axis and z-axis are 
(0, 1, 0) and (0, 0, 1) respectively. 


1.6.10 Angle between Two Vectors 


Let m = aj + b,j + ck 
and n= ал + 55) + cok 
Then т.п = mncos@ 
> (dag = PA -~ HER 
mn Iml In| 
Е ауа» + ББ, + сус 
2 2 2 1 2 2 2 
а + 2 + с а; + 5 жс, 
_ aay + 515, + сус) 
АА 
44410 2 2 БӘЙ Еу 2 2 
where А = а] + bi + ст, о = Ја, + Б, жс, 
ауа) bib со 
= cos 0 = 


+ + 
Аһ Ао AA 


= Lb + mnm», + nin», 


(i) Condition of perpendicularity 
Here, 0 = 90° 
> с080-0 
> Ll, + mm, + nnm = 0 


(ii) Condition of parallelism 


Here, 0-0? 

> cos@ = 1 

=> ll, + mm + тт = 1 
-> (11, + тт, + nn) = 1 
> (LL + mum, + nn) 


= (Ê + m + т) (É + то + по) 
=> (уто — ту“ + (туп – nym)” 
+ (nl; - bn = 0 
=> (Lm, — Іт) = 0, (тіп) - путу) = 0, 
(п — hn) = 0 
> lm, = оту; mm = пот; nh = bn, 


оо то от 
L т ny 


Straight Line 


2.1 DEFINITION 


A straight line in a space can be determined uniquely if 


(i) it passes through a fixed point and is parallel to a 
fixed line. 


(ii) it passes through two fixed points. 


(iii) it is the intersection of two given non-parallel 
planes. 


2.2 EQUATION OF A LINE PASSING THORUGH A POINT AND 
PARALLEL TO A VECTOR 


The equation of a line д m Р 
passing through a point A 
with position vector гу and f 
parallel to a vector m is п т 
ГЕК + Дм 0 

Now, OP = OA + AP 

= = OA + Am 

Let r=xi+yj+zk 

rı = xi + у} + zk 

and m = ai + bj + ck 

Then r- r; = îm 

> (х xpi + (у – у)ј + (z - z)k 

= A(ai + bj + ck) 

Thus, У 25 27 -> э =ч 

Notes: 


1. In case of a line, the direction ratios and the direction 
cosines are the same. 


2. Any point on the line can be considered as 


(aA + xy, bÀ + у, + cA + 21) 
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2.3 Equation оғ A Line Passinc THROUGH Two Points A(R,) 


AND B(n,) Is R = R, + A(R, = Ry) 


Now, OP = OA + AP 

> ОР + OA + AAB 
> OA + A(OB - ОА) 
> г-г, + Л(г,-г)|). 
Let r=xi+yj+zk 


r; =x,i+y,j + ЗК 
r = xj + уу) + ок 


Then (т — гу) = I(r, - г) 


> (х= xyi + (у = у)ј + (z - &К 


= (xj – xi + (у; – у] + (z2 + д) К 


И Ул 2-2 
=> = E 


X) = и У = У! 52 = 4 


2.4 ANGLE BETWEEN Two STRAIGHT LINES 


Let іг = г + Ат 
апа L,:r =", + un 
Тһеп m-n = mn cos@ 
m-n 
> cos @ = an 
Let m = qji + bij + ck 
and n = mi + bj + ck 
аа» + Бы + сус 
Thus, cos @ = a 12 ыг 


2 2 Ж. [12 2 2 
маг + Б} + с а + 02 + с 


1. Condition of perpendicularity 


Wh == 
en 0 > 


ауа» + bib, + сусу) = 0 
2. Condition of parallelism 
When 0-0 


rdi uet 


o b, © 


2.5 Skew Lines 


Two lines are said to be skew lines if they are neither par- 
allel nor intersecting. Clearly, the skew lines can never be 
coplnar. 


2.5.1 Shortest Distance Between Two Skew Lines 


Let L:r=r; + да 
апа Іг = г) + ИУ 
А 
и 
Р 
L 
L~ | 
Q 
У 
В 
Let OA = г, and ОВ = г, 
Нете, Га and L,llv 
> РО | 1, and РО L L, 
> РО | u and РО | v 
= PQllu x v 
Thus, The shortest distance - РО 


= Projection of АВ оп РО 
_ AB. PQ 
"РОД 


_ (г, = к). (а x v) 
(а ху) 


Notes 1: If two straight lines intersect, the shortest distance 
between them is zero. 


The Plane 


3.1 DEFINITION 


A plane is a surface such that if any two points on it are 
taken, the line joining them lies completely on it. 


3.2 GENERAL Form 


A first degree equation represents a plane. The general equa- 
tion of a plane is given by 


ax+by+cz+d=0. 


Notes: 
1. Equation of xy-plane is z = 0. 
2. Equation of yz-plane is x = 0 
3. Equation of zx-plane is y = 0. 
4. Equation of a plane passing through the origin is 


given by ax + by + cz = 0. 
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3.3. EQUATION OF A PLANE PASSING THROUGH A POINT (X, Y, Z,) 


The equation of a plane passing through a point (xj, уј, 21) 
is a(x- xy) + (у-у) + c(z-z)20 
Let the equation of the plane be 
ax+by+cz+d=0 ...(1) 
which is passing through (хі, yj, 21). 
Thus, 
Subtracting Eqs. (ii) from Eq. we get 
a(x-x)t*b(y-y)t*c(z-z)-20 


(ii) 


ах, + vy, + сар + а=0 


3.4 EQUATION OF А PLANE PASSING THROUGH THREE 
NON-COLLINEAR POINTS 


The equation of any plane passing through (хі, у, 21) 
(Xp, Y», 22) and (хз, уз, 24) is given by 


х-х у-ур 2-80 
о-у yy 2-21|-0 
X3 = X1 Уз— Ур 3-4 


The equation of any plane passing through (хі, уу, 21) is 
given by 
а(х – х) + (у-ур) + с(2– 2) = 0 .40) 
When it is passing through (Хо, у; , 22) and (хз, уз, 23), then 
a(x, — x) + bY, — y) + c(z; - 2) = 0 (ii) 
а(хз – Ху) + bs – у) + c(z5 - а) = 0 (Ші) 
Eliminating а, b, с from Eqs (1), (11) and (11), we get 


х-х у-ур 2-0) 
2-Хх уу-у 2-21|-0 
Ху-Х|р Уз-Ур 535—4 


which is the required equation of the plane. 
3.5 COoPLANARITY OF FOUR POINTS 

The points P(x,, yy, 21), О(%, у», 22), RO, Уз, 53) and 
S (x4, Уд» 24) are coplanar, then 

2-Х „Уш Ур 02-0 
Ху-Хр Уз ур 4-04 
Х4-Х Уд ур 24-4 


3.6 INTERCEPT FORM OF A PLANE 


The equation of a plane in intercept form is given by 
х У 7 
зн = 1, 
a bc 
where а, b, с are the lengths of x, y and 2 axes, 
respectively. 


2 


Let the equation of the plane be passing through А (a, 0, 0), 
В(0, Б, 0), and С(0, 0, с). 


Ax+By+Cz+D=0 2-4) 
So, Aa+D=0 = A=-2 
and Bb+D=0 = B=-2 
Сс+р=0 > С=-2. 
Putting the values of А, В and C іп Eq. (1), we get 
D D D 
Эүргэгт а PSO 
Xo ux 
> a pte oe 
pre aes ЖӘ 
=> aR АШ, 


which is the required equation of the plane. 


3.7 NORMAL TO A PLANE 


A line perpendicular to a plane is called the normal to the 
plane. Clearly every line in a plane is perpendicular to the 
normal to the plane. 


3.8 VECTOR FORM 


The vector equation of a plane passing through a point having 
position vector a and normal to a vector n is given by 


rn=d 
N P 
О 
Let OP =r and ON = п 
Now, ON | NP 
=> NP-ON = 0 
=> (OP - ON)-ON = 0 
=> (r—n)-n = 0 
=> rn—-nn=0 
=> гп = п-п 
> r:n = d. 


3.9 EQUATION OF A PLANE IN NORMAL FORM 


The vector equation of a plane normal to а unit vector й and 
at a distance from the origin is given by 
г:й = а 
Let О be the origin and ON Бе the perpendicular from О 
to the given plane such that 


ON = ай. 
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Let P be a point on the plane with position vector r so 
that ОР = г. 


Now, ON 1 NP 

=> NP-ON = 0 

> (OP - ON)-ON = 0 
> (г-ай)-ай - 0 

> (г-ай — ай-ай) = 0 
> (r.ü—d)z0 

— г:й = 


which is the required equation of the plane. 


3.10 NorMAL FORM OF A PLANE 


ГІ, m, n be the direction cosines of the normal to a given 
plane and p be the length of the perpendicular from the 
origin to the plane, the equation of the plane is given by 


lx + my + nz = p. 

As we know that the normal form of a plane is given by 
гћ=а 

Let r = xi + yj + zk and Â = li + тј + nk 

The equation of the plane becomes 


lx + my + nz = p. 
3.11 THEOREM 


Equation of a plane passes through a point A with position 
vector a and is parallel to the given vectors b and c. 


Let r be the position vector of any point P in the plane, 
then AP-OP-OA 
-r-a 
Since, the vectors r — a, b, c are coplanar 


So, [r- abc] 20 
> [rb c] - [ab c] =0 
> [r b c] = [a b c] 


which is the required equation of the plane. 


3.12 ANGLE BETWEEN TWO PLANES 


The angle between two planes is defined as the angle 
between their normals. 

Let r-n, = d, and r-n, = d, and 0 be the angle between 
them. Then 


: nn 
(i) Vector form: cos0 = 


іп Іп, 


(ii) Castesian form: 
a,b, + ab, + dab, 


cos Ө = 

маг + а; al ү + 52 + 52 
where ny, = Qi + aj + ak 
and n, = bi + Б] + Бұ. 


Condition of Perpendicularity 


a,b, + аҙ; + азр; = 0 


Condition of Parallelism 
йр 4) аҙ; 
b b ы 


3.13 ANGLE BETWEEN A LINE AND A PLANE 


The angle between a line and a plane is the angle between 
the line and the normal to the plane. 


Let the equation of the plane be 
axtby+cez+d=0 .-(i) 


and the equation of the line be 


Х-Х ут) 2-2 
ü by ù 
Thus, с0$ (90° – 0) 
aja, + ББ, + сүс) 
а + 02 + с маг ed 
^ aja, + biba + сус) 
> sing = 


ШЕТІ маг ed 
Condition of Perpendicularity 
а bi 


9 b, © 


Condition of parallelism 


a 


aja, + 55, + cc, = 0 


3.14 EQUATION OF A PLANE PARALLEL TO A GIVEN PLANE 


The equation of a plane parallel to another plane ax + by 
+cz+d=0Qis 
ax+by+cz+k=0. 


3.15 EQUATION OF A PLANE PARALLEL TO THE AXES 


3.15.1 Equation of a plane parallel to x-axis 


Let the equation of any plane be 


ax+by+cz+d=0 ...0) 
and the equation of x-axis is 

x » z - 

» 3-5 ...(11) 


Since the plane (1) is parallel to the line (ii), so, 
а145.040.0-0 
=> a=0 
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Putting the value of a in Eq. (i), we get 
by+cz+d=0. 
which is the required equation of the plane. 


3.15.2 Equation of a plane parallel to y-axis 


Let the equation of any plane be 
ax+by+cz+d=0 
and the equation of y-axis is 


Since the plane (1) is parallel to the line (11), so, 
a‘0+b-1+c-0=0 
> b=0 
Putting the value of b in Eq. (i), we get 
ax+cz+d=0. 
which is the required equation of the plane. 


3.15.3 Equation of a plane parallel to z-axis 
Let the equation of any plane be 
ax+by+cz+d=0 
and the equation of z-axis is 
Boy m2 


Since the plane (1) is parallel to the line (11), so, 
а0-%-0-с-1-0 
c=0 


Putting the value of a in (i), we get 


= 
ax+by+d=0. 
which is the required equation of the plane. 


3.15.4 Equation of a plane parallel to xy-plane 


The equation of xy-plane is given by 


z=0 
So the equation of any plane parallel to xy-plane is 
z+k=0 


3.15.5 Equation of a plane parallel to yz-plane 


The equation of yz-plane is given by 


x=0 
So the equation of any plane parallel to yz-plane is 
x+k=0 


3.15.6 Equation of a plane parallel to zx-plane 


The equation of zx-plane is given by 


y=0 
So the equation of any plane parallel to zx-plane is 
y+k=0. 


(4) 


Gi) 


4) 


Gi) 


3.16 EQUATION OF A PLANE PASSING THORUGH (Xj, Y,, 24) 
(Xo, Yo, 25) AND PARALLEL TO THE LINE HAVING DIRECTION 
RATIOS А, B, С 


Х-Х 


У = у 


У = У 
а р с 


Z= K 
Zi -0. 


ОМ 2 
Let the equation of the plane ђе 
Ax+By+Cz+D=0 2-4) 
which is passing through (хі, у, 21) and (x2, Ул, 52) 
А(х-х) + В(у –у) + C(z-z) = 0 
А(х-х) + BO – у) + Сс- 2) = 0 
A-a+B-b+C-c=0 


and 
Also, 


Eliminating, A, B and C from above three equations, we 
get 


X-X 


У-У 


329731 
a b с 


1-1, 
21 -0 


2-м 


© 


Hence, the result. 


3.17 EQUATION OF THE PLANE PASSING THROUGH A POINT (X, Үл, 21) 
AND PARALLEL ТО TWO LINES HAVING DIRECTION RATIOS (Ај; Ву, Су) 
AND (45, Boy С) IS 


а; С 


The equation of any plane passing through (хі, уу, 21) is 


A(x = Хр) + BY - у) + C(z-z) = 0 (0) 
Since the plane (i) is parallel to two lines, so 

Aa, + Bb, + Cc, = 0 ...(ii) 

Ad, + Bb, + Cc, = 0 ...(iii) 


Eliminating A, B, C from Eqs (1), (ii) and (iii), we get 


X му у < 4, 
а b, с 


с 


which is the required equation of the plane. 


3.18 EQUATION OF A PLANE PASSING THROUGH THE LINE OF 
INTERSECTION OF PLANES 


The equation of a plane passing through the line of intersec- 
tion of planes 


axtby+cez+d,=0 
and a,x + by + сх + 4 = 0 


is ax + by + cz +d + Мах + Бу + ez + d) = 0. 
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3.19 DISTANCE OF A POINT FROM A PLANE 


The length of the perpendicular from a point P(x, уу, 21) 
to the plane ax + by + cz + d = 0 is 


аху + Бу + сар + | 
Ма“ + 62 + с” 
3.20 DISTANCE BETWEEN TWO PARALLEL PLANES 


The distance between two parallel planes ax + by+cz+d,=0 
and ax + by + cz + d, = 0 is given by 


d-d, 
\а2 + 2 + с? 


3.21 SIDES OF А PLANE 


We know that a plane divides the three-dimensional 
space in two equal parts. Two points A(x, у, 21) and 
В (х, y», о) are on the same side or opposite side of the 
plane ах + by + cz + d = 0 if 


axı + Бу + са +d 


>0or<0. 
ах + by, + cz; + а S 
3.22 INTERSECTION OF A LINE AND A PLANE 
QUU. cL = | 
Ге Цанхийн "c 40) 
апа P:Ax+By+Cz+D=0 ....(1) 
Any point оп the line (i) can be considered as 
(x, + ad, y, + БА, zı + cA) .44(Ш) 


If it lies on the plane (ii), then 
A(x, + ад) + В(у + БА) + C(z, + С) + D=O 
= (Ах + By, + Cz + D) + ЛАА, +B, + С) = 0 
(Ax, + By, + Cz, + D) 


sho = (Aa + Bb + Co) 


Substituting the values of A in Eqs (iii), we get the 
required co-ordinates of the point of intersection. 


3.23 CONDITION FOR A LINE TO LIE IN A PLANE 


хм VOM 5-0 


Il m ` n 


If the line L: 


lies in the plane P: ах + by + cz + 4-0, then 
(1) ах, + by, +cz+d=0 
Gi) al+bm+cn=0 


Since the line L = 0 lies in a plane P = 0, therefore the 
point (хі, y, 21) оп L = 0 will also lie in the plane P = 0. 


So, ax, + by, + са +а = 0 


Also, since the line L = 0 lies in the plane Р = 0, therefore, 


the normal to the plane is also normal to the line. 


Thus, al+bm+cn=0. 


3.24 CONDITION OF COPLANARITY OF TWO LINES 


х-х = Ca 
Let Li: а У 1 
х-х zi 2-2 

and Ly psu». = 2 
aj b, €? 


If two lines L, and Г, аге coplanar, then 


о М № У 


and the equation of the plane containing them is 


X XM у у, © 2 
a, b, с, -0 
а; 2 с 
ог 
X х y У, < 0 
а, b, с, -0. 
а; b, су 


3.25 EQUATION OF THE PLANES BISECTING THE ANGLE BETWEEN THE 
PLANES 


The equation of the planes bisecting the angle between the 
planes a,x + Бу + суг + d, = О and ах + Бу + Coz + d, 
= 0 is given by 


ах + by + су + а, ax + уу + coz + а, 
Topa Die po 22 
Va, + bi + су Na, + b5 + с, 


3.26 BISECTOR ОЕ THE ACUTE AND OBTUSE ANGLES BETWEEN TWO 
PLANES 


Let the equation of the two planes be 
ах + by + сс + ф = 0 .-(i) 
and ах + boy + Coz + d, = 0 .. (i) 
First we make 4, > 0, d, > 0 
G) Каја + bib, + cic, > 0, the origin lies in the obtuse 
angle between two planes and the equation of the 
obtuse angle bisector is 


axtby+ezt+d, ax + by +cxz+d, 


Pa oe ЖЕ [2 24-2 
ат + by + су a, + Б, + с 


and the acute angle bisector is 


ах + ру + су + а} 


2: (230802) 
Va, + bi +c; 


ах + boy + cz + а, 


2 2 2 
(а; + Б; + © 
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(i) If aja, + bib, + сус < 0, the origin lies in the acute 
angle between the two planes and the equation of the 
bisector of the acute angle is 


ax + by + сүс + а 
Diep NOD) 
Va, + bi + сі 


and the obtuse angle is 


ах + Бу + Coz + dy 


2 2 2 
Na, + 5 + с, 


axtby+cz+d, ax + boyy + z+ 4 


2 2 2 2 2 2 
ај рс, (а; + 05 + с; 


3.27 Ғоот OF PERPENDICULAR OF A POINT W.R.T. А PLANE 


The foot of the perpendicular M of a point P(x, уу, 21) w.r.t. 
a plane ax + by + cz + d = 0 is given by 


(ax, + by, + cz, * d) 


(а? +b? + с”) 


ә-Х Voy 2-45. 


а Ь с 


3.28 IMAGE OF А POINT МАТ, А РАМЕ 


The image О of a point Р(х, у, 2) wrt. а plane 
ax+by+cz+d=0Ois 


2-х 9-4 2-0 2(ах + by, + са + d) 


а b с 


(аҙ + by + Cp) 


where О = (%2, yo, 2). 


3.29 EQUATION OF THE PLANE CONTAINING A GIVEN LINE AND PARALLEL 
TO A GIVEN LINE 


The equation of the plane containing a given line 


х-Х У-Ур 2-2 
L: = = 
1, m, ni 
and also parallel to another line 
„0-0 Y-» 2-1 
Ma m, n, 


lever ( 
(Problems based on Fundamentals) 


ABC of 3D-Geometry 
1. Find the distance between the points P(3, 4, 5) and 


О(-1; 22-2); 
2. Find the shortest distance of the point Р (а, Р, с) from 
X-axis. 


3. If the line passing through the points (5, 1, a) and 


o, EE EE find 


(3, b, 1) crosses the yz-plane at S S 


the value of a+ b + 2. 

4. Show that the points P(0, 7, 10), Q(-1, 6, 6) and 
С(-4, 9, 6) are the vertices of an isosceles right- 
angled triangle. 


is L m, nj 


The equation of the plane containing 1, = 0 is 
а(х— ху) + (у-у) + с(2–2) = 0 ...0) 
441) 
Since L, = 0 is parallel to the plane (i), therefore the 
normal to the plane (i) is also normal to the line L, = 0. 
Thus, (ш) 


Eliminating а, Р, с from Eqs (i), (1) and (11), we get 


where al, + bm, + cn, =0 


al, + bm, + cn, = 0 


У- у 
L т 


2-1) 
n =0. 


ђ m, Ny 


3.30 EQUATION OF THE PLANE CONTAINING TWO GIVEN LINES 


The equation of the plane containing two lines 


(Ям У-Ур 2-1 
EE m, n, 
X=% у-у, 2-0 
and Ly - - 
2 Tho» Tis. 
х-х у-у 274 
is L ті n |=0 
ђ m, Ny 
or 
Х-Х, у-у 2-0 
1, m, n |=0. 
Ь т; n, 


5. Find the locus of a point, the sum of distances from 
(1, 0, 0) and (-1, 0, 0) is 10. 

6. Find the ratio in which the plane x — 2y + 3z = 17 
divides the line joining the points (-2, 4, 7) and 
(3, -4, 8). 

7. Find the co-ordinates of points which trisects the line 
joining the points Р(-3, 2, 4) and О(0, 4, 7). 

8. If the centre of a tetrahedron OABC are (1, 2, –1), 
where А = (а, 2, 3), В = (1, b, 2), С = (2, 1, с) 
respectively, find the distance of P(a, b, c) from the 
origin. 

9. Find the ratio in which the line joining the points 
P(-2, 3, 7) and Q(3, -5, 8) is divided by the 
yz-plane. 
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10. 


The vertices of a triangle are А (5, 4, 6), B(1, —1, 3) 
and C(4, 3, 2). The internal bisector of ZBAC meets 
BC in D. Find AD. 


Direction cosines and direction ratios 


11. 


12. 


21. 


22. 


23; 


24. 


25. 


If a line is equally inclined with the axes, find its 
direction cosines. 

Find the angle at which the vector (41 + 4j + К) is 
inclined to the axes. 


. If a line makes an angle 0, В, y with the co-ordinate 


axes, find the value of 
(i) Esin? a (ii) Усов(200. 


. A line OP makes with the x-axis and y-axis at an 


angle of 120°, 60°, respectively. Find the angle made 
by the line with the z-axis. 


. A vector г is inclined to x-axis and to y-axis at 60°. 


If Irl = 8, find the vector г. 


. Find the projection of the line joining (1, 2, 3) 


апа (-1, 4, 2) on the line having direction ratios 
(2, 3,-6). 


. What is the angle between the lines whose direction 


31 WS 
44 2 


3 1 V3 
422530 
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cosines are 


and | 


. Find the angle between any two diagonals of а 


cube. 


. Find the angle between one diagonal of a cube and 


a diagonal of one face. 


. A line makes angles о, В, y with the four diagonal 


of a cube, find the value of 

(i) Ecos a 

(i) Esin?a 
(iii) Zcos(20) 
Find the angle between the lines whose direction 
cosines are satisfy the equations l + т + n = 0 and 
Р + т – п? = 0. 
Find the direction cosines of the two lines which 
are connected by the relation / — 5m + 3n = 0 and 
7!" + 5m? – Зи? = 0. 
Find the angle between the lines which аге connected 
by the relation / + т + n = 0 and 2/m + т + 
mn = 0. 
Show that the straight lines whose direction cosines 
are given by the equations al + bm + cn = 0 and 
ul + ут? + wn? = 0 are 
perpendicular if а? (и + v) + Би + w) + c?(u + v) 
=0 

„4 ЕЛЕН И 

апа parallel if клу Етте 0. 
If a variable line in two adjacent positions has direction 
cosines (1, m, n) and (1 + ôl, т + óm,n + бп), show 
that the small angle 60 between the two positions is 
given by (60): = (61? + (бт) + (óny.. 


Striaght Line 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


Find the equation of a line passing through (2, 3, 4) 


З -3 ytl z-7 
d parallel to the line > = = 

and parallel to the line 3 1 5 

Find the equation of a line passing through (-3,2,-4) 

and parallel to the vector 2i + 3j + 7k. 


Find the point where the line > E = —— = 


Ша meets the plane 2x - 2y - z = 7. 


Find the equation of the line through 3x — 4y + 5z = 
10, 2x + 2y - 3z = 4 and parallel to x = 2y = 32. 
Prove that the lines 4x = 3y = -2 and 3x = y = -4z 
are perpendicular. 

If the lines x = az + b, y=cz+dandx=az 
+ b’, у = cz + а” are perpendicular, prove that 
аса + сс! =-1. 

Find the distance of the point (1, -2, 3) from 
the plane x — у + z = 5 measured parallel to the 


line 2 = = = 
2 3 -6 
Find the foot of the perpendicular from the point 


| -6 »-l z- 
1, 2, 3) to the line > = = 
(1, 2, 3) to the line 3 2 


find the length of the perpendicular. 


l and also 


Find the image of a point (1, 6. 3) in the line 
x 3e eed 


i oS 
Find the equation of the line which can be 
drawn from the point (1, -1, 0) to intersect the 


-2_у-1_-3 х-4_У_@+1 
= = апа = = 
2 3 4 4 5 2 


orthogonally. 
Find the equation of the line through (2, -3, 1) 
parallel to the plane 2x — y + z = 6 so as to meet 


у =2 y < 
the line * KC LEN 
e line 2 73 


; х 
lines 


25 at right angle. 


Shortest distance between two lines 


37. 


38. 


39. 


Find the shortest distance between the lines г = 
3i + 8j + ЗК + Ai - j + К) and r =-31- 7j + 6k 
+ u(-3i + 2j + 4k). 

Find the shortest distance between the lines 


2: -3 = 
Lee 227 PE indi: 
3 4 5 
= + 1 
and „” = шанд 
2 -1 3 


Prove that the shortest distance between any two 
opposite edges of a tetrahedron formed by the planes 
у+х=0хХх+2=0хХх+у=0апх+у +2=73 
а is aN2. 
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40. 


If 2d be the shortest distance between the 


| JUS АИ » 25-202. АА.» 

lines 7 + g = 1, x = 0 and с — = y = 0, prove 
1 

that += + = 


1 
а b c d^ 


Plane 


41. 


42. 


43. 


44. 


45. 


46. 


4T. 


48. 


49. 


50. 


5]. 


52. 


53. 


54. 


99; 


56. 


57. 


58. 


Find the equation of the plane through the points 
Pd, 1, 1), ОС, - 1, 2) and R(-3, 5, -4). 

Show that the four points (1, 2, 3), (2, 1, 4) (3, 21, 3) 
and (2, 2, 6) are coplanar. 

Find the intercepts of the plane 2x - 4у + 5z = 20 
on the co-ordinate axes. 

Find the equation of the plane passes through the 
points (3, 0, 0), (0, 4, 0) and (0, 0, 5). 

Find the equations of the plane through the points 
(0, 4, —3), (6, —4, 3) other than the plane through the 
origin, which cut off from the axes intercepts, whose 
sum is Zero, 


A plane meets the co-ordinate axes in A, B, C such 
that the centroid of the triangle ABC is the point 
(p, 4, r). Find the equation of the plane. 
A variable plane cuts the co-ordinate axes in A, B, C 
and is of constant distance 3p from the origin. Find 
the locus of the centroid of the triangle ABC. 

2 


The plane = + Z + = = 1 meets the co-ordinate axes 


at the points A, B, C respectively. Find the area of 
the AABC. 


A variable plane cuts the co-ordinate axes in A, B, 
C and is of constant distance p from the origin. Find 
the locus of the centroid of the tetrahedron OABC. 
If a variable plane forms a tetrahedron of constant 
volume 6417 with the co-ordinate planes, find the 
locus of the centroid of the tetrahedron. 

Find the angle between the planes x — 2y + 2z + 2014 
= 0 and 2x + у + 2z + 2015 = 0. 

Prove that the planes 3x - 2у + 3z + 10 = 0 and 
2х - Зу - 4z + 7 = 0 are perpendicular. 

Find the equation of the plane passing through 
(1, 2, 3) and the perpendicular to the planes 2x + 3y 
+ 45 +7 = 0, 3x + Ду + 55 + 10 = 0 


Find the angle between the line ———— = 
УТ. 2-3 
= and the plane 3x + 4y + 2 + 5 = 0. 


-1 -2 
= -4 2 
Prove that the line * 3 = У =< 1 3 


is parallel 


to the plane 4x + 4y – 5z + > 0. 
Find the equation of a plane passing through (2, 3, – 1) 
and parallel to x — 2y + 3z + 10 = 0. 

Find the equation of the plane passing through the 
points (2, 3, —4), (1, —1, 3) and parallel to x-axis. 
Find the equation of the plane passing through the 
points (1, 2, 3), (4, 3, 1) and parallel to y-axis 


59. 


60. 


61. 


62. 


63. 


64. 


65. 


66. 


67. 


68. 


69. 


70. 


71. 


72. 


73. 


74. 


75. 


76. 


Find the equation of the plane passing through the 
points (3, 4, 5), (-2, 3, —1) and parallel to z-axis. 
Find the equation of the plane passing through 
(1, 2, 3) and parallel to xy-plane. 


Find the equation of a plane parallel to yz-plane and 
passes through the point (2, 3, 4). 
Find the equation of the plane passing through (3, 4, 
5) and parallel to zx-plane. 
Find the equation of the plane passing through the 
points (2, — 1, 0), (3, —4, —5) and parallel to the line 
2х = Зу = 42. 
Find the equation of the plane passing through 
(2, 3, 4) and parallel to the lines x = 2y = 3z and 
2х = Sy =z. 
Find the equation of the plane passing through the 
intersection of the planes 2x + 5у - 5z = 6 and 
2х + Ту – 8z = 7 and the point (-1, 4, 3). 
Find the equation of the plane passing through the 
point (2, – 1, 1) and the line 4х – 3y + 5 = 0 = у – 
22- 5. 
Find the equation of the plane passing through the 
intersection of the planes 2x + 3y + 10z = 8 2x – Зу + 
7z = 2 and the perpendicular to 3x - 2y + 4z = 5. 
Find the equation of the plane passing through the 
line x + y +z + 3 = 0, 2x –у + 3z + 1 = 0 and 
Ж. Vz 

parallel to T F 
Find the length of the perpendicular from a point 
Р(1,2, 3) to the plane 5х + 4y – 3z - 1 = 0. 
Find the equation of the line through (-1, 3, 2), 
perpendicular to the plane x + 2y + 2z = 3 and also 
find the co-ordinates of its foot. 
Find the distance of the point (1, 2, 3) from 
the plane x + y + z = 11 measured parallel 
x+1_y+2 z-7 

"MES 01227 
Find the locus of a point, the sum of the squares 
of whose distances from the planes x + y + z = 0, 
x-z=0,x-2y+z=0is 9. 


to 


Two system of the co-ordinate axes have the same 
origin. If a plane cuts them at distances a, b, c and 
р, а, г respectively from the origin. Prove that 

1 1 1 1 А 1 1 


Find the distance of the point (4, 1, 1) from the lines 
xty+z-4=0=x-2y-2z-4. 

Find the distance between the planes x + 2y — 2z + 
1 = 0 and 2x + 4y- 4: + 5 = 0 

Find the co-ordinates of the point of intersection 
x-1_y-2 z+3 


ТЕ TI with the plane 


of the line 


2х-2у-2-17. 
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77. 


78. 


79. 


80. 


Find the equation of the plane passing through (1, 2, 0) 
Peo. yel 02 
4 -2' 


2 L2 = 
Prove that the lines ~ = = y он 3 


3 4 
= “3 = 
Ж 3 22 лтийн £ 5 ы are coplanar and also find the 


equation of the plane where they lie. 


which contains the line 


and 


Find the equation of the plane passing through the 
line of intersection of the planes 4x — Sy - 4z = 4 
and 2x + y + 2z = 8 at the point (1, 2, 3). 

Find the eqution of the plane bisecting the acute 
angle between the planes x + 2y + 2z – 3 = 0 and 
3x + Ду + 1227 + 1 = 0. 


81. Find the image of the point (2, -3, 4) with respect 
to the palne 4x + 2y - 4z + 3 = 0. 
82. Find the equation of the image of the 
= - 2 
line ~ = E 1 gum in the plane 3x - 3y 
+ 105 – 26. 
83. Find the equation of the plane containning the 
. x-1_y+6 z+1 : 
line Se ШЫҒ” and is parallel to the 
. x-4_ J-l _z+3 
line АҒЫС асты. 
84. Find the equation of the plane containing the lines 
xd ae И в Би сна 
3 5 7 1 3 5A 
Lever M 
(Mixed Problems) 
1. The shortest distance of the point (a, b, c) from the 


x-axis is 


(a) Va? p? 
(с) ҮР? + с2 


(b) Маг + c 
(4) Маг + 52 c 


2. Тһе equation of the x-axis is 


3. 


x iY 2 х yY 2 

— = — = — b) = = = = 
280270 057170 

X 2. 2 Xon 2 

— = — = — а == = = 
ЕТ ле 

E : | 111 

If the direction cosines of a line аге |—, —, —], then 

| CC’ с 
c is 
(a) 1 (b) +2 
(c) +3 (d) xN3 


. The number of lines, through the origin makes equal 


angles with the axes, is 
(a) 1 
(c) 4 


(b) 2 
(d) 0 


10. 


11. 


12. 


13. 


14. 


15. 


. The foot of perpendicular from (a, b, c) on the z-axis 


15 
(а) (а, 0, 0) 
(с) (0, 0, 0) 


(b) (0, b, 0) 
(4) (0, 0, с). 


. The angle between any two diagonals of a cube is 


(b) tan! (V2) 


-1|2 
а 1 
(4) cos 3 


(a) tan ! (242) 


(c) cot (2) 


. The angle between a diagonal of a unit cube and a 


diagonal of a face is 


3 ® == (5) 
б ; 


(a) cos! 


1 


(с) cos” (d) соя”! 


. А line makes an angle а, В and у with the axes, the 


value of ѕіп2а + зи? В + sin’y is 
(a) 1 (b) 2 
(c) -1 (d) 0. 


. А line makes an angle а, В and y with the axes, then 


the value of cos(20) + сов(2В) + cos(2y) 18 

(a) 1 (b) 2 

(c) -І (d) 0. 

The shortest distance from the origin to the plane 
2х + Зу + 6z – 21 = 0 is 

(а) 2 (b) 1 

(с) 3 (а) 4 

A plane meets the co-ordinate axes at А, В and С, 
respectively. If the centroid of the triangle is (2, 2, 2), 


the equation of the plane is 

(a)xty+z=5 (D x+y+z=6 
(c)x+y+z=9 (d) x+y+z=4 

The locus of the first degree equation in x, у, 2 
reprsents a 
(a) stline (b) plane 
(c) sphere (d) conicoid 

If the plane 2x - 3y + 6z – 11 = 0 makes an angle 
sin! (k) with x-axis, then k is 


V3 2 
(a) > (b) 3 
(c) К (а) 1 


The distance between the parallel lines 2х — Зу + 62 
+ 5 = 0 and бх - ду + 18z + 21 = 0 is 


1 3 
(а) 7 (b) 3 
2 4 
(c) 3 (d) 7 


The equation of the plane passing through (1, 2, 3) 
and parallel to 2x + y + 25 + 10 = 0 is 
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20. 


21. 


22. 


23. 


(а) 2x фу + 22 - 1020 
(D 2x + y 25 - 1220 
(с) 2x фу + 22 + 1220 
(d) 2x фу + 22 + 10 = 0 


. The angle between the planes 2x – у + z = 6 and 


x+y+2z=7is 


Л л 
Е b 4 

(a) n (b) 3 
л л 
de d) = 

(c) 6 (4) > 

. The line x = 1, y = 2 is 
(a) parallel to x-axis (b) parallel to y-axis 


(c) parallel to z-axis (d) none of these 


. The line y = 2 and z = 3 is 


(a) parallel to x-axis (b) parallel to y-axis 


(c) parallel to z-axis (d) none of these 


. The equation of a line passing through (2, 3, 4) and 


perpendicular to the plane 2x + 3y - z = 5 is 
х-2 Уу-3 z-4 


оа 
аа 4-4 

2 1 3 

х-2_Уу+3 z-4 
QUT mop ug 

-2 y-3 7-4 
dj - 
Ф 2 4 5 

Зи -3 = 

The line ~ x = = К = is parallel to the 
plane 


(a) 3x + Ду + 52 = 7 (b) 2x + Зу + 52 = 10 
(c) 2х фу — 22 = 0 (d) 2x + Зу + 227 = 5 
The angle between the plane 3x + бу – 22 + 5 = 0 


2 у41 z-3, 
= = 15 


and the line ~ о 


-1 2 
_1{ 4 -118 
(а) сов E (b) cos i| 
221 --118 
(с) sin ОТ (а) віп i| 


The co-ordinates of the point of intersection of the 
x-6 ytl 2+3 


"a ZI e o а and the plane x + y -z = 3 
(а) (2, 1, 0) (0) (1, 2, —6) 
(с) (5, 1, 2) (d) (5, -1, 1) 


The shortest distance between the lines yzl 


Ша, AE Е ne. — 
3 4 3 4 5 
1 1 
(а) < (b) — 
6 Ү6 
1 1 
(c) — (4) = 
Үз 3 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


The plane passing through (3, 2, 0) and the line 
х-3 У-6 7-4, 
= = is 
1 5 4 
(a)x-ytz=1 
(c)x+2y-z=1 


(D хулс 5 
(d) 2x –у + 2 = 5. 


If the projection of PO on OX, OY and OZ are 

respectively 12, 3 and 4, the magnitude of PO is 

(a) 169 (b) 13 

(c) 12 (d) 144 

The distance of the plane passing through (1, 1, 1) and 
1_у-1_-1 


perpendicular to the line = = = = 


0 1 Нот 


the origin is 


(a) 3 ОЕ 


7 
(с) 5 (4) 1 
A variable plane at a distance of 1 unit from the 
origin cuts the co-ordinate axes at A, B and C. If 
the centroid D(x, y, z) of AABC satisfies the rela- 


tion + +444 = k, then k is 
x y 
(a) 1 (b) 3 
(c) 9 (d) 4 
- - 3 = Z 
The lines ^ ae =. а 
1 k k 
-4 = 
Qa EE 2 are coplanar if k is 
2 1 
(a) 1 (b) 2 
(c) 0 (d) 4 


The equation of the obtuse angle bisector between 
the planes Зх – 2y + 6z + 8 = 0 апа 2х – y + 2z + 
3 = 0 is 

(а) 5x -y - 47 = 3 (0) 5x фу – 427 = 5 

(с) 4х фу – 57 = 5 (d) 7x + 3y – 9z 

The plane x – у – z = 4 is rotated through an angle 
90° about its line of intersection with the plane 
x + y + 2z = 4. Then the new position of the plane 
is 


(а) 5x + 3y + 22 = 4 (b) 5x + + 4z = 20 

(c) 4x + у + 5z = 20 (d) 4x + 5y + 2 = 20 
The value of т for which the straight lines 3x — 2y 
+z +3 = 0 = 4х – 3y + 4z + 1 are parallel to the 
plane 2x — y + mz = 2 is 

(a) 6 (b) 8 

(c) -2 (d) -11 

A straight line is given by r = (1 + Di + 31] + 
(1- tk, where ¢ in R. If this line lies in the plane 
x + y + cz = d, the value of (c + d – 5) is 


3D-Co-ordinate Geometry 6.15 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


(а) 8 (b) 9 
(c) 4 (4) 2 
‚х-2_у-1_+1 
Let Їл: Вы 5 
E -1 
and L,: * md = < 
1 1 -1 


and let л be the plane which contains the line L, and 
is parallel to 15. The distance of the plane л from 
the origin is 


2 
а) 2 
(c) V6 
If the planes x = cy + bz, y = az + bx and z = bx + ay 


pass through the same line, the value of аё ++ с? 
+ 2ab + 2 is 


(a) 2 (b) 1 

(c) 3 (d) 4 

The equation of the plane passing through (0, 2, 4) 

x+3_ yol ен 
3 4 2 


(b) 7 


(d) none of these 


and containing the line 
(а) x-2y + 45 - 12 = 0 

(b 5x + + 92 – 38 = 0 

(c) 10x – 12y – 92 + 60 =0 

(d) 7х + Sy – 32 + 2 =0 

The two lines x = ау + b, z = су + d and x = d'y + b’, 
z = су +d’ will be perpendicular if and only if 
(a) аа’ + bb’ + cc + 1=0 

(b) aa’ + bb’ + сс = 0 

(c) (ata)+(b+D)+(c+c)=0 

(d) аа + cc + 120 


un s 
If the цолд 2 -2+2 
3 6 


x + 3y — az + b = 0. Then the value of (a + b + 1) 
18 


lies іп the plane 


(a) 2 (b) 1 
(c) 3 (d) 4 

. x_YyY_zx-12-y_ z-3 
If the lines 7 = > =; 3^ 1 = 1 апа 
x*k Y»-l z-2 


- - are concurrent, then 
3 2 h 


(a h = —2, k = -6 (D h26,kz-2 

(с) л = 1/2, к= 2 (d h = 2, k = 1/2 

If the four points P(2 – x, 2, 2), ОС, 2 – у, 2) 
RQ, 2, 2 — z) апа 5(1, 1, 1) are coplanar, then 


1 1 1 
@х+у+т=1! 
(b)x+yt+z=l 
(Әсе келш ега 

1-х 1-у 1-2 

1 1 1 
4 - 
Oa l+y 1-2 


40. 


41. 


42. 


43. 


44. 


45. 


The equation of the right bisector plane of the line 
segment joining the points (2, 3, 4) and (6, 7, 8) is 
(а) х+у+<= 15 (b) х+ 2у+ z 15 

(c) Зх + Ху + 2 = 15 (d) x + Ху 5х = 15 
The shortest distance from the plane 12x + 4y + 37 = 327 
to the sphere х2 + y? + 22 + 4x - 2y – 6z = 155 is 
(a) 39 (b) 26 

(c) 11 (d) 13 

The intersection of the spheres xb. у + 22 + 75 – 
2у =z = 13 and х + y? + 22 – 3x + 3y + 4z = 8 is 
the same ав the intersection of one of the sphere 
and the plane 

(a) 2x -у-&=1 (b x-2y-zz1 

(d x-y-zz1 

The plane x + 2y – z = 4 cuts the sphere х. » + 
2 -х+2- 2 = 0 іп а circle of radius 

(а) 3 (b) 1 

(с) 2 (4) 42. 

If the plane 2ах - Зау + 4az + 6 = 0 passes through 
the mid-point of the line joining the centres of 
the spheres Хо у? Be +6х- ду – 2z = 13 and 
х + у + 22 – Зх + Зу + 4z = 8, then а is 

(а) —1 (b) 1 

(с) -2 (4) 2 

The intersection of the spheres х. y + 22 + 7х – 
2y-z = 13 and х + y? + 22 – 3x + 3y + 4z = 8 is 
the same as the intersection of one of the sphere and 
the plane. Then 


(c)x-y-2z=1 


(a) 2x -y-z=1 (b x-2y-z=1 


(c)x-y-2z=1 (d) x -y-zzl. 


lever Ul 


1. 


(Problems for JEE-Advanced) 


Show that the straight lines whose direction cosines 
are given by the equation al + bm + cn = 0 
and и? + vm? + wn? = О аге perpendicular if 
а? (и + у) + 280) + и) + c^ (и + у) = 0 

E e 


2 
Qd 
and parallel if 7- + at = 0. 


. If P be any point on the plane lx + ту + nz = р 


and Q be a point on the line OP such that ОР- OQ, 


find the locus of the point Q. 
У, < 


. A point P moves on a plane ~ + = + – = 1. А 
a p “с 


plane through P and perpendicular to OP meets the 
co-ordinate axes at A, B and C. If the plane through 
A, B and C and parallel to the planes x = 0, у = 0, 
z = 0 intersect at О, find the locus of Q. 


. A plane passes through a fixed point (a, b, c). Show 


that the locus of the foot of the perpendicular to it 
from the origin is the sphere P y? +2 -ах- Бу 
= сі = 0. 
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. The plane x – у – z = 


4 is rotated through an 
angle of 90° about the line of intersection with the 
plane x + y + 2z = 4. Find its equation in the new 
position. 


. If the planes x – су - bz = 0, cy — y + az = 0 and 


bx + ay – z = 0 passing through a straight line, find 
the value of à? + b? + с? + 2abc. 


. Find the co-ordinates of those points on the 


Каа м2 с 
2 3 6 


of 3 units from the point (1, —2, 3). 


which are at a distance 


. Find the distance of the point (1, 0, -3) from 


the plane x — у - < = 9 measured parallel to the 
= XT 2 m 


line А 
2 3 6 


. Find the equation of the plane passing through (1, 2, 0) 


-1 zs 
which contains the line * +3 = T = 2 5. 
3 4 2 


. Find the equation of the projection of the 


2 x-1 УЗ: z-3 
line = mis 


on the plane x + 2y + 2 


. Find the shortest distance between the lines 2x + y 


+3 -Т=0 = Зх +у + 25 - 2 аах = у = <. 


. Find the distance of the point of intersection of the 


х-4 У%3 :41 х-1 ул! 
= = апа = = 
-4 7 2 _3 
from (1, —4, 7). 


lines 
7 + 10 


. If the lines х = ау + b, z = су + d and х= ауу + bj, 


z = сіу + d, are perpendicular such that aa, + bb, 
+ k = 0, find the value of (К? + 4). 


. Find the distance of the роіп(1, 2, 3) Кот 


the plane x + y + = = 


х+1_Уу-12_-7 
1 -2 24 


11 measured parallel 


to 


. If a variable plane forms a tetrahedron of constant 


volume 6412 with the co-ordinate planes, find the 
locus of the centroid of the tetrahedron. 


. If 2d be the shortest distance between the lines z + 5 
= 1, х= 0 апі – 2 = 1, y = с, prove that 1 ++ 
а c 2 2 
1 1 а р 
+ — = —. 
e Ф 


. If the foot of the perpendicular from the origin to a 


plane is P(a, b, c), find the equation of the plane. 


. Find the equation of a plane which passes through 


pou. 
2 1 
and at the greatest 


the point of intersection of lines 
ges жез X wee 
2 RM MEE 


distance from the point (0, 0, 0). 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


Lever (0 


If the equation of the plane through the straight 


x= 3 27 = = © and perpendicular to 
2 -3 6 

x—y+z +2 = 0 is ах + by + cz + 4 = 0, find the 

value of a+b+c+2. 

Find the equation of the plane through (2, 3, 4) and 

also which is at the maximum distance from the 


origin. 


line 


A sphere of radius г passes through the origin and 
meets the axes in A, B, C. Find the locus of the 
centroid of AABC lies on the sphere. 


A plane passes through a fixed point (f, 2, Л) and 
cuts the axes in A, B, C. Show that the locus of the 
centre of the sphere OABC. 

A sphere of constant radius r passes through the 
origin and cuts the axes in A, B, C. Find the locus 
of the foot of the perpendicular from O to the plane 
ABC. 


Find the equation of a sphere circumscribing the 


tetrahedron whose faces are x = 0, y = 0,2-0 


Me a O X 
and a + 5 + T =1 
Find the equation of a sphere for which the circle 
L +y + 2 + Ту – 22 + 2 = 0 and 2х + 3y + Az = 
8 is a great circle. 


(Tougher Problems for JEE-Advanced) 


. Show that the straight lines whose direction cosines 


are given by al + bm + сп = 0 and fmn + епі + 


hlm = 0 are 


(i) perpendicular if : + Z + h -0 


(ii) parallel if yaf + үре + Vch = 0. 


. If the edges of a rectangular parallelopiped are 


a, b and c, show that the angles between the four 

2 2 2 

(аЬ с 
2 
а 


diagonals are given by сов” : 
P e 


. А variable plane passes through the fixed point 


(a, b, c) and meets the axes of reference in P, Q, R. 

Show that the locus of the point of intersection of 

the plane through P, Q, R parallel to the co-ordinate 
c 


lanes is 2424221 
р X т^ 


. A variable plane makes intercepts оп the co-ordinate 


axes, the sum of whose squares is constant and equal 
to K^. Find the locus of the foot of the perpendicular 
from the origin to the plane. 


. Find the incentre of the tetrahedron formed by the 


planes x = 0, у = 0, z = 0 аа х+у+=а. 


. If the image of the point (3, 5, 7) іп the plane 


2x + y + 2 = 16 is (a, b, c), find the value of а? + 
be c 18. 
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х-1 


. If 0 be the acute angle between the lines ms 


у+1_{ хы1 »-3 z-1 
= = апі = = 

b с а b с 

апа а, b and с аге the zeroes of x -xb-4x-4- 


0, find 0. 


мћегеа>ђ> с 


. If the planes x = су + bz, y = az + сх and z = bx + 


ay meet in a line, show that the line of intersection 
y 2 


х 
Ма sp» Те 


of these planes is 


. Let the plane x - y z = 2 is rotated through 90° 


about its line, of intersection with the plane x + 2y 
+ z = 2. Find the equation of the plane in the new 
position. 

М 2 


. A point P moves on a plane 2 +—+2=1.A 


ар с 
plane through Р and perpendicular to OP meets the 
co-ordinate axes at A, B and C. If the planes through 
A, В and С parallel to the planes x = 0, y = 0 and 
< = 0 intersect at О, find the locus of О. 


Integer Type Questions 


. If the angle between the lines whose direction cosines 


are given by 
31+m+5n=0 
бтп — 2т + эт = 0 


is 5521 find the value of (а + В). 


and 


. A line makes angles о, В, y, д with the four diagonals 


of a cube, find the value of 
3(cos?a + cos? + cos?y + cos?ó). 


. If the image of the point Р(1, 6, 3) in the 


ac = 
line 1 = ar < = is O(a, D, y), find the vaue 
of (а + В + y). 


. If P(a, b, c) be any point on the plane 3x + 2y + z = 7, 


find the least value of 2(а? +b + с?). 


. Find the distance of the point (1, 0, -3) from 


the plane x — у - 2 = 9 measured parallel to the 
жез t 0-0 
2 3 6” 


line 


. Find the shortest distance between the lines 


x + y+ 22-3 = 0 = 2x + 3y + 4z - 4 and the 
z-axis. 


. Find the number of planes that are equidistant from 


four non-coplanar points. 


. If the distance between the plane x – 2y +z = d 


= - 2 
апа the plane containing the lines 5 = = eee 


3 
2-3 GAD ye. z-4. 
=a. dnd g^ d Um 5 is Уб, find the 


value of 141. 


10. 


11. 


12. 


13. 


14. 


15. 


2. 


. If the angle between two faces of a regular tetrahedron 


be 0, find the value of (3cos0 + 2). 


Find the number of lines, which are equally inclined 
to the axes. 


If the lines _ = = 
x-1_y-4 z- 

ko e ais) 
of (k + 5). 


are coplanar, find the value 


с : -2 
If the straight lines > = = 
е pos ines 1 2 i 

хал - os ae intersect, find the value of k. 

k 2 1 
If the planes x = cy + bz, y = cx + az and 
z = bx + ay pass through a straight line, find the 
value of а? + 2 + с + 2abe + 2. 
4. »-2. z 

1 

2х – Ay + z = 7, find the value of k. 
If the plane ax - by + cz = 
XO wu 2d 74 

а 7 b o 


If the line > Ч I lies in the plane 


0 contains the 


= S find the value of (5) 
с а 


line 


Comprehensive Link Passages 


Passage I 


A line makes angles а, В, y with the co-ordinate axes, then 
соға + cos? + cos?y = 1. 


1. Ра + В = 90°, then y is 
(a) 0 (b) 60° 
(c) 90° (а) 120° 
2. If a — В = 90°, then y is 
(a) 30° (b) 60° 
(c) 120° (d) 90° 
3. The direction cosines of a line equally inclined to the 
axes are 
111 1 1 1 
84358 ава 
1 1 1 1 11 
вов „ж е 
Passage II 
A line makes angles 0, В, y, д with the four diagonals of 
a unit cube. 
1. cos?a + со? В + cos?y + cos?ó is 


(a) 2/3 (b) 4/3 
(c) 8/3 (d) 10/3 
sin’a біп В + ѕіп2у + cos?ó is 

(a) 1/3 (b) 4/3 
(c) 8/3 (d) 15/3 
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3. cos(2a) + cos (2D) + cos(2y) + cos(26) is 3. If Ө be the angle between the vector a = 2i - j + К 
(a) 1/3 (b) 4/3 and the z-axis, then sin@ is 
- а) -4 1 1 
(c) - 8/3 (d) —4/3 aps (b) = 
Passage III V3 2 
The volume of the tetrahedron ABCD with vertices A(x;, yj, (c) E (4) 1 
2), В (х, У» 25), C (X3, Уз, 53) апа D (x4, Уд 54) 18 3 Уб 
хо» а! Passage У 
x-x 2-2 
ү-1|% » 51! Let L: — Lire — 
X, y z l | zi | 
х-х - 2-5 
Ха Уд % l and Ly: — = = 2 2 
1. Тһе volume of а tetrahedron with vertices (0, 0, 0), i ^ Ч 
(2, 0, 0), (0, 3, 0) апа (0, 0, 4) 15 аге perpendicular ОГ, if 
(a) 1 (b) 4 aja, + bb; + cyc, = 0 
(c) 6 (d) 2 and parallel if 
2. The volume of the terahedron with vertices (1, 2, 3), а гі bi 2 с 
(2, 0, 0), (0, 4, 0) and (0, 0, 3) is ù b, © 
(a) 2 (b) 6 1. The number of lines that are equally inclined with 
(c) 4 (d) 8 the axes is 
3. The volume of tetrahedron formed by the planes (a) 8 (b) 6 
х+у= 0, у+ = 0, 2+ х= 0 ааах+у+& =1 (с) 4 (а) 3 
is 2. If the lines L;:x = ау + b, z = cy + d and 
(a) 2/3 (b) 4/3 L,:x = Ху + b, z Е су + d' are perpendicular, 
(c) 8/3 (d) 10/3 then 
4. The volume of the tetrahedron formed by the (a) aa’ + сс’ = 0 (b) aa’ + сс = -1 
planes о лыг 0 Cda miee =p (фу да mee = 
a b с a" pb b с 
а 23-01 jpeg СЕК УА дез 
and =+с=015 : "Эйр анг лэн ай) 
(а) 4 abc (b) 2 abc 7-7 3-5 6-: 
3 3 апа 15: - - Я 
Зр 1 5 
(бр пре (02 abe 
3 3 If L, meets L, at right angles, the value of (11p — 64) 
Passage IV 18 
Let 7, = а11 + bjj + ck (a) 5 (b) 6 
and 7, = a, i + bj + ok. (c) 7 (d) 8. 
ауа» + bib, T C1C5 Passage VI 
Then cos(@) = 5 = 5 = 5 и | X-X у-у 2-0 
(а: + Бр +с| (аз + Б + с; Two lines Д: me 7 == 
1. The angle between two diagonals of а unit cube is X-X, у-у 1-2 | 
Е ИТ апа L,: "m = Se coplanar if 
(а) (ап (3) (b) tan (i) 2 b, 2 
ә-Х У-У 2784 
Е 4242 
(с) (ап (242) (4) сов (22| a, b, а |=0 
2. The angle between one diagonal of a unit cube and 9, Р, о 
a diagonal of a face is | axe quu x-4 Уу-—1 
z 411 1, If two lines B = and = =Z 
(а) cot! (N2) (b) tan 5 22 Е 5 2 
Үз are coplanar, the point of intersection is 
АН мг | (а) (1, 1,1) (b) (1, -1, =) 
5 (с) (–1, –1, -1) (d) (1, 1,-1) 
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: x-1 ytl z-1 х-3 y-k z 3. Тһе image of the line L with respect to the plane P 
2. Ifthe lines - = and = = ; 
3 4 1 2 1 15 Я 2 
are coplanar, the value of К is (a) зе 1 = = 2 32 5 8 
3/2 5) 9/2 
(9) (0) 3-1 3-4 %-5 
(с) -2/9 (а) -3/2 (b) "nisle әкі а 
2 -3 = = 
3. The lines ~ 2-7 EX dnd 1 _ ра &-% 
1 1 k k 4 2 1 
Эсэн 
—z =z- 5 are coplanar, if d 3x-1 5-3y 42:28 
@)k=0 (b k=1 4 3 5 
(c)k=2 (d) k = -3 Matrix Match 
Passage VII (For JEE-Advanced Examination Only) 
Let 1: = Ж рда a 1. Match the following Columns: 
2 3 4 4 A line makes angles o, В, y with the co-ordinate 
-2 Уг 2-5 
ат” = = ахез. 
БЭХ : 3 : Со! 1 Со! П 
апа А - (2, 3, 5). olumn olumn 
1. The shortest distance between the lines L, апа L, (А) | Хсов?о (Р) |3 
л | (В) | хяна (0) |-1 
(а) — (b). — 
V3 v2 (С) | Хсов(2а) (R) |2 
1 1 
Е 05 (D) | (cosa + sio) |©) |1 


2. Тһе equation of ће plane passing through А and 


containing the line L, is 2. Match the following Columns: 


A line makes angles о, В, y, д with the four diagonals 


(а) 2x -z+1=0 (b 2Х-у-2-42-0 
of a cube. 
(с) 2x –у + 32 + 2 = 0 (d) 3x-y+5z+10=0 
3. Тһе point A = (2, 3, 5). is shifted to the line L, by a Column I Column П 
distance 1. Then the co-ordinates of the new position 2 
A Р) |4 
Hy die (A) | Хсов“о (Р) 
7 11 4 141 (В) | Xsin?a (О) | 4/3 
(а) 5575 (b) 5505 
(С) | Xcos(2a) (В) | 8/3 
7 11 4 4 7 4 П 
(0 (=, 57 (9) [> 2 (D) | Х(соѕ2о + іп?) | (S) |-4/3 


Passage VIII 
Let А = (2, 3, 1), P:2x +y+z=6 


харш ees z-3 
and L: = = (A) | The angle between any two | (P) И. |B 
2 1 4 cos = 


3. Match the following columns: 


Column I Column II 


di ls of be i 
1. The foot of perpendicular from the point A to the PL red 


line L is (B) | The angle between опе (О). сүл 
11 43 37 11 37 43 diagonal of a unit cube and Sun (3) 
(а) (+. 21' 2] (b) (+ 21' =) a diagonal of a face is 
11 37 43 11 43 37 (С) | Тһе angle between а | (К) T e 
(c) (48 21' -2) (4) (1. “21 37) diagonal of a cube and cot 


a diagonal of а face 


2. The image of the point А (2, 3, 1) w.rt. the plane duum 


2x у + 218 


271 27 1 (D) The angle between the | (5) cot (42) 
(a) (4 3 i (b) (-5. 3 E diagonal of the faces of _1[1 

WD E ned the cube through the same | (Т) | cos B 
(c) (5 e -1| (d) (-5, Bm 3 vertex is 

3 3 3 3 33 
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4. Match the following Columns: 


Column I 


Column II 


(A) 


The direction cosines of two 
lines are connected with 


1+m+n= 0 and 


В + т? + п? = 0, ће angle 


between them is 


(P) 


60° 


(B) 


The angle between the planes 
3x – Ду + 5z = 0 
and 2x –у – 22 = 5 is 


(0) 


459 


(С) 


Тһе angle between the planes 
2x-y+z=6andx+y+ 22 
= 715 


(R) 


90° 


(D) 


The angle between 
о. 

DIESE ке 
the plane x + y + 4 = 0 15 


line 


the 


and 


(S) 


120? 


5. Match the following Columns: 


Column I 


Column II 


(A) 


2 - 2 
If the line *— =” 
2-1 | | 
хол: lies оп the plane 


2х — 4y 42-7, then К is 


(P) 


-3 


(В) 


қ EE 
Тһе 1 25 
е lines І І 


ее 
k 


23 are coplanar, then k is 


у= 3 


-| (©) 


(С) 


If Фе lines 

xcu wey ce еі 
Di 0А 

жеў Y-K 
[NS 

then k is 


and 


а 
= 1 intersect, 


(R) 


(S) 


(D) 


The shortest distance between 
lines 
Е о 
3 4 5 
= 92 gal, 
= = 15 
1 2 3 


апа 


е! (T) 


5/2, 


6. Match the following Columns: 


Column I 


Column II 


(A) 


The co-ordinates of the point 
of intersection of the line 
о 

a та 
and the plane 3x + 4y + 52 
= 15 is 


(Р) 10, 3, 5) 


(D) 


the lines 
gap Vak 6 
Im Bc IU 
Xo dU PrI ge 
7 -6 1 


апа 


(B) |The co-ordinates of the foot (0) |(5, 10, 
of the perpendicular from the —6) 
point (2, 6, 3) to the line 
qmod SE 

= = 18 
2 2 3 
(C) |The point of intersection of|(R) (1, 3, 5) 


If the lines (S) 
х+1_У+2 243 
О И 
ыы 
3 4 5 
аге 


(-9, -14, 
-19) 


. Match the following Columns: 


Let P(0, 3, -2), Q(3, 7, —1) and R(1, -3, -1) be 
three given points. Let L, be the line passing through 
P and О and L, be the line through R and parallel to 
the vector Y =f +k. 


Column I Column II 
(A) The perpendicular distance | (P) 743 
of P from L, is 
(B) The shortest distance (Q) |2 
between L, and L, is 
(C) Area of the APQR is (R) |6 
(D) Тһе distance from (0, 0, 0) | (S) 19 
to the plane РОВ is N147 
. Match the following Columns: 
Column I Column П 
(A) | The shortest distance from the | (P) |5 
point (3, 4, 5) to the x-axis is 
(B) | The shortest distance from the | (О) | VAT 
point (3, 2, 4) to y-axis is 
(C) | If the plane 2x – Зу + 6z = 11 | (В) |9 
makes an angle sin" (6) with 
the x-axis, then 7k is 
(D) | A straight line (S) |2 
7=(+Đ9i+5tj + -pk 
where тє К. If this line lies in | (T) |4 
the plane x + y + cz = d, the 
value of (c + d) is 
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9. 


. The value of k, for which the line 1 = 


Match the following Columns: 


Column I Column II 


(A) | The volume of the tetrahedron, 
whose vertices are (0, 0, 0), 
(2, 0, 0), (0, 3, 0) and (0, 0, 4) 
is 


(P) |6 


(В) | The volume of the tetrahedron | (О) | 4 
whose vertices are (0, 1, 2), 
(3, 0, 1), (4, 3, 6) and (2, 3, 2) 
is 


(С) | The volume of the tetrahedron | (В) | 20 
formed by the planes whose 
equations are x + y=0, y+z=0, 
z+x=Oandx+y+z=lis 


(D) | The volume of the tetrahedron | (S) 16 
formed by the planes whose 
equations are 


2024250, 2707 
бато + =1 
18 
. Match the following Columns: 
Column I Column II 


(A) | If 2x7 + 3y? + 422 + 2kxy | (P) 
+ 4yz = 0 represents two 
planes, the value of & is 
(B) | If х2 + 5y + 522 + 2kxy | (Q 
+ 4xz = 0 represents two 
planes, the value of 5k? is 
(С) (озу + 42 – 2kyz=0/(R) | 10 
represents two planes, the 
value of (Е? + 2) is 

(D |If 9x7 + у: + 2 – беху =|(S) |8 
0 represents two planes, the (T) 1 
value of (К + 7) is 


Questions asked т Previous Years’ 
JEE-Advanced Examinations 


x-4 


у-2 
1 


lies in the plane 2x – 4y + z = 7, is 


(a) 7 
(c) no real value 


(b) 6 
(а) -7 
ШТ-ЈЕЕ, 2003] 


. Find the equation of the plane passing through the 


points (2, 1, 0), (5, 0, 1) and (4, 1, 1). 
[IIT-JEE, 2003] 


10. 


. If P be the point (2, 1, 6), find a point Q such that 


РО is perpendicular to the plane in x + y - 2z = 3 
and the mid-point of PQ lies on it. 
ШТ-ЈЕЕ, 2003] 


eed: FPL ged ХЗ z 
. If the lines ЫШ mU and ҮЛ Ө Т] 
intersect at a point, the value of k is 
(a) 3/2 (b) 9/2 
(c) 2/9 (а) -3/2 


[IIT-JEE, 2004] 


. A parallelopiped T has one of its face as ABCD. The 


face opposite to ABCD is A'B'C'D'. The parallelopiped 
T is compressed to another parallelopiped S with 
the face ABCD remaining the same but A'B'C'D' 
changes to A"B"C"D". If the volume of 5 is 90% of 
T, show that the locus of A" is a plane. 


[IIT-JEE, 2004] 


. лапа л, are two planes passing through the origin. L; 


and Г. are two lines passing through the origin such 
that L, lies оп л, not on m and L, lies on m, not on 
Лү. Show that there exist three points A, B, C whose 

permutation A', B', C' can be choosen such that 
(а) Ais on Lj, B on лу but not on L, and C not on лу. 
(b) A’ is on L,, В on л, but not on L, and С” not 

оп л». 

ШТ-ЈЕЕ, 2004] 


. A plane л passes through the point (1, 1, 1) and is 


parallel to the vectors b = (1, 0, —1) and с = (-1, 1, 0). 
If л meets the axes in A, B and C, find the volume 
of the tetrahedron OABC. 


[IIT-JEE, 2004] 


. Find the equation of the planes passing through the 


lines 2x - y + z 3, 3x фу + z = 5 and which at a 
distance of —— from the point (2, 1, –1). 
v6 


[IIT-JEE, 2005] 


. A variable plane at a distance of 1 unit from the 


origin cuts the co-ordinate axes at A, B and C. If 


the centroid G(x, y, z) of AABC satisfies the rela- 


: 1 1 : 
tion 2 dece К, the value of К is 
(a) 9 (b) 3 

(c) 1 (d) 1/3 


[IIT-JEE, 2005] 
A plane л is perpendicular to the two planes 
2x — 2y + z = 0 and x - y + 2z = 4 and passes 
through the point (1, —2, 1). The distance of л from 
the point (1, 2, 2) is 
(a) 0 
(c) \2 


(b) 1 
(d) 242 
[IIT-JEE, 2006] 
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11. 


. Consider the planes 3x - бу - 2 = 15 


A point (о, В, y) lies on the plane x + y+ 2 = 2 
Let a = ai + Bj + yk and Кх (k x a) = 0, then у 
equals .......... 

[IIT-JEE, 2006] 


. A line L is perpendicular to x + 2y + 2z = 0 and 


passes through (0, 1, 0). The perpendicular distance 
L from the origin equals .......... 


[IIT-JEE, 2006] 


. A plane passes through (1, 2, 3) and is perpendicular 


to two planes x = 0 and = 0. The distance of the 
plane from the point (0, -1, 0) equals .......... 

[II T-JEE, 2006] 
and 
2х *y-2z2-5. 

Statement I: The parametric equations of the line of 
intersection of given planes are x = 3 14t, y = 1 + 2t, 
and z = 151. 

Statement II: The vector 14i + 2j + 15k is parallel 
to the given planes. 

ШТ-ЈЕЕ, 2007] 


. Consider the following linear equations: 


ах + by + cz = 0, 

bx + су + az = 0, 

сх + ay + bz = 0. 

Match the conditions/expressions in Column I with 
statements in Column II. 


Column I Column II 
(A)|a + b + с = ОР) the equations represent 
and а? + b + с” planes meeting at a 


= ab + bc + ca, single point. 


(В)а + b + с = 0(О) the equations represent 
and а? + b + с” the line x = y = z 
+ ab + Бс + ca, 
(Cla + b+ c = OR 
and à + b + с” 
+ ab + Бс + са, 
(Da + Ь + с = OVS 
and à + b + с” 
= ађ + бс + са, 


— 


the equations represent 
the identical planes 


2222 


the equations represent 
the whole of the three- 
dimensional space. 


ШТ-ЈЕЕ, 2007] 


. Consider the planes 


Pyix-yt+z=1, 

Pyix+y-z=-l, 

P3:x – 3y + 3z = 2. 

Let L,, L, and L, be the lines of intersection of 
the planes Р, and Ра, P, and P, and P, and Р,, 
respectively. 


Statement I: At least two of the lines Lj, L, and L, 
are non-parallel. 


17. 


18. 


19. 


20. 


Statement II: The three planes do not have a 
common point. 


[IIT-JEE, 2008] 
Consider the lines 
х+1_у+2 741 


L: = = 
58 1 2 
= + 2 = 
L; х-2_У 25-3 
1 2 3 
(1) The unit vector perpendicular to both L, апа L, 
is 
1+ 7] + 7k – + 7j + 5k 
а b — 
V99 543 
—1 + 7] + 3k -7i + 7] + К 
Cee qu e 
543 мод 
(1) The shortest distance between Г. апа L, is 
17 
(a) 0 (b) -= 
43 
41 17 
(с) —— (4) ——— 
543 543 


(iii) The distance of the point (1, 1, 1) from the 
plane passing through the point (-1, -2, —1) 
and whose normal is perpendicular to both the 


lines L; and L, is 


2 7 
ize b) — 
(s 0) тз 
13 23 
ES. d) == 
© 175 @ 75 


[IIT-JEE, 2008] 
A line with positive direction cosines passes through 
the point P(2, -І, 2) and makes equal angles with 
the co-ordinate axes. The line meets the plane 
2x + y + z = 9 at point О. The length of the line 
segment PQ equals 


(a) 1 
(с) МЗ 


(b) 42 
(d) 2 

ШТ-ЈЕЕ, 2009] 
Let P(3, 2, 6) be a point in space and Q be a point 
on the line r = (i — j + 2k) + A(—3i + j + 5k). Then 
the value of A for which the vector PQ is parallel to 
the plane x – 4y + 3z = 1 is 
(a) 1/4 (b) -1/4 
(c) 1/8 (d) -1/8 
[II T-JEE, 2009] 


The equation of the plane containing the 


straight line = = 5 = А and perpendicular to 
the plane containing the straight lines a - 2 = 2 
х  z. 
апа = = = = 5 is 
4 2 3 


(а) x + 2у – 227 20 
(c)x-2y+z=0 


(b) Зх + у – 227 = 0 
(d) 5x + 2y-4z = 0 
[IIT-JEE, 2010] 
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21. 


22. 


24. 


29: 


26. 


27. 


If the distance of the point P (1, —2, 1) from the plane 
x + 2y — 2z = a, where a > 0, is 5, the foot of the 
perpendicular from P to the plane is 


8 4 7 E 4 У 
o СА Бүс эсэх, 
DIE 3 3) а 
1210 a 
о (5 3 а) Е > 
[IIT-JEE, 2010] 
If the distance between the plane x – 2y + z=d 
pes, m 2 Ы 
2 3 
3 is V6, then ldl 


and the plane containing the lines 


= МЕ ИВ на «єг 
4 ad ccc T3 


[IIT-JEE, 2010] 
Let a, b, c be three real numbers satisfying 
197 


827 
737 
If the point P(a, b, c), with reference to (£), lies on 
the plane 2x + у + z = 1, the value of 7a + b + c 
is 

(a) 0 
(c) 7 


[a b c] = [0 0 0] ... (B). 


(b) 12 
(d) 6. 

[IIT-JEE, 2011] 
The point P is the intersection of the straight line 
joining the points О(2, 3, 5) and Ка, -1, 4) with 
the plane 5x – 4y - z = 1. If S is the foot of the 
perpendicular drawn from the point T (2, 1, 4) to QR, 
the length of the line segment PS is 


1 
523 р) 42 
DE (b) 


(c) 2 (а) 242. 
[IIT-JEE, 2012] 
The equation of а plane passing through the line 


of intersection of the planes x + 2y + 3z = 2 and 


X — y + < = 3 and at a distance 2 from the point 
(3, 1, -1) is N3 


(а) 5x - Пу + = 17 
()xtyt+z=v3 


(b) М2х + y = 32-1 
(d) x- 4y = 1 - V2 
[IIT-JEE, 2012] 
= +1 
If the straight lines € 2 € = and == hc 


k 2 5 
у+1_{ м 
2 пр аге coplanar, the planes containing these 


two lines is (are) 
(a) у + 25 2-1 
(c) y-z=-l 


(b) y+z=-l 
(d) y - 2z = -1 
[IIT-JEE, 2012] 


28. 


29. 


30. 


31. 


Тһе perpendiculars аге drawn from points on the 
X t І 


line 1 =F to the plane x + у + = = 3. 
Тһе feet of the perpendiculars lie on the line 
х_у-1_@-2 х_у-1_@-2 
= = b = = 
DE e MODUM аа 
у-1 z-2 х_у-1_@-2 
= = а = = 
Жаста тала de 273728 


[IIT-JEE, 2013] 
A line L passing through the origin is perpendicular 
to the lines L,:(3 + Di + (-1 + 20)j + (4 + 20) k and 
L,:(3 + 291 + (3 + 25)j + (2 + ӘК, where —ee < t, 
5 < оо 
Then, the coordinate(s) of the point(s) оп L, at a 
distance of V17 from the point of intersection of L, 
and L, is 


@ (2.2.3) ње 
(с) (1, 1,1) (4) io 5 5) 


[IIT-JEE, 2013] 
у 


Я 2 
Two lines L,:x = 5, —— = = and L,:x = Q, 
н ыг 3-0 2 ru 


2 
кей” ЖЕР? аге coplanar, then œ can take the values 


(a) 1 (b) 2 
(c) 3 (d) 4 
[IIT-JEE, 2013] 
Consider the lines jiu ap ee ME. 
2 -1 1 


x-4 _у+3 i 
15: = ийн 
Р,:7х фу + 22 = 3, Р,:3х + Sy – 6 = 4 Let 
ах + by + cz be the equation of the plane passing 
through the point of intersection of lines L, and L, 
perpendicular to planes Р, and Р, Match List I with 
List П and select the correct answer using the code 


given below the lists. 


and the planes 


List I List П 
P = 1 13 
Q = 2 -3 
R c= 3 1 
5 = 4 -2. 
Codes 

P Q R S 

(A) 3 2 4 1 
(В) 1 3 4 2 
(С) 3 2 1 4 
(D) 2 4 1 3. 


[IIT-JEE, 2013] 
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32. 


33. 


34. 


From a point P(A, A, A), perpendiculars PQ and PR 
are drawn respectively оп the lines у = x, z = 1 and 
У--Х,2--і. If P is such that ZQPR is a right 
angle, the possible value(s) of A is(are) 
(а) v2 (b) 1 
(с) -1 (d) -42 

[IIT-JEE, 2014] 
In R5, consider the planes Ру:у = 0 and Pj:x += 1. 
Let Р, be a plane, different from Р, and Р,, which 
passes through the intersection of P, and P,. If the 
distance of the point (0, 1, 0) from P, is 1 and the 
distance of a point (a, В, y) from Р, is 2, which of 
the following relations is(are) true? 
(а) 20+ B+2y+2=0 
(b га– В+ 2у+4= 0 
(с) 2а+В- 2у– 10 = 0 
(d 2a- В + 2у- 8 = 0 

[IIT-JEE, 2015] 
In АЗ, let L be a straight line passing through the 
origin. Suppose that all the points on L are at a 
constant distance from the two planes 
Pyix+2y—z+1=Oand P,:2x-y+z-1=0. 
Let M be the locus of the feet of the perpendiculars 
drawn from the points on L to the plane P,. Which 
of the following points lie(s) on M? 


90-24) о 


35. 


36. 


5 1 1 2 

V) E " 1 _ s > 3) 

[IIT-JEE, 2015] 
Consider a pyramid OPQRS located in the first octant 
(x > 0, y > 0, z > 0) with О as origin, and OP and 
OR along the x-axis and the y-axis, respectively. The 
bases OPQR of the pyramid is a square with OP = 3. 
The point 5 is directly above the mid-point Т of the 
diagonal OQ such that 78 - 3. Then 


(a) the acute angle between OQ and OS is 5 


(0) Ше equation of the plane containing AOQS is 
x-y=0 


(c) the length of the perpendicular from P to the 


. 3 
ДОО is — 
9 V2 


(d) the perpendicular distance from O to the straight 


line containing RS is e 
[IIT-JEE, 2016] 
Let P be the image of the point (3, 1, 7) with respect 
to the plane x — y + z = 3. Then the equation of the 


plane passing through P and containing the straight 


fine es Eas 

1 2 1 
(ах фу— 3: = 0 (b) 3x + 2 = 0 
(с) x - 4у + 72 = 0 (d) 2x -y 20 


[IIT-JEE, 2016] 


LEVEL Il 
1. (c) 2. (a) 3. (d) 4. (c) 5. (d) 
6. (a) 7. (b) 8. (b) 9. (c) 10. (b) 
11. (b) 12. (6) 13. (b) 14. (c) 15. (a) 
16. (b) 17. (с) 18. (а) 19. (а) 20. (с) 
21. (с) 22.(d 23.0) 24.(а) 25. (b) 
26. (с) 27. (c) 28. (с) 29. (а) 30. (6) 
31. (с) 32. (с) 33. (а) 34. (с) 35. (с) 
36. (4) 37. (а) 38. (4) 39. (а) 40. (а) 
41. (6) 42. (а) 43. (6) 44. (с) 45. (а) 
LEVEL Ill 
2. Pix + ту + пг) = (Х2 + у? +) 
Э; аа ааа 
ах py c р yp 2 
5; А кош 


| а а а 


3443 3-43 3 + 43 


— 


8. 
12. 
13. 


14. 


16. 


17. 


18. 
19. 
20. 
21. 


101 
15 
(-3, 5, 2) 
x+1 y»-l 1-2 

11 9 15 
3-1 3у-5 8-3 
4 ce ee xg 
1,1 Dx ah EEE. 
ах by cz 2 y? E 
4х + 3y + 52 = 50 
2 


2x + Зу + 4z = 29 
9(х2 + у + 2) = 422 


1 1 


. ty Hl aydd = 42 
x % 


у? 


о ха +y + -ax-by-cez=0 
. ха + у) + 2 – 2х + 4у – 62 + 10 = 0 
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LEVEL IV Passage III 
1. (b) 2. (c) 3. (a) 4. (c) 
Lg үлд los. Lb ЛЫ 
4. (х + у EE ;*3]-* Passage IV 
: 2 Y ü 1. (c) 2. (a) 3. (c) 4. (b) 
| 28300 Passage У 
6. (-3, 5, 2) 1. (а) 2. (6) 3. (b) 
a ХОТ sed 3022 Passage VI 
ona = Ө qe 1. (c) 2. (b) 3. (a, d) 
9 3х-1 3у-5 8-3 Passage УП 
2 4 7 ЗЭВ 1 1. (с) 2. (а) 3. (с) 
10 а КУЫ Passage УШ 
aX by Z 287. 1. (b) 2. (а 3. (с) 
Integer Type Questions Matrix Match 


к- 


1.(7 2. (4) 3. (8) 4. (7) 5. (7) . (A)>S, (B)>R, (COS, ()) ОР 


6. (2) 7. (7) 8. (6) 9. (3) 10. (4) 2.(А)-0, (ВВ, (COSS, (Б-Р 

11. (5ог2) 12. (4) 13.(3) 14.(7) 15. (2) 3. (АТ, (B)OPB (COSS, (D)>R 

: ! 4. (АР (В)у-В, (О-эР  (D)OQ 
Comprehensive Link Passages 2 (A)>Q, (BSP (©>S, ФЕВ 
Passage I 6. (А)>0, (B)JOP (OR, (D)oOS 
1. (c) 2. (d) 3. (c) 7. (A)OR, (В)э0, (ОР  (D)OS 
Passage II 8. (А4)-0, | (Во. (О-5, (РЭК 
1. (b) 2. (c) 3. (d) 9. (А) >), (B)OB (СТ, (0)-5 

10. (А)-э0, (BP (OST (0)-5 


HINTS AND SOLUTIONS 


Іше ( - Also, 
1. The required distance 1541 17 
5 2 Я 1-1 2 
= V1 – 3)? + (2 – 4) + C3 – 5) : 
= /16 + 4 + 64 = Е ИТ 
= 4 = 240i -у+1 ^ 
2. Let the point A(a, 0, 0) lies on the x-axis 3—5b 17 
Thus, the shortest distance of P(a, b, c) from x-axis Ex 2 E > 
= shortest distance between Р(а, Р, с) апа A(a, 0, 0) => 5ђ – 3 = 17 
= Ү(а – а)? + 2 + с > b=4 
Again, 
= ҮР? + с? АВЕЙ-..218 
3. Let the line AB meet the plane at С, then the A+1 2 
co-ordinats of E is НЕ 21 + 2a =—13А + 13 
4(0. ы -3| > 2а = 13 - 154 
5 
Let the point C divides AB in the ratio 4:1, so =13+ 15:5 
3, + 5 = 0 = 13 + 25 = 38 
=> 3 = Бо = а = 19 


3 
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4. Now, 


. Let А divides Р and О P | | | 


Непсе, 
а+ђ+2=19+4+2=>25 


РО = М + 1 + 16 = 32 
OR = 9 +9+0 = 2 
and АР= М16 + 4 + 16 = У36 = 6 


Thus, РО? + ОК? = 18 + 18 = 36 = RP? 
Therefore, the given triangle is right-angled 
isosceles. 


. Let the point be P(x, y, z). 


Consider А = (1, 0, 0) and В = (-1, 0, 0) 


Given РА + РВ = 10 


= 4 – 12 + у + 2 + Ма + 12 + у + 2 = 10 


> а – 12 +y + 2 =10– 46 + 12 + у: + 2 


= (х- 1) + у: + 22 = 100 + (х + 1) + у: + 2 


– 20 Ме – фу + 2 


(х— 1: – (х + 1: – 100 =-20 МО + 1)? + у + 2 
Ах – 2 – 100 = 20 V(x - 1? + у: + 2 
2х – 51 = -10 Vœ- 1) + у? + 2 


(2х + 51)? = 100(x – 1 + y? + 2) 


4.1.4 


(4х2 + 204x + 260) = 100(х2 – 2x + 1 + y+ 2) 
(96x? + 100? + 10022) = (404x + 2501) 


which is the locus of the given point. 


жж 
R 5 


internally in the ratio 
152; 
Then the co-ordinates of В 


-(9-6 4-4 Ts) 


“11-27 142’ 1+2 


8 
Ж Бл 
(233) 


Again, let 5 divides Р and О internally in the ratio 
2:1. Then the co-ordinates of 5 


= (2-4 8-2 наа! 
1+2 1+7 1-2 


10 
= |1, —, 6}. 
| 3 | 


8. We have, 


аа НО 241 


=2 5 Р 


|| 
22 


10. 


11. 


2+3 +с - 


апа 4 =–1 > с = -9 


Thus, the required distance Кот Р(а, Б, с) to 


origin 
= Ма + 02 + с? 


= МГ + 25 + 81 = V107. 


. Let ће line PQ divides ће xy-plane at А in the ratio 


4:1. 
Clearly, x-co-ordinate of the point А is zero. 
Thus, 


ЗА, – 2 Е 
3-1 
> 31-2-0 
2 
LL 
> 3 3 3 


Therefore, the point R divides the yz-plane in the 
ratio 2:3. 


Now AB = М42 + 52 + 3? = 50 = 542 
апа АС = М1 + 1 + 42 = М81 = 342 


As we know that, if AD is the internal bisector of 
ZBAC, then 


BD _ AB 
DC AC 
542 5 
=> — = = 
32 3 


Thus, D divides BC internally in the ratio 5:3, so 
therefore the co-ordinates of D 


= |2013 15-3 zi 
8 7 8 " 8 
- (2 12 2) 


87878 
Thus, the length of AD 


Hee een | 


1 ЇЕ Е Е] Е =) 


_ ‚|1755 
"Ye 
_ ‚|1755 
8 
Неге, а= В= у 
5о, соѕ20 + cos?a + cosa = 1 
=> Зсоѕ20 = 1 
2 1 
> а = = 
cos 3 
1 
=> cosa = +— 
V3 
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Thus, the direction cosines of the line are 


яя) leem 


. Let r = (41 + 8j + К) and then it makes angles a, В, y 


with x, у and 2 axes respectively. 
Let i, J and К unit vectors along the x, y and z axes 


respectively. 
Now, Еі-4 
> Irllil cosa = 4 
> cosa = а 
Il 9 
> a= cos" (5) 
9 


Smilarly, we can easily find that 


p= co үхэн) 


. we have 


(i) Хаа 
= sin?a + зи? В + sin?y 
= 1 —cos*a + 1 — cos? + 1 — соѕ2у 
= 3 – (соѕ20 + cos? + сов2у) 
=3-1=2 

Gi) Хсов(2о0) 
= cos (20) + сов(2В) + cos(2) 


2cos*a – 1 + 2cos?B – 1 + 2cosy- 1 


= 2(cos?a + сов2В  cos?y) – 3 
=2-3=-1 


. Here, œ = 120° and В = 60° 


As we know that, 


cos?a + cos?B + cos?y + 1 


> со82(1209) + сов (609) + соз?у = 1 
2 2 
ИЕ Ки 
= соѕ У = Е + 1) = 1 = 1 
7 474 2 
> cos up ээжээ 
"рт 
= 27 Зл 
“=F 4 


. Here, ! = cos (60°) = т 


As we know that, 


| + т + па =1 


172 12 2_ 
г? (5) + (5) Deng 
2 1 1 1 1 
= 1 (5.2) =1 = 
zi 4 4 2 


16. 


17. 


18. 


Therefore, 
г = (+ mj + nk) 


1. 1. 1 
-8|сік-із-- К 

> 8 21753 37 
> = (4i + 4j + 4N2 К). 


As we know that the projection of the segment 
joining the points P(x, у, 21) and Q (x2, ул, 2) on a 
line having direction cosines /, т, n is 


Их — xj) + m(y, — yj) + n(z; – zy). 


1 1 1 
== Сј= уже = же 03) 
~.2,2_1 

Toug 
221 
NE 


Let 0 be the angle between them. Then 


со80 = l1; + түт, nm 


Ox d cd 
16 16 4 
NR OS 
8 8 8 
E 1 
нө) 
> COS 8 


Let i, 1, К are the unit vectors along the x, у апа < 
axes, respectively. 


Here, the four diangonals of a cube are 
OP = ai + aj + ak 
AM = -ai + а] + ак 
BN = ai - aj + ak 
CL = аі + aj – ak 


Now, ОР-АМ --а + а? + а? 
> ІОРПАМІсоѕ0 = а? 
> аУ3аЧ3 cos@ = а? 
а? 1 
= соӨ----- 
За“ 3 
Thus, 
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19. 


20. 


Let i, j, k are the unit vectors along the x, y and z 
axes, respectively. 


Here, the diagonal of the cube = OP = ai + aj + ak 
and a diagonal of the face = OL = ai + aj + ОК 


Thus, OP-OL =a’ + а: + 0 
> IOPIIOLIcosQ = 2а? 
> а\3 а\2 созф = 2а? 
> cosQ = 22а _ 
V2\3a? 
«ЖАЙ > E 
43-13 


«он 


Let the direction cosines of a line be l, т, n, i.e. 
г= li + тј + nk 

Let i, j, К are the unit vectors along the x, y and 2 

axes, respectively. 


Hence, the four diangonals of a cube are 
ОР = ai + aj + ak 
АМ = -ai + aj + ak 
BN = ai - aj + ak 
CL = ai + aj - ak 


Then сова = Е (l+m +n), 
сов В = = (1 + m + n), 
сову = = (I -m + n) 

and созб = (I+ m — n) 


21. 


22. 


Now, 


cos?a + сове + cos?y + cos?ó 
-iüemem + Ст) 


+у@-т+л + (+ т п) 


23 (Рата + п?) 
3 
24 
3 

We һауе 

l+m+n=0 
=> n = – 11 + т) 
Now  Pem-mPz0 
> Р + т = п? = (1 + т)? 
> Мт = 0 
> 1-0,т-0 
When | = 0, then m = -n 

l m_n 
Thus, 020101 
ES 1 2т on. 1 

0 -1 1 42 
When m = 0, then l = -n 

1 m n 
Thus == о ^1 
25 1 Lm n. 1 

-1 0 1 № 
Let Ө be the angle between them. 
Then cos@ = lb, + түт, + пуп, 
> Е 

а 242 2 

> Ө = 3 
We have, 

l- т + Зп = 0 
> | = 5m - Зп 
Now, 

TÊ + 5т + Зп? = 0 
=> 7(5т – 3n? + 5n? – à = 0 
> 7(25т? «9n? — Зотп) + 5n? - Зп? = 0 
> 180m? — 210mn + 60r? = 0 
> 6m- "mn + 212 = 0 
> бт? — Зтп – Атп + 2n* = 0 
=> 3m(2m — п) - 2n(2m - n) = 0 
=> (3m – пуст — n) = 0 
=> (3m – 2n) = 0, (2m - п) = 0 
Now, 


(3m — 2n) = 0 
=> 3m = 2n 
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= сте dE 
2- 28 
EN m n 5m-3n 1 
2 2. 52-233 1 
E 1 m n. 1 
1 2 3 14 
Also, 2т-п-0 
= TS 
11752 
5m -3n 1 
51-32 -1 
Эн [ m n 1 
-l 1 2 56 
Hence, the direction cosines are 
1 2 = а | 1 | «| 
VIF N14" N14 46. Уб V6 
23. We have, 
l+m+n=0 
=> п=-(1+т) 
Now, 
2lm + 2т + mn = 0 
=> 2lm + п(21+ m) = 0 
> 2lm — (1 + m)(21 + m) = 0 
=> (| + т) (21+ т) – 2т = 0 
= (Ê + n? + Зт – 2Im) = 0 
= (Ё + те + ту = 0 
- но 


1 
Let its roots are =, 225 
mim 
Thus, product of the roots = -1 


1 ly 
=> =- 


m, т, 
115 mm, 
Е: EE UN 
hb тт (hb + тт) 
=>. = = 
1 -1 0-1 
hb mm nnm 
т ik Hi 40 
3 hl ‚ПИ his. | 
1 -І 0 42 
Let 0 be the angle between them. 
Then совд = lil, + пут, + nm 
1 1 
= — -— +0=0 
V2 v2 
T 
> 0-2 
2 
24. We have, 


al+bm+cn=0 


pe (bm + cn) 
7 ат: 
Now, ul + ут? + wn? = 0. 


bm + сп? 
201 + ут? + wn? = 0 


u(bm + сп? + уат? + wan? = 0. 

и (Бете + с?п? + 2Ьстп) + уа т? + wan? = 0 
(ub? + уа?)т? + 2ubcmn + (ис? + ма?) п = 0 

(ub? + va). + 2ubc(77) + (ис? + wa’) = 0 


(i) 


ууу} 


т т 
Let its roots аге — and —. 
т n, 

(a) If two straight lines are parallel, the Eq. (i) will 

provide us equal roots. 

Thus, D 2 0 
(Qube? — 4(b’u + агуј(си ам) = 0 
(ирс)? — (Dhu + азухсји + aw) = 0 
(bu + а?уу(с?и + а?у) - (ubo? =0 
abuw + acuvt ају = 0 
buw + cuv + ауу = 0 
г р gg 
uty 


U МЕ А ЈЕ Др) 


v Tuc 


(b 


wm 


When two straight lines are perpendicular, the, 
2 2 
product of the roots = сне. 


ub? + уа 


mi my _ uc? + wa? 


n, n 
1 M qb, + ya? 
= D z- “ТИ 
ис? + wa? ub? + уа? 


Similarly, eliminating n, we get 


hl, = ТЕ 


wb? + vc) ис? + ма? 


hl, _ Hm nm 
5 = 


Thus, 5 = 
wb? + vc ис“ + wa 


Two lines are perpendicular, if 
11, + тут, + пи = 0 
> (wb? + үс?) + (ис? + wa’) + (ub? + va’) =0 
=> аи + v) + Ь (и + м) + ски + У) = 0 
Hence, the result. 
25. We have 

[2 + те жи =1 

and (1+ 61)? + (т + бт)? + (n + ón = 1 

= (8D? + (бт)? + (бп)? + 2(1- 81 + тдт + nón) = 0 


Now, 60 be Ше angle between two positions. 
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Then 90 = 11 + 81) + т(т + бт) + n(n + дп) 
=1+ (1-6 + тбт + nón) 
27 Ши + (бт)? + = 
Е 2 
(81) + (бт)? + oH р 
| 2 = 1 — cos (ô0) 
> (81): + (бт)? + (бп)? = 2(1 — соз(66)) 
= a(s ($) 
-4 [8Y 
= | 2 | 
А . . (60 ó0 
[since ó0 is very small, — ЕЙ > (38) 
= (60) 
= (ôn)? 


26. Equation of the line passing through (2, 3, 4) апа 
L2 Yee qned 
4 5 
27. Equation of a line passing through (-3, 2, -4) апа 
-2 
parallel to the given vector is 22343 шаа зА 
2 3 7 
28. Any point on the given line can be considered as 
(2A + 1, 2 – 3A, 44 – 3). It is also a point on the 


parallel to the given line is 2 


plane. So, 
2(2A + 1) – 2(2 – ЗА) – (44 – 3) = 7 
= 4A + 64 – 4, =7 – 2 +4 - 3 
= 6A = 6 
> 1-1 


Hence, the co-ordinates of the plane is (3, -І, 1). 
29. Equation of a line passing through (a, b, c) and 
parallel to x = 2y = 3z is 
х-а_У-— 5 EU di^ 
1 12 13 
which is passing through 3x — 4y + 5z = 10, and 
2x + 2y – 3z = 4. 
So, За – 45 + 5с = 0 
2a + 2р – 2с = 0 


Solving, we get 
a b [4 


8-1) 0+6 648 


E a b с 
-2 16 14 

2 а b.c 
4178 7 


30. 


31. 


32. 


Hence, the equation of the line is 
x*l »-8 2-7 
] ^ 12 183 
The given lines 4x = 3y = -2 and 3x = у = —4z can 
be written as 


Ly: 


M M Ч 
-12 -3 
ауа» + bib, F сусу) = 12 – 48 +36 =0 


Hence, the lines are perpendicular. 


2 
3 
х 
E 


Now, 


The given lines can be written as 
x-b_y-d z 
а с 71 


х-Ь xy z 


L: 


and Lj: 


a c 1 

Since the given lines are perpendicular, so 
аа tcc + 1=0 

=> а-а + сс = -1. 


Equation of any line passing through (1, —2, 3) 


and parallel = в 
дел 2. 2-39 
2 3 -6 
В 


Any point on the given line can be considered as 
M(2A + 1, 34 - 2, 3 - 6A) which is also a point of 
the plane. So, 


(2A + 1) – (34 – 2) Қ3-64) = 5 


> -74%6-5 
-1 
> 1-2 


: . (9 11 =| 

H th tM =, -—, ==). 

ence, the рош is Е TU 
Hence, the required distance 


5 7 
_[4,9,5% 

Yao * 49 * 49 
_ 49 

49 
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33. 


34. 


Given line АВ is 


х-6_у-7_{-7 
3 2 2287 
Р 
А М B 


Any point on the given line can be considered as 
М(ЗА + 6, 24 + 7, 7 – 2A). 
Let the point P be (1, 2, 3). 
Therefore, the direction ratios of PM 
= (3A +6-1,24+7-2, 7-24 - 3) 
= (31 + 5, 2A + 5, 4 – 21) 
Since PM is perpendicular to the given line, so 
3(3A + 5) + 2(24 + 5) – 24 – 24) = 0 
=> 17, + 17 20 
> А = -1 
Thus, the point M is (3, 5, 9). 
Therefore, the length of perpendicular 
= 48 – 1): + (5 – 2): + (9 – 3): 
= 44 + 9 + 36 
= 449 = 7 
у-1_-2 
2 3 
Any point on the given line AB is (A, 2A + 1, ЗА + 2). 


Let AB: | = 


Р 


Now, the direction ratios of РМ 
=(A-1,2A+ 1-6, 34 + 2 - 3) 
= (А – 1, 24 – 5, ЗА – 1) 

Since РМ is perpendicular to AB, so 
(A – 1) + 2(24 - 5) + ЗВА – 1) 20 

> 141, = 14 

> 1-1. 

Hence, the point М is (1, 3, 5). 

Let О(о, В, y) be the image of P. 


35. 


36. 


37. 


Therefore, 
«+1 B +6 7+3 
=; - 3, =5 
2 2 2 
> о-1,В-0,у-7 


Hence, the required image of (1, 6, 3) is (1, 0, 7). 
The equation of any line passing through (1, —1, 0) 
with the direction ratios a, b and c is 


х-1_У+1 2-0 


- “эмийн 44) 
БУЛЭГ 2 1 z-3 
һісһ th Бе. 
wnicn 15 or ogona о 2 3 4 
бай л СФ 
4 5 2 
5о, За + ЗЬ + 4с = 0 
апа 4a+5b+2c=0 


Solving, we get 
a b с 


6-20 164 10-12 


EN а bo с 
ши 26-22 

ES a. b.c 
2 -6 1 


Hence, the equation of the required line is 
xcd 3 E Soa! 
2 b с 
The equation of any line passing through (2, -3, 1) 
with the direction ratios 


х-2 YRS 2-1 
ас b с 


40) 
The line (i) is parallel to 2x - y +z = 6 


and perpendicular to == CN DO ul 
2 -3 -І 
So, 2a-—b+c=0 
and га – 36 – с = 0 
Solving, we get 
a b с 


]43. 942 26 2 


= UC MER с 
4 4 -4 
2 аа с 
1 1 4 
x-1 у%3 
= = 1 
= 1 1 2 


Неге, гү = 31+ 8] + 3k 
r, = —3i - 7j + 6k 
u=3i-jt+k 

у = -31 + 2] + 4k 
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38. 


39. 


Now, (r, – rj) = -6i – 15} + 3k 
і j k 
uxv=|3 -1 1|-2-6i- 15] + 3k 
-3 2 4 
lu x vi = N36 + 225 + 9 = 4270 = 3430 
Also, (r, — rj): (u x v) 


= (-6i — 15j + 3k): (- 6i – 15) + 3k) 
= 36 + 225 + 9 = 270 
Hence, the required shortest distance 


(rj – гр) (u x v) 


(а х у)! 
270 
= эб 0270 
Неге, r, = 21 + 3j + 4k 
r, = 2i + j + 2k 
and u = 3i + 4j + 5k 
v=2i-j+3k 
Now, (rj — r4) = -2j - 2k 
i j k 
and иху=|3 4 5 
2 -1 3 
= 17i+j- ПК 
=> Ка x у)! = V289 + 1 + 121 = V411 


Hence, the required shortest distance 
| (r4 = ry) (u x v) 
(а х у)! 
20 


МАТ 


The equation of the given lines 
y+z=0,x+z=0,x+y=0 


x + у + 2 = “За сап be written as 


loeo 
1 1 -l 
x y 2 
L: = = — = — 
eol 2 "1 
Неге, u=i+j-k 
v=i-j 
i J k 
Now, uxv-|l 1 -1 
1 -1 0 
-4-1-2К 


> (ux v)2NvI-1-442-wN6 


Also, (г, - rj) = V3ak 
Hence, the required shortest distance 


5 (г, – гр) (u x v) 


(м x у)! 
243a 
- = ау2 
46 а 
2 


А А y 2 = 
40. Given lines БОСС 


сап be written as 


Due rot 
0 b =C 
and Lti 
Here, rı = bj 
r, = ai 
and u = bj - ck 
v=ai+ ck 


Now, (r — rı) = ai — bj 


iJ k 
and uxv=|0 b -c 
ао € 
= bci — ас] — abk 
> Ки ху)! = N(bcY. + (ас)? + (aby 


Given shortest distance = 2d 


(r, — rı) (u x v) Е 


Е (КУПТ 

ER abc + abc — 24 
\(Бс)? + (ас)? + (аЬ)? 

EN 2abc — 24 
(be? + (ас)? + (aby 

= abc =d 
„(беј + (ас)? + (aby? 

Ж (abo? р 
((Ьс)2 + (ас)? + (aby)) 
12 (с)? + (ас) + (aby)) 

=>. = 
d (абс)? 
1_ 1 11 

=> mdp 


41. Hence, the equation of the plane is 


x-1 y-1 z-1 
2 -2 1 
-4 4 -5 


-0 


ж zZ 
, х-0242-с2-1,у-0 
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42. 


43. 


44. 


45. 


46. 


> 6(х – 1) + 60 – 1) = 0 
> х+у=2 


Hence, the equation of the plane is 


x-1 y-2 4-3 
1 -1 1 150 
2 -3 0 
> 3(x — 1) + 2(у – 2) – (2 - 3) = 0 
=> Зх + Ју — 2 = 4 


Now, 32-22-6-4-6-4-10-0 


Therefore, the given points are coplanar. 
Given plane is 2x - 4y + 5z = 20 


=> 1-4--4--і1 


which is the required intercept form of the plane. 


The equation of any plane passing through (3, 0, 0), 
(0, 4, 0) and (0, 0, 5) is 


x 4 y + 2 = 1 
3 4 5 
Let the equation of the plane be 
аа 1, where 
a b c 
а+р+с= 0 2-4) 
which is passing through (0, 4, —3), (6, -4, 3). So 
4_ 32] 
b c 
and вы + ше 1 
a p с 


Solving, we get 
а-3,Б--2,с--і ога-3,Б5-б,с--9 


Hence, the equation of the plane is 


X X 
Deme ЕНИ 
Зеу] 
ог Ша жал 
з 6 9 
Let the equation of the plane be 
“72-1 
ара 
b [4 
Скај, 4-р,2-4<- 
ey і-РітФат” 
> а = 3p, b = За, с = Зг 


Hence, the equation of the plane is 


Уз: 
+а+т=3 


47. Let the equation of the plane be 


Let the centroid С be (о, В, y). 
а = За, b = 3B, с = Зу 
It is given that, OM = 3p 


Clearly, 


> —_-_-- = 3 
eas |ы 
e pu 
2 (2 1 а 
а? 2 c 9p? 
E Ше Жер Сек 
902 9 oy] op 
2 Биг 
a? В y р? 


Hence, the locus of the centroid is 


48. Let the equation of the plane be 
Xx E a, 1 
а + p T z7 


Z 


X 


Thus, the area of AABC 


-iKxbebxisréxd) 


= > aix bj + bj x th + thx diy 
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Е 5 Кар) (ве + (сау) 


Е 5 (ab. + (Бе)? + (са) 


49. Let the equation of the plane be 


Ken E а 
qi ОО 


X 
Let the centroid be С (o, 8, 7) 
b с 
1 1 4 = — = — = 
Clearly, 4791 В. = 
> а = 40, Б = 4B, с = 47 
It is given that ОМ = p 


0+0+0-1 
> =] =p 
Iu cg. 
а? 2 c 
ES | 1 1 1 | 2 1 
d p c р? 
= | І + 1 + 1 Р ! 
(40)? (By (4ур| p 
E 1 T 1 d 1 » 16 
о: P у) P 


Hence, the locus of С(о, В, 7) is 


[nées 


2 2 2 


2 
x y Zz 


Р 


51. 


52. 


53. 


It is given that, the volume of the tetrahedron 


OABC = 64k? 
0001 
E 1 ја 001 — 64р 
60501 
00с1 
zs 2 (abc) = 648 
= (abc) = 384 к 
Let the centroid be С(о, В, y). 
Clearly, 
тата 
> а = 40, Б = 48, с = 47 
Therefore, 
64(a В y) = 384? 
> (a B у) = 6k? 
Hence, the locus of С(о, D, y) is 
xyz = 6k? 
Let 0 the angle between them. Thus, 
соз(Ө) = 2-2+4 
V1+4+4+4V4+1+4 
Ld 
9 
> 0 = cos ! (2) 
We һауе 
a,b, + ab, + азр; 
=6+6- 12 
=0 


Thus, the given planes аге perpendicular to each 
other. 


Let the equation of the plane passing through (1, 2, 3,) 
is ax – 1) + by – 2) + cz-3) = 0 

which is perpendicular to the given planes 

2х + Зу + 4z + 7 = 0 and Зх + Ду + 52 + 10 = 0 


бо, 2а + ЗЬ + 4с = 0 
апа За + 4b + Зс = 0 
Solving, we get 

a b с 


Hence, the equation of the plane is 
(х= 1) – 20у - 2) + (- 3) = 0 
> x-2y+z=0 
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54. 
55. 
56. 


57. 


58. 
59. 
60. 


61. 
62. 
63. 


64. 


Do yourself. 
Do yourself. 
Equation of any plane parallel to x — 2y + 3z + 10 
= 0 is x — 2y + 3z + К = 0 which is passing through 
(2, 3, –1). So, 

2-6-3+k=0 
> k=7 
Hence, the equation of the plane is х – 2y + 3z +7 = 0. 
Let the equation of the plane be by + cz + d = 0. 
which is passing through the points (2, 3, —4) and 
(1, -1, 3). 


Thus, 35-4с-4-0 

апа Ы-с-а-0 

Solving, we get 

b _c_ d 

-4+1 1-3 -3+4 
B 160 

2: 2g 529 7 
LEE 4 

= ge 

Hence, the equation of the plane is 
3y + 2z-1=0 


Do yourself 

Do yourself. 

The equation of any plane parallel to xy-plane is 

z+k=0 

which is passing through (1, 2, 3). So, 
3+k=0 

=> Кк--3 

Hence, the equation of the plane is z = 3. 

Do yourself. 

Do yourself. 

Given line is 


2x = 3y = 4z 
= 2x _ 37 4 

12 12 12 
ae DO A 

6 4 3 


Hence, the required equation of the plane is 


x-2 »*l z 


1 -3 -5|-0 

6 4 3 
-> 1(х-2)-33(у- + 227 = 0 
> (х-2)-30+0+25=0 
> x —3y + 2z = 5. 


Given lines are 
x = 2y = 3z and 2х = 5у = z. 


65. 


66. 


67. 


68. 


=> = = = = апі = = » ЕЕЕ 
6 3 2 5 2 10 
Hence, the equation of the plane passing through 


(2, 3, 4) and parallel to the above lines is 


x-2 y-3 7-4 

6 3 2 |=0 

5 2 10 
- 22(x – 2) – 500 - 3) - 32-4) = 0 
=> 26x — 50у – 3z = 110. 


The equation of any plane passing through the line 
of intersection of planes 


2х + Sy - 5z = 6 апа 2х + 7y- 8z = 7 is 
(2x + 5y — 5z – 6) + A(2x + Ty - 82 – 7) = 0 
which is passing through (-1, 4, 3). 


=> (-2-20-15-6)-4(-2-28-24-17)-0 
5 -3-54 =0 

EE 
т? ES 


Hence, the required equation of the plane is 
Ох%5у-5:-6-20х%7у-%-7)-0 
> 4х + 4у - 2 + 51 = 0. 


The equation of any plane passing through the line 
of intersection of the planes 4x - 3y + 5 = 0 and 
y- 25-5. = 0 is (4х – 3y + 5) + A(y - 2z- 5) = 0 
which is passing through (2, —1, 1) so, 

А = 172. 
Hence, the equation of the required plane is 

(4x - 3y +5) + 1 (у - 22-5) =0 


> 8х — Sy – 22 + 5 = 0 
The equation of any plane passing through the line 
of intersection of the planes 2x + 3y + 10z = 8 


and 2x – 3y + 7z = 2 
is 
(2x + Зу + 10z - 8) + AQx - 3y + 72 – 2) = 0 
= (2 + 24)х + (3 -34y + (10 + 7A)z 
– 2,+ 8) = 0 
which is perpendicular to 3x — 2y + 4z = 5. So 
3(2 + 24) - 28 – ЗА) + 400 + 72) = 0 
> 40 + 404 = 0 
> А = –1 
Hence, the equation of the plane is 
(2x + 3y + 105 – 8) – (2х - 3y + 72 2) =0 
> бу + 3z-6=0 
> 2y+z-2=0 
Equation of any plane through the intersection of the 


planes x фу + z + 3 = 0, and 2x –у + 32 +1=0 
18 
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69. 


70. 


71. 


72. 


(х+у+2+3)+4А2х—у+3+1=0 
=> (1+ 24)х + (1 — Лју + (34 + 1) + (А + 3) = 0 


which is parallel to 1 = 5 = ^ 
So, (1 + 22) + 2. — A) + 3324+ 1) = 0 
> 94 – 6 
2 
A=- = 
а 3 


Hence, the equation of the plane is 


@+у++3)-2(0х-у+3:+1)=0 


> З(х+у+і + 3) - 202х- у + 32+ 1) = 0 
> -x + 5у - 32 + 7 = 0 
=> x-5y +3z-7=0. 


Hence, the length of the perpendicular from P(1, 2, 3) 
to the plane 5x + 4y – 3z -1=015 


5+8-9-1 3 


\25+16+9| 542 
Equation of any line passing through (-1, 3, 2) and 
normal to the given plane is 


х+1_У- 3 222552 
1 2 2 
Any point оп the above line сап be written as 
(A – 1, 2A + 3, 2A + 2) which lies in the given plane. 


So, 


(A – 1) + 20A + 3) + 2(20 + 2) = 3 
> 9A = –6 
2 
= А--- 
3 
the co-ordinates of the feet of the 
235 2 
3337 
The equation of any line through (1, 2, 3) parallel to 
АРДАН АН Sek 
-2 2:7 
Any point on the above line can be considered as 
(А + 1,2 – 24, 2A + 3 
which is also a common point of the plane. 
Thus, 31-1-2-24-421-43-11 
А= 5 
Therefore, the point is (6, – 8, 13). 
Hence, the required distance 


Hence, 


perpendicular are | 


the given line is ~ " 


= Ү(6—-1)°+(—8—2)°+ (13-3)? 
= 425 + 100 + 100 


4225 
- 15 
Let the point be р( В, y) 


73. 


74. 


It is given that, 
РМ? + РМ; + РМ; = 9 
[omen a- yy ү, 
era 
43 42. v3 
=> Aa+ Pry’ + 30 – у + 200-28 + y 29 
= 702 + 102 + 7у? + гау – дов – 4By = 9 
Hence, the locus of р(о, D, y) 


= 7? + 10у? + 72 + 2xz – Axy – Ayz = 9. 


Let the equation of the planes be = + Z + = = 1 
Moa M OG 
and p T 4 + T =1 


Let ОМ and ОМ be the distances from the origin to 
the given planes. Thus 


OM = ON 
0+0+0-1 0+0+0-1 
=> = 
b adip bud ed 
20) Adi pe р? E p 
=, ги се г 
2 2 2-2 2 2 
а b с р 4 r 


Hence, the result. 
Let a, b, c be the direction ratios of the line. 
Since, the line is perpendicular to the normals 
to the plane, so 

atb+c=0 


and а- 2р – 2с = 0 
Solving, ме get 
a 25 | c 
-242 142 -2-1 
= шэн ДЕК: 


0 3 -3 
Let the point of intersection of the line with z = 0 
plane. 
Putting z = 0 in the given equations we get 
xty=4,x-2y=4 
Solving, we get 
x=4,y=0 
Hence, the equation of the line is 
х-4 У z 
0 3 -3 
P 


A M B 


Any point on the line be M(4, ЗА, -32). 
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75. 


76. 


77: 


78. 


Now, the direction ratios of PM be (0, ЗА — 1, -3A – 1) 
Here, РМ | AB 

50, 0 + ЗВА – 1) -3(-3A – 1) = 0 

= A=0 

Hence, the point M is (4, 0, 0). 

Therefore, the required distance 


= 40 + P+ 12 = 2. 
Hence the required distance between the planes 
x+2y-2z+1=0 
2х + 4у – 42 + 5 = 0 
M (5/2) -1 | -22-3 
Үг+ї+ї| 3 2 
Any point on the given line 
Ecl 2 a дэг, 
2 -3 4 
can be considered as (2A + 1, 2 — 3A, 4A – 3) which 


is the point of intersection. So it is also a point of 
the given plane. 


and 


Thus, 

2(2A + 1) -2(2 – ЗА) - (47 – 3) = 7 
> 6A = 6 
> 1-1. 


Hence, the required point is (3, -1, 1). 
Equation of any plane passing through (1, 2, 0) is 
ax—-1)-*b(y-2)-*cz-0)20 ..0) 
which contains the given line. So, 
а(-3 -1) + БА - 2) + с(2 - 0) 20 
> 4a+b-2c=0 
За + 4b - 2с = 0 
Solving Eqs. (ii) and (11), we get 


(ii) 
(ій) 


апа 


a_b с 


6 2 13 
Hence, the equation of the plane is 
6х -1+20-2) + 132-0) = 0 


> бх + 2y 135 - 10 = 0. 
Х2- X1 У — У 2-12) 
Now, а, 5, сі 
а» by C5 
2-1 3-2 4-3 
- 2 3 4 
3 4 5 
1 1 1 
=2 3 4 
3 4 5 
100 [ае 
SIZ- 2 
3 1 2 С; > С. -С, 


79. 


80. 


81. 


Hence, the given lines аге coplanar. 
Now, the equation of the plane where they lie is 


x-1 y-2 4-3 


2 3 4 |=0 

3 4 5 
=> -(x- 1) + 2(у – 2) -(@- 3) = 0 
=> -Х%2у--0 
> x-2y+z=0 


The Equation of any plane passing through the line 
of intersection of the planes 


4х — 5y - 4z = 4 and 2x + у + 22 = 8 
is (4x – 5y – 4z – 4) + AQx+y+2z-8)=0 
which is passing through (1, 2, 3). Thus 


2 — 22k =0 
1 
pad 
т? П 


Hence, the equation of the plane is 


(4x—5y—4z 4) ++ Qxty+22-8)=0, 


=> 13x + 3-y + 9z = 46. 

The given planes can be written as 
-х-2у-2:43-0 

3x + Ду + 12z7+1=0 

аа) + bib, + сус =-3-8-24<0 


and 
Now, 
Thus, the acute angle bisector is 
-x - 2у – 22 + 3 3x + 4y + 127 + 1 
9 | Е | 4169 
> Их + 19у + 31z = 18. 
The equation of a line passing through (2, -3, 4) апа 
normal to a plane is 
Е 3 шин 
4 2 -4 
Any point on Ед. (1) is 
M(4A + 2, 24-3, 4 - 4A) 
Since the point M lies on the plane, so 
4(4А + 2) + 221 — 3) -4(4 - 42) + 3 = 0 
> 364 = 11 


=> А= Ш 


(4) 


; 29 33 25 

Н the М t =|=, = 

ence, the M poini | 977185 | 

Let O(a, В, y) be the image of P(2, -3, 4). 
Here, M is the mid-point of P and Q. 


(4:22 20 Bc3- 233 Y+4 25 
Thus, - - , = 
187 2 9 


2 9’ 2 
- [40 _2 14 
= (а, B 7 = (29, 3' + | 


which is the required image of Р(2, -3, 4). 
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82. 


83. 


84. 


Given line is 


x-1_Yy-2 z+3 : 
greet ee E 2.4) 


and the plane is 
3x – Зу + 10z = 26. 441) 


The direction ratios of the line are 9, -1, —3 and the 
direction ratios of the normal to the given plane are 
3, —3 and 10. 
Clearly line (i) is parallel to the plane (ii). 
Let Q be the inage of the point P(1, 2, —3). 
Consider О = (о, В, 7 
Now, 
«-1_В-2_у+з3_ ше бск | 

3 -3 10 9-9-100 


gel -2 УЕЗ. 
3 -3 10 


о-4,В--і,у-7 
Hence, the required image of the line w.r.t. the given 
plane is 
х-4_Уу+1_{-7 
9 -1 -3 


Any plane containing the line 


ol е аа в 
3 у фе? 
а(х – 1) + 90 +6) + 22 + 1) =0. ..0) 


where За + 4р + 2c = 0 (1) 


Also, it is parallel to the second line. So, 


2a – ЗЬ + 2с = 0 ...(iii) 
Solving Eq. (ii) and (iii), we get 

a b e 

26 -11 -17 


Hence, the equation of the plane is 
26(х -1)-11(y + 6 -17 + 1) = 0 
> 26x – Пу- 17z = 109 
The equation of the line containg the givel two lines is 


Әтір. MeN» 203-061 
1, ту пу |=0 


Lever ЇЇ 


1. The shortest distance of the point (а, b, c) Кот 


> 4(х + 1) -80 + 3) + 4 + 5) = 0 
> 4х — ду + 47 20 
> x-2y+z=0 


x-axis 
= \(а – а): + (b — 0) + (c – 0)? 
= ҮР? + с? 
Equation of x-axis is given by х = Z = " 
1 1 1 
Clearly, —+—+—=1 
ет 
3 
> = = 1 
22 
> с =3 
> с=+\з 
4. Ans. (с) 
. Ans. (4) 


. Let two diagonals of a cube аге ai + aj + ak and 


ai + aj — ak and 0 be the angle between them. So, 


era aa 1 


бу 28-9 .* 
а. 
> tan(0) = 2/2 
> Ө = tan ! (2V2) 


. Let the diagonal of a cube and a diagonal of a face 


of a cube are ai + aj + ak and ai + aj, and 0 be the 
angle between them. 


ga 2 2 


аа вв 13 


2312 
Ө = со!ү> 
> COS 3 


cos = 


. sin?a + зи? + віп?у 


= 1 —cos*a@ + 1 cos?f + 1 — cos?y 
= 3 – (cos?a + соз?В + сову) 


-31-1-2 


. соз(20) + cos(2B) + сов 27) + 3 


= 2(cos?a + соз?В + сову) – 3 + 3 
= 2(соѕ2о + cos? B + cos?) 


=2 
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20. 
21. 


be 
. Clearly, £5 2-022 
early 333 ( ) 
— a=6,b=6,c=6 
Hence, the equation of the plane is 
ху? Ge d 
а b € 
> Pasa m 
6 6 6 


х+у+х=6 


. Тһе locus of the first degree equation in x, у, < 


represents a plane. 


. Let @ be the angle between the plane and the 


X-axis 
Р 2.1 2 2 
sin(0) = = = 
V4+9+36 449 7 
– и - 2 
= 0 = sin (=) 
2 
k= 
> 7 


. Hence, the distance between two parallel planes 


"ECCO E 
V4+9+36 449 7 


. The equation of any plane parallel to 2x + y + 22 


+ 10 = 0 is 2x + y + 2z + К = 0 which is passing 
through (1, 2, 3). So, 


2+2+6+k=0 

> Кк--10 

Hence, the equation of the plane is 
2x+y+2z-10=0. 


. Let Ө be the angle between them, then 


ар 2-1-2 E ae 


МАА Т INL Plat. 6 2 


. (a) 
. The equation of any line passing through (2, 3, 4) 


and perpendicular to the plane 2x + 3y – z = 5 is 
х-2 У-3 2-4 


“ЭЭ s xg 
3.2 + 4.1 - 5.2 = 10 – 10=0 
Let 0 be the angle between them. 
6-6-4 _ 4 
Мо + 36 + 444 + 1+4 21 


Clearly, 


Now, sin(@) = 


MONET 
> 0 = sin | +) 


22; 


23. 


24. 


25. 


26. 


Any point on the given line сап be considered as 

M(6 – A, -1, 4А - 3). 

Since the point M lies on the plane, so 
6-1-1-41-3-3 


> 8-51-3 
> -5 = -5 
> 1-1 


Hence, the point of intersection is М = (5, -1, 1). 
Hence, the shortest distance between the lines 
_ (г, – гр) (u x v) 
(а х у)! 


_-1+4-2 1 


v6 V6 


where (г) - г) =i+ 2j + 2k 
and . 
i J К 
234 
345 


= (ux v)l=V1+4+4+1=V6 
The equation of any plane passing through (3, 2, 0) 


(и x v) = =-1+ 2] -К 


18 
a(x – 3) + by – 2) + ezz 0 


_ A к= 
The line eo 2222 
i 5 4 


а + 55 + 4с = 0 
0 + 4р + 4с = 0 


Solving, we get 


4 m 
containing the plane, 


if 


a.b c 
4 -4 4 
5 S. up Lue 
1 з=] 1] 


Hence, the equation of the plane is 
l@-3)-Q@-2)+z=0 
=> x-ytzel. 


Clearly, РО = 12i + 3j + 4k 


РО! = V144 + 9 + 16 = V169 = 13 


Тһе equation of апу plane passing through (1, 1, 1) 


-1 »-1l 2-1. 
= = is 


and perpendicular to E 


3 0 4 
3x-1)-0(y-1)-4(z-1)20 
Зх + 47 = 7 
Hence, the distance from the origin 
D 0+0-7 | Ж 7 
V9 + 16 5 
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27. 


28. 


29. 


30. 


The equation of the plane is 


LAE ORT 
at b = 
Clearly, the distance from the origin to the plane 


is 1 


0+0+0-1 E 
ded. ou 
TT 
Dod eed sg 
ur 
1 1 1 
> + c zu 
(3х (3у) (32) 
> 4.44 =9 
х y 2 
=> к=9 
Given lines are 
¥H 2 Yas 4-4 
1 1 k 
-1 y-4 4-5 
4 * - = 
m k 2 1 
Since the lines are coplanar, so 
1 1 1 
1 1 -К =0 
К 2 1 
— (1+ 2) – (1+ 02) + (2-0) = 0 
> 1+2k-l1-K+2-k=0 
=> K-k-2=0 
> (К - 2(k + 1) 20 
=> kz2,-1 


Clearly, aja, + 55, + сс,-б6%2-12-20>0 
Hence, the obtuse angle bisector 


3х-2у+б+8 _2х-у+2@+3 


М9 + 4 + 36 М4 + 1 + 4 
3x-2y+6z+8 2x-y+2z4+3 
=>. = 
7 3 
> 5х-у-4=3 


The equation of any plane passing through the 
intersection of the given planes 
(х-у-2- 4) + А(х+у+ 25 - 4) = 0 
апа (А + 1)х + (4- ) у + (24 - )х = 44 + 4 
which is perpendicular with x — y - z = 4. So, 


(1-1)-01-1)-03-1)-0 


23 
- 1855 


31. 


32. 


33. 


34. 


Hence, the equation of the new position of the plane 
is 

5x + y + 47 = 20. 
Let а, b and с be the direction ratios of the line. 
So 
3a-2b+c=0 
Да — 3b + 4c = 0 


Solving, we get 


and 


2 а b.c 
5 8 1 
Since the line is parallel to the plane, so 
10-8-т-0 
> т=-2 
Given striaght line can written аз 
x-1 y-0. ga) 
1 3 4 


Since the lies in the plane, so 

1+3-c=Oand1+0+c=d 

=> c=4andd=5 

Hence, the value of 
(c+d-5)=4 

Let the equation of the plane be 
ax-2)-by-1)*c(z-1)z 

Since the plane contains the line L, and parallel to 

L,, 50 

a+b+c=0 

a+0+2c=0 

алав ше 

2 -1 -1 

Hence, the equation of the plane is 
Жх-2)-(- 1) + (2 + 1) = 

> 2x-4-y+1+z+1=0 


and 


= 


=> 2x-y+z=2 
Hence, the distance from the 5. 


2 
ҮА + 1+1 UE 


Since the three planes pass through the same line, 
so 


1 =c -b 
ср а(|-0 

b a 1 

(1 – a’) + c(-c - ab) – b(ac + b) = 0 
(1 – a’) – с“ - abc - abc - № = 0 


d + Б + с? +2abe=1 


а +b + с“ + Зађс +"2 = 1+2 = 3 


у уу 
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35. 


36. 
37. 


38. 


39. 


The equation of any plane through (0, 2, 4) is а(х- 0) 
+ b(y – 2) + c(z - 4) = 0 which containing the line 


prid Дын Фей 


3 Zr 77 
So, За + 4b – 2с 20 
апа –За –ђ – 2с = 0 


Solving, we get 


а__ЬР_с 
-10 12 9 


Hence, the equation of the plane is 


—10х + 12(y - 2) + 9(z- 4) 20 


=> —10х + 12y 24 + 92 – 36 = 0 
> 10x – 12y – 97 + 60 = 0 
Апв. (4) 


= 1- 
Since the line * zu LATE 


lies in the plane 


3 1 
x + 3y — oz + В = 0, so 
3-3-2а=0 

апа 2+3+2а+В=0 
бо, а= 0, --5 


Hence, the value of 
(a+ 8+7) = 2 
Let the point of intersection is (A, 2A, 3A). 
Clearly, A = Зи + 1,24, =2 – џи 
Solving, we get 
д= 1, р= 0 
Hence, the point of intersection is (1, 2, 3). 


Therefore, L44 =- 2—1 -3-2 


3 2 h 
E 14511 
3 2 h 

3 1 

jg ust quoa 

= i 2 


Given four points are 


РО — x, 2, 2), 00, 2 – у, 2) 
ко, 2, 2, – z) and S(1, 1, 1) 


Now, РО = (x, -у, 0) 
PR = (x, 0, -z) 
and PS-(x- 1-1, -1) 


It is given that, the vectors P, О, К and 5 are coplanar, 
so the vectors PQ, PR, PS are coplanar. 


40. 


3. 


х -У 0 
х 0 -z|20 
x-1 -1 -1 
=> х(0 — z) + у(-х + xz-z) = 0 
> -Х2- ху + xyz – ух = 0 
> ху + у: zx = xyz 
=> dubi on 
Xx yz 


The equation of the line joining the points (2, 3, 4) 
and (6, 7, 8) is 


x-2 y-3 :-4 
6-2 7-3 8-4 
E x-2 Y-3 2-4 
4 4 4 
х-2 y-3_ 2-4 
gi prp 


The mid-point of the line segment joining the points 
(2, 3, 4) and (6, 7, 8) is (4, 5, 6). 

Hence, the equation of the right bisector of the 
plane 


l@-4) + 1@-5) + 12 – 6) = 0 


= x+y+z=15 


Comprehensive Link Passages 


Passage I 
1. Given, 
2 2 2 
cos^& + сов В + соѕ у= 1 
=> соѕ20 + cos? (90? — о) + cos?y = 1 
2 2 2 
=> cosa + 8Ш 0 + сов у = 1 
> 1+ cos?y = 1 
> cos?y =0 
> y= 90° 
2. cos?a + cos?B + cos*y = 1 


> соза + cos?(90° + 0) + cos?y = 1 
2 "v ri 

> cosa + 510 + сов у = 1 

> 1+ cos?y = 1 

> y = 90° 


cos?a + cos?B + cos?y = 1 
2 2 rs, i 
> сов“ а + cosa + сова = 1 
2 
> 3с05 0 = 1 


2 1 
=» цасан 
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1 
> сова = — 


43 


A | 1 1 1 
Hence, the direction cosines аге | —, —, — 
(55 МЗ V3 | 
Passage II 
1. cos?a + cos? + соѕ2у + cos?ó = 4/3 
2. sina + sin? + sin?y + sin?ó 


= 4 — (cos?a + cos? + cos^y + cos?ó) 


3. со8(20) + cos(2D) + cos(2y) + cos(26) 
= 2(соѕ2о + cos? f + cos?y  cos?6) - 4 


= 2. 


Passage III 
1. Volume of a tetrahedron 


ооо 


12 0 0 
60 3 0 
0 0 4 


= |-- х 24 = |-4| = 4 cu units. 


2. The volume of a tetrahedron 


1 
12001 
60401 

031 


512 2(2(0 3) – 400 – 0)}] 
= 2012 + 12] 
-4 


3. On solving, we get the vertices of a tetrahedron as 
(0, 0, 0, 0), (1, 1, -1), (1,1, D, (-1, 1,1). 
Volume of a tetrahedron 


0 0 0 1 
oji 1 -11 
E EE 1 1 
-1 1 ] 1 
1 1 -1 
1 
-Һ--|1 -1 1 
6 
-] 1 1 
00-1 
Е 1А (d C, 2C, * C, 
6 ОЕ СЭС, +С; 
„Жл ы, units 
637 | 


4. On solving, we get the vertices of a tetrahedron as 

11 1 1 1] ! 1 11 

0, 0, 9. (2. + -2), (5 -5 с) and [№ 7 4) 
respectively. 


Volume of a tetrahedron 


ale 
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Passage IV sinos АЙ оо = ee 
4 3 V3 
A Passage V 
1. Ans. (a) 
.x-b_Y_z-d 
2. Ly: a "3 1 es С 
pee ыы 
а 1 с 


Since L, апа L, are perpendicular, so sum of the 
product of their sirection ratios is zero. 


X Thus, а-а -1-1-с-сС-0 
- аа + сс’ = -1. 
1. ОР=1 + Ј +К ем 1.Їсх.7у-14 4-3 
ВХ-1-1-К ^ XI MAREC ЭЕ: 
OP-OL = 1 + 1 x-1 У-2 z-3 


43-43 cos = 1 + 1 -3 25/7 2 
LOL ON RUM 2. 


3p 1 5 


Ө = cos! (1) х-1_У-5_-6 
3 pe ин es 


cos 0 = 4 апа L, 


Hence, the angle between any two diagonals is 


0- es" (1) = tan”! (242) 


Since L, meets L, at right angles, so 


3 
МЕНЕЕ 
2. ОР=1+Ј +К 
ЭРЭ 9p 25 
L = m = | (у 
(0) i+j > 7 0 7 
ОР. ОГ =1+1 = 9р _ 45 
43-42 созд = 1+1 7 itg 
43-42 cos@ = 2 =. р-5 
ҮЗ cos = УЗ Passage VI 
2 222 ЗА 
: 1. Let eq шош ы ж 
cos = {2 2 3 4 


д = соя (| ane 57 Рај = 


3 . Let two lines meet at P. So, 
Hence, the angle between a diagonal and a diagonal 


of a face 1$ is tesira ЛЭ ра 
0- cos | = cot ! (V2) апа 4A-3-2u 
: > ЗА, Зи = 1, 44 и = 3 
TM A=-l=u 


lallilcos 0 = 2 Hence, the point of intersection is (—1, —1, – 1). 


V6 cos = 2 2. Since both the lines are coplaner, so 
2 (2 3-1 k+1 0-1 

cos 9 = — = 4 
46 3 2 3 4 | =0 


1 2 1 
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2 k+1 -1 
> 2 3 4| =0 

1 d 
zs 28-8) — (k + 100-4) - (4-3) =0 
2 10 + 206+ 1) -1=0 
= Ak +1) =11 

11 9 

Би Б-г 

E: 2 2 


. Since the lines are coplaner, so 


јр д3 554 

1 1 -k|=0 

k 2 1 

-1 1 1 
> 1 1 0 

k 2 1 
= (2-0) – (1 + 0) – (1 + 2) = 0 
> К + 3k = 0 
= КЕ + 3) =0 
> (-0,-3 


Passage УП 


1. The shortest distance between two lines 


Е (г, – гу). (0 x v) 


(а х у)! 
Now, (и x v) 
ij k 
2234 
345 
=-1+ 2] -К 
апа r-r; =1+ 2) + 2k 


Hence, the shortest distance 


_Є1+4-2) 1 


Мт +4+1 V6 
-1 y-2 z-3 
Let ет = = 
й "72 3 4 
=>. y-4. 225 
d Eo = = 
Ја 273 4 3 


Also, let А = (2, 3, 5). 


. Hence, the equation of the plane passing through А 


and containing the line 1, is 


1 1 2|=0 
2 3 4 
> —2(x — 2) + (z-5) = 0 
=> -2Х-442-5-0 
> -2Х%:-1-0 
> 2x-z+1=0 
3. Ans. (c) 


Passage VIII 


Let 


A=(2,3,1),P:2x+y+z=6 


x-1_y-2 z-3 


L: 
2 1 4 


. Any point on the line is 


М(2А + 1, A + 2, 4A + 3) 
The direction ratios of АМ are 
(2A – 1, А – 1, 44 + 2) 
Clearly, AM is perpendicular to the line L. So, 
224-1) + A-1) + 4(44 + 2) 20 
> 211-5-0 


5 
=> ш--- 
21 


Hence, the foot of the perpendicular is the 
| 11 37 a) 


217217 21 


. Hence, the image of the point (2, 3, 1) w.r.t. the plane 


2x+y+z=6is 


«-2_В8-3_у-1_ 5204-0351) 
2 1 | ]) 44141) 
=; 0-2 В-3 ү-1 8 
2 1 1 3 
16 8 8 
22 = =1 
> a 258 3 » У 3 
210 1, 5 
=> «=з В= Y= 3 
| : . [101 5 
Н th d (3. 1, -3). 
ence the required image is 37373 
. Given plane is Р: 2х фу + 2 =6 
Dd coded. —- z-3 
and the line is L: qom eR ETT 


Let the image of the point А(2, 3, 1) w.rt. to the 
given plane is O(a, В, y). 
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So, the image of the given line w.rt. to the given (С) Хсоѕ(20) = cos(2a) + сов(20) + cos(27) 
= - 2- 
plane is 5 он i 2 TOUT 4 = (сова + cos? + cos’) -3 
2 1 1 (D) X(cos*a + 5420) -51-1-41-41-3 
Let М is the mid-point of A and О, 1.е. 2. (А) Хсоға = cos?a + сов28 А cosy + сог 
+3 7+1 = 
м-(8:2,8 ‚7 | = 4/3 
2 2 2 


(B) Esing = зи? + sin? + sin?y + sin?ó 


- (2+1 4+3 +3 i2 КИ 
BTE m cx e Мел 
3 3 
Clearly, the point M lies on the plane (C) Хсов(20) 
242 + 4) " Е + 5) ” А-2- 0 = со8(20) + cos(2D) + cos(2y) + cos(26) 
2 2 2 7 
= 2(cos?a + соз?В + cos?y + cos”) - 4 
> 2 84e 34d «1-0 TE 3 8 4 4 
= 3) 2377773 
> ЗА = -8 
8 (D) X(cos*a + ѕіп20) = X1 
5 d e addas 
So, о-2Д-2,В-1%3,у-4-1 =4 
3. (A) Let two diagonals of а cube are ai + aj + ak 
16 8 8 Lae : 
— a=2 37 B=3 2e = and - ai + aj + ak 
Let 0 be the angle between them 
3 PN Eget 2-5 | | NET 
in => 773 cosg- ачага љ а-ай A 


аУ3-аУ3 за: 3 


Hence, the required image of the line w.r.t. to the 


plane is uL es cos" (2) 
10 T 5 
х + 4 Роа o8 + 3 (В) Let the diagonal of the cube be i + j + К and 
grec Ue ud the diagonal of the face be i + j. 


Let 0 be the angle between them, 


=>. = 
2 1 4 буы EE 2 -р 
вв вр \3 
уч й ВРЕ 
Bl Bye (B | 
= eka TE | = (0) = со [12] = сос (N2) 
3x + 10 _ 3у-7 — 3z + 5 (C) Let the diagonal of the cube be i + j + К and the 


2 1 4 diagonal of the face intersecting it is j + k. 
Let Ө be the angle between them, 


0- cos" | = cot! (42) 


Let the diagonal of the faces of the same vertex 
: , , аге і + j, j + К. 
= 3 – (cos^a + соѕ В + сов?) Let Ө be the angle between them. Then 


=3-1=2 


Match Matrix 


. (A) Усоз?а = cos?a + сов2В + cos*y = 1 
(D 


ми 


(B) Хвіп?0 = sin?a + ѕіп2В + sin^y 
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cos 9 = Цэг 
42422 
шин 
Үз 
= Ө = cot! L 
V3 
4. (A) Given 1+т+т= 0, Р = т + п? 
> –(т + п) = т? + п? 
= -2тп-0 
=> т-0-п 


When т = 0, then 1 = -n 


= = = = 


When и = 0, then 1 = -m 


l 
=> = = = 


-- 
| 

Ын 

© 


v2 
Let 0 be the angle between them. Then 


cos (0) = lb, + mm, + тп 


1 1 1 
=== +0+0=— 
V2 ҮЗ 2 
л 
> 0-2 
3 
(В) Let 0 be the angle between them. Then 
6+4- 10 
cos 0 = = 
№ + 16 + 25 NA + 1+4 
= 
= Вы. 


(С) Let 0 be the angle between them. Then 


Apu 
X6 A6. 6 2 


cos (0) = 


— Өзі 


(р) Let @ be the angle between them. Then 


пара дае а а ИЕ 


мо У 


= б=т 


5. (А) Since the line lies in the plane, so the point (4, 
2, k) lies in the plane. 


Thus, 8-8+k=7 
k=7 
(B 


хи 


Since the given lines аге coplanar so 


(C 


(D 


) 


— 


1-2 4-3 5-4 
1 1 —-К|=0 
k 2 1 
-1 1 1 
э [1 1 -k| =0 
k 2 1 
-1 0 0 
=> |1 2 1-4 =0 
k kt+2 К+1 
=> КЕ + 1) + (К— Ik + 2) = 0 
=> 2k+2+kK+k-2=0 
> +3k=0 
=> k=0,-3. 


Since the given lines are intersect, so 
they are coplanar. 
Thus, 
3-1 k+1 -1 
2 3 4| =0 


1 
5) 
о 
> 
Il 

о 


1 2 1 

23 – 8) – (6+ 102 – 4) – (4-3) = 0 
-10 + 2(k + 1) -1=0 

25-9 =0 

9 


к= = 
2 


Given lines are 
4222-97-33: 2-6 
3 4 5 
uem um ael 
1 2 3 
Hence, the shortest distance 
| (rj = ry): (ux v) 

(а х у)! 


1444 


апа 


-0 
where, (r, – г) = 


(5 - 2, 2 - 3,1-6) = (3, –1, -5) 


(u x У) = 


о ~. 


jk 
4 5| 22i - 4j + 2k 
278 


=> luxvi=Vv4+ 16+4 = 2N6 
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6. (A) Let any point on the given line be 

(A + 1, 3A – 2, 2 - 2A) 

Clearly, this point lies on the plane so, 
ЗА, + 1) + 4(34 - 2) + 5(2 - 22) = 15 

=> 54+5=15 

= 51-10 

> A-22 

Hence, the point of intersection is (3, 4, -2). 

X. ыг ШК беш; 


В) А int on the li = 
(B) Any point on the mes 5 3 


be considered as М(2Л, 24.4 1, 3A + 2). 
Let the point P be P(2, 6, 3). 
The direction ratios of PM are (2A – 2, 24 – 5, 


can 


3A - 1). 
Clearly PM is perpendicular to the given line L. 
So, 


2(2A – 2) + 204-5) + 33A- 1) = 0 
> 174 - 17 = 0 


> A-1=0 
> Az=l 
Hence, the foot of the perpendicular is 
(2, 3, 5). 

(С) Any point on the first line be (A + 2, 1- 2A, 
A + 6). 


Any point on the second line be 
(Ти – 3, -6 – Зи, и – 3) 
Clearly, both the points аге same. So, 
А + 2 =7и- 3, 1+6=и-3 
1-7u2-5,1-u 2-9 
Solving we get 


29 2 

ақса дақ 

Hence, the point of intersection is 
23 61 11 
(> з” xs 
(D) Clearly, 24 – Зи = 4, ЗА – 4u = 4 

Solving we get 

A=-2,u=-4 
Hence, the point of intersection is 
(-5, -8, -9) 


7. Given Р(0, 3, —2), 0(3,7,-1) and Р(І,-3,-1). 
y-3 :-2 
Clearly, 1,:2- - 
ЕНИ g 1 
х-1_Уу+3 А. 
1 | 0 1 


The equation of the plane РОК is 


and Lj: 


x y-3 {+2 

3 4 11-0 

1 -6 1 
> 10x – 29-3) – 22(z + 2) = 0 
> 10x – 2y – 22z = 38 
> 5х – у – 112 = 19 


(A) Let the foot of the perpendicular оп 12 is М. 
Thus, M=(A+1,-3,A- 1) 
The direction ratios of PM are (A + 1,—6, A+ 1) 
Since PM is perpendicular to L2, so 


1A+1)+04+1A+1)=0 


> A-2-2 
Hence, the foot of the perpendicular is 
(1,53, —3) 


Thus, the length of the perpendicular 


= V1 + 36 + 1 = 138 
The shortest distance between L, апа L, 


(B 


хи 


_ (ar = к). (а x v) 


(а х у)! 
-4+12-4_„ 
6 
where 
(75 – г) = (1, -6, 1) =i-6j+k 
i j k 
> uxv- 4 I| =4i-2j- 4k 
101 


= ху = 16 +4+ 16 =6 


(С) Area of АРОК 


~ 


Е i IPQ x PRI 


Nie 


i j k 
3 4 1 
1 -6 1 


= 5 10: – 2j – 228 


= 14100 + 4 + 484 1E 743 
(2) Hence, the distance from the origin to 


the plane 5x – у – 112 = 19 
5 19 2219 
N25 + 1 + 121 4147 


8. (А) Тһе shortest distance from the given point to 
the x-axis 


= /42 + 52 = МАТ 
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(B) 


(C) 


(D) 


9. (A) 


(B) 


(C) 
(D) 


The shortest distance from the given point to 
the y-axis = 3? + 4° = 5 


Let 0 be the angle between them. Then 


0-2 
5 0-2 
Ее 
> 0 = sin (2) 
-2 
Clearly, k-27 
— Tk = 2 


Given line is 
r = (1+ i+ 5tj + (1 — Dk 
= (i + k) + ti + 5j – k) 


Since the given line lies in the plane 


1+0+с=а 
i 1+5—с=0 

1+с=а 
= c=6 
Thus, c=6,d=7 


Hence, the value of c + d is 13 
Hence, the volume of the tetrahedron 


-<ас-іх2х3х4-4 
Let the points А, В, С апа D аге (0, 1, 2), 


(3, 0, 1), (4, 3, 6) апа (2, 3, 2), respectively. 


Моуу, АВ-(3,-1,-1) 
АС-(4,2,4) 
AD = (2, 2, 0) 


Hence, the volume of the tetrahedron 


= СТАВ, АС, Ар] 


3 -1 -1 
1 
=-4 2 4 
6 
2 2 0 
-11(:24-8-4) 
6 
= 6 cu. units. 


Volume of a tetrahedron = 2/3 
Volume of a tetrahedron = 5 арс 
2 
= 2х2 х3х4 

3 


= 16 


10. As we know that the homogeneous equation of 2nd 
degree ах? + Бу? + с + 2fyz + 2gzx + 2hxy = 0 
represents two planes if 


=> 
(А) 


(В) 


(О) 


(D) 


abc + 2fgh — af? – bg? - ch’ = 0 
The given equation 
2х2 + 3y? +42 + 2kxy + 4yz = 0 
represents two planes if 
210 
k 3 2-0 
024 
2(12 – 4) - k(4k) = 0 
16 - 402 =0 
Р-4=0 
2-4 


x + 5y” + 2kxy + 4xz = 0 represents a pair of 
planes if 


| 44 4 


1 k 0 
k 5 2-0 
02 5 


=> 21-k5k) = 0 


рын 
т? 5 
= 5 = 21 


x + у + 402 — 2kyz = 0 represents а pair of 
planes if 


1 0 -K 
0 1 0-0 
-K 0 4 

> 4-142-0 

> 12-4 

> 12%2-6 


9х? + y +2 – 6kxz = 0 represents a pair of 
straight lines if 


9 0 0 
0 1 -3k =0 
0 -3k 1 

=> 1-920 

> 92-1 
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Levet (ll -———  ——À—— —XÓÍ———sM 2. Let P ш (о, В, 7 апа Q = (Xj. Ур 2) 
1 Weh Thus, the direction ratios of ОР аге (о, D, y) and the 
a ауе» direction ratios of OQ аге (хі, у), 21). 
al + фт + сп = 0 Since О, О, P аге collinear, we have 
(bm + cn) 
ж rr a Oe = В = Ed (1) 
Now, xi У! 51 ib 
2 2 2 
ul + ут + ит” = 0. As Р(о, В, у) lies on the plane 
> uomen} (ут + wn? = 0 = 
50 læ + mp + пу = 
= u(bm + сп)? + va? n? + wa? = 0 р цаа й 
d 5 5 > k(lx, + my, + па) =p ...(ii) 
> u(b^m tcn 2 + 2bemn) + уа? m^ + wa? n. =0 : 2 
Given ОР-ОО-р 
> (ub? + va?) т? + 2ubcmn + (uc? +wa 2) п? =0 ie s i 5 ~ 5 
> + + у: Ty + = 
= цасаа лааг? BT үс шан ы 
„а 
т, @) => Vg + у + 2) 02 + у + 2 =p 
Let its roots айе — and "y 
i 2.2 2 22222 
(a) If two straight lines are parallel, so the Eq. (1) 57 Кол у +4) =P 
will provide us equal roots. Е ког + у + 2) = р? (iii) 
1 1 1 me 
Thus, D = 0 
On dividing Eq. (ii) and Eq. (iii), we get 
= (Фирс)? – 4(Б?и + av\(Cu + ам) = 0 et С 
жі + тур + 121 1 
= (иБс)? — (bu + а?у)(с?и + aw) = 0 2 2, a р 
2 25-2 2 2 алат 
= (bu + ау)(с^и + aw) – (ирс) = 0 Es р(х + my, + nz) = (62 + у + 2) 
1 1 1 
272 2.9 A ipi: 
> abuwt+acuv +avw=0 Hence, the locus of the point Q is 
= buw + euv + ауу = 0 р(їх + ту + nz) = (х2 + у + 2 
2 2 2 
а b c 
> %%%7%%-0 3 о rod 4) 
(b) When two straight lines are a a So, Lei (о, В, 9 
the product of the roots = A B. y 
К а. Then бы (ii) 
ті т) ^ uc + wa atptc 
ni n, ан 2 2 
ub” + va So, ОР = 02 + В + 7 
mm, nn, 
> 2 р ЖЕ > Therefore, the direction ratios of ОР аге 
ис“ + wa ub^ + va 
Similarly, eliminati t а В £ 
imilarly, eliminating n, we ge , , 
асан 
lb түт; 
2 и > The equation of the normal through Р and normal to 
wb’ + vc ис + wa OP is 
Ll a p 
Thus 12 PEN ЕМЕДІ (2 = x + | 5 5 y 
wb? + vc) ис? + ма? ub, + va? +В +7 a + B+ 
Two lines are perpendicular, if + WU = ө? + 8° + y 
11, + mm, + ти = 0 (a pes 
= (wh? + vc?) + (ис? + wa’) + (ub? + va’) = 0 т? ах + Ву + уг = үо? + В? + у? (й) 
2 2 2 2 2 
= а(и+у) + б (и + и) + с (и + у) = 0 а + + 
( ) ( ) ( ) Clearly, А = Ended 0, о) 
Hence, the result. 
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2 2 
а“ + В + 
s - [o EE D 
Y 
2 2 2 
а“ + 
gaa dua) 
Y 
Let О = (р, 9, р) 
Th са р + ү? _ор+ В+ р 
еп р = ge РБ РЫ 
2 2 
апа r= ed Жу? ...(1у) 
7 
Now. Кыл ы bl Aa d 
р? 2. ғ (о? + В + yy 
= Lage ELT 1 (v) 
P Ф r (2-8 +7) 


From Еа. (iv), we get 


poder + her 


a aa b bB 
“2 + 
с” су 

Therefore, 


o + В + у? + 82 + у? 
+ 


aa bB 
C+ В? + у 
+ су 
әр ы Е | 
=F + " + 2 
= 1 " 1 d: I 1 
ар Ыы C 2+ + у? 
= -i+t.t (from Eq. v) 
pe age ate 
Hence, the locus of Q(p, 4, r) is 
1 m 1 P 1 _ 1 2 1 " 1 
ах by c » 2 2 
. Let the equation of the plane be 
Ах + By + Cz+D=0 .Я401) 
which is passing through (а, Р, с). So, 
Аа + Bb+Cc+D=0 441) 


Let Р(о, В, y) be Ше foot of the perpendicular from 
the origin to the plane (i). 


The direction ratios of OP are (а, В, 7). 


Therefore, (œ, D, y) be the direction ratios of the same 
line OP. So, 


= + ау) (Ш) 


From Еа. (ii) and (11), we get 


каа + КВ + kcy+ D=0 (iv) 
Since (о, D, y) lies in the plane (i), so 

Аа + ВВ + Су+ "р = 0 (v) 
From Eqs. (iii) and (v), we get 

ka? + КВ? + ку +D=0 (Vi) 


From Eqs. (iv) and (vi), we get 

ko? + КВ + ky? — Каа + bB + су = 0 
> о + В + у – (аа +В + су) = 0 
Hence, the locus of the foot of ће perpendicular Р 
is 

X + у: + 22 – (ах + by + cz) = 0. 


. Given planes аге 


x-y-z=4 (i) 
and xty+2z=4 ...(ii) 
Since the required planes pass through the line of 
intersection of the planes (1) and (1). 

Thus, its equation will be 

(х-у-2- 4) + A(x cy 25 - 4) = 0 
> (1+4) х+(1- 20) у+ (2-4) =-4-44=0 

(ш) 
Since Eq. (i) апа (iii) аге mutually perpendicular, 


50, 


a+4-0-4-2-4=0 


2 
А=2 
в: 3 


Substituting the values of A = E in Eq. (iii), we get 
5x + y + 4z = 20. 


which is the required equation of the plane. 


. Given planes are 


x-cy-bzz0 ...(1) 
сх-у+а=0 ...(ii) 
bx + ау - 2 = 0 (Ш) 


The equation of any plane passing through the line 
of intersection of the planes (1) and (11) may be taken 
as 


(x — cy — bz) + Acx –у + az) = 0 
> (1 + Лојх – (с + Ају + (а4 – Б)с = 0 (v) 


If planes (iii) and (iv) are the same, so the equations 
(iii) and (iv) are identical. 


(1 + Ло) | (c+ 2) (a-b) 


b a -1 
Thus, (1 + Ac) 2 (c + А) 
b a 
= ЯН ала NO 


(ac + Б) 
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(с + A) (ад - b) 


and a d 
zs EN LARES (vi) 
а - а?) 
From Eqs (v) and (vi), we get 
(ac + b) т (ab + с) 
(а+Бс) (1-а) 
> а-а + bc – abc = аЬс + ac’ + ab’ + bc 
> а + ар? + ac + 2а ес -а=0 
> а? + 2 + с? + 2аЬс = 1 


. Any point on the given line is 


P:(2A + 1, ЗА – 2, 64 + 3) 


Let О:а,-2,3) 
Given PQ=3 
> РО? =9 
> (442 + 942 + 3612) = 9 
> 4942 = 9 
2 2. = [5] 
4: ДАРЕ 
3 
= += 
= А, i. 


Hence, the points are 


ЕРЕКЕ 


17 11 
zh 5, 17) a (-5. -9, ~11). 
| 3 ши 
. The equation of any line through (1, 0, -3) and 


= +2 = 
parallel to the line * == => 3c : 208 


х-1 Е zt 3 
2 3 –6 | 

Any point on the line (i) is (2A + 1, 3A, —6 - 3A) 
which is lies in the plane x — y — z = 9. So, 

(2A + 1) — (34) – (-6 - 3A) = 9 
> 22%7-9 
> 2=2>AH=1 
Thus, the point is (3, 3, —9). 
Hence, the required distance 


= (3 - 1 + (3 – 02 + (9 + 3)2 
= 44x94 36 
= N49 = 7. 


. The equation of any plane passing through (1, 2, 0) 
is a(x — 1) + b(y – 2) + cz = 0 which contains the 
Led 2 зай XX 

3 4 27 


line 


10. 


So, За + 4b – 2c = 0 

апа -44-542с-0 

Solving, we get 
а _ р - с 
8-1 8-6 -3-16 
a b с 

= T 39.7 B 


Hence, the equation of the plane is 

7x - 1) + 2 - 2) + 13220 
> 7х + 2y + 132 = 11 
Let the given line AB be 

x-1 »*tl 7-2 

2 -1 4 

and the given plane is x + 2y+z=9 
Let DC be the projection of AB on plane (ii). 
Clearly the plane ABCD is perpendicular to the plane 
(ii). 
Equation of any plane through AB is 
ax -1)+by+1)+c(z-3)=0 ..(ш) 
24-5-44с-0 ау) 
since the plane (iii) is perpendicular to the plane (ii), 
so 


4) 
(ii) 


where 


а+ 2р +с= 0 (у) 
Solving Eqs (iv) and (у), we get 
a b c 


-9 2 3 
Putting these values of a, b and c in Eq. (iii), we 
get 

9(x-1)-2(y + 1) - 52 – 3) 20 
> 9х-2у-5:44-0 ..((У1) 
Since the projection DC of АВ on the plane (ii) is 
the line of intersection of the plane ABCD and the 
plane (ii). 
Thus, the equation of DC will be 

9х – 2у-55+4=0 
> x+2y+z-9=0 ...(vii) 
Let 1, m, n be the direction ratios of the line of 
intersection of the planes (1) and (ii). So, 

9] - 2m - 5n = 0 
and 1+ 2т+п = 0 
Solving, ме get 


lom n 
8 -14 20 
2 lom n 
4 -7 10 


Let the line of intersection of the planes (1) and (ii) 
meet xy-plane at P(a, В, 0). So, P lies on the planes 
(1) and (ii) 

Therefore, За – 28 + 4 = 0 

апа a+2B-9=0 
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12. 


1 17 
5 , ОА ETAT 
B Ра 
Hence, the equation of DC is 
Пи бы 018 
Ба йа 
4 -7 10 
2, 2-1 49-17% 
8 -28 10 
Z 2х-1_4у-17 _@ 
4 -14 5 


. Any plane passing through the first line is 


(QQx+y+z—-1)+13x+y+2z-2)=0 (0) 
which is parallel to the 2nd line x = y = z. 
So, 

(2+ 3А):1 + (1+4).1+ (1 + 24).1=0 


> (2+ 34) + (1 +A) + (1+24) = 0 
> 6/ + 4 = 0 

__2 
> A= 3 


Put A = -3 in Eq. (i), we get 


Qxeyez- D-SOr ey + 22-2) =0 


=> y-z+1=0 41) 
Thus, distance from (0, 0, 0) to the plane (ii) = A 
We have, v2 
4+A=1+4+2u 
> A – 2u = -3 2.4) 
Also, -3-44A42-1-3u 
— 4A – Зи = –2 2468) 
From Еа. (i) and (11), we get 
A=2,uU=1 


Thus, the point of intersection 
= (4 + 1, -3 –4, -1 + 7) 
= (5, –7, 6) 


Hence, the required distance from (5, -7, 6) to 
(1, -4, 7) 


= 1649 + 1 
= №6. 
. Let Ly:ix=ay+b,z=cyt+d 
x-b Y z-d 
=” ас 
and L,:x=aytb,z=cytd, 
x-b y 1-4, 
e ар | а 


Since L, апа L, are perpendicular, so 


ad, + 11 + с-с = 0 


14. 


15. 


=> аа, + сс + 1=0 
= k=1 
2-4-1-4-5 
The equation of any line through (1, 2, 3) parallel to 
the given line is 

х-1 У-2 7-3 

17-2 2 

Any point on the above line can be considered as 
(A + 1, 2 — 24, 2A + 3) which is also a common 
point of the plane. 


Thus, 31-1-2-21421-43-11 
> A=5 

Therefore, the point is (6, -8, 13). 
Hence, the required distance 


Now, 


= (6 — 1 + C8 - 2)? + (13 - 3)? 
= N25 + 100 + 100 
= \225 
= 15 
Let the equation of the plane be 


X 
It is given that the volume of the tetrahedron OABC 
= 640 
0001 
001 
> 220 = 642 
6001 
00с1 
= с (abo) = 6443 
> (abc) = 384? 


Let the centroid be С(о, В, У. 


Clearly, Жы а, 2 = В, л = у 


4 
> а = 40, b = 48, с = 47 
Therefore, 64( В у) = 3842 

> (a B 7 = 60 


Hence, the locus of G(a, В, y) is xyz = 6k 
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16. 


Given lines + + É = 1, х = 0 and 2 —2= 1 y=0 
сап be written as 
-b 
lue ыг 
0 b =C 
.x-a У z 
and 1 — Ge 
Here, г = bj 
r, = ai 
and u = bj - ck 
v — аі + ck 
Now, (r, - rj) = ai — bj 
ij К 
апа пху- |0 b -=c 
а 0 с 
= Әсі- ас] – abk 
=> Ки x уї= үрс) + (ac)? + (aby? 


Given shortest distance = 2d 


(ғ) - г) (аху) | 


У Е = 
EM abc + abc — 2d 
\(Бс)? + (ac) + (aby 
E 2abc — 24 
(Бс) + (ас)? + (aby 
25 арс ый 
(be? + (ас)? + (aby. 
(абс)? 5 
=> = 
[(6с)? + (ас)? + (аЬ)] 
1 (с)? + (ас) + (aby) 
=> = 
а? (абс)? 
1_1 11 
> =—+—+ 


. Let O be the origin and the direction ratios of ОР 


are (a, b, c) 
Hence, the equation of the plane is 
а(х - а) + Б(у -b)+ с(с-– с) = 0 


> ах + ђу + ст = а +b +e 


. Let a point (34 + 1, A + 2, 2A + 3) of the first line 


lies on the 2nd line. Thus, 


31-1-3 1-2-1 2A-3-2 
І i 2 x" 3 


19. 


20. 


21. 


34-2 441 24-1 
[^ x 72 


> 1-1 


БЭЭ 


Thus, the point of intersection of the two lines is 
P(4, 3, 5). 

Therefore, the equation of the plane perpendicular to 
OP, where O is (0, 0, 0) and passing through P is 
4х + 3y + 52 = 50. 

The equation of the plane through the line be 
A(x — 1) + B(y + 2) + C(z - 0) = 0, then 


24-38-5С-0 


апа А-В+С=0 

Solving, we get 
A_B_C 
2773 1 


Hence, the equation of the plane is 
2a – 1) + 30 + 2) + 2 = 0 
= 2x + Зу+ 2 + 4=0 
Thus, a = 2, b = –3, с = 1 
Hence, the value of 
a+b+c+2. 
-2-3-1-2 
= 2; 
The direction ratios of the normal to the plane is 
(2, 3, 4). 
The equation of any plane through (2, 3, 4) and the 
maximum distance from the origin is 


2(x — 2) + 3(у – 3) + 42 – 4) = 0 
> 2х + 3y + 4z = 29. 
Let О be the origin (0, 0, 0). 
Let the co-ordinates of the points A, B, C are (a, 0, 0), 
(0, b, 0) and (0, 0, c), respectively. 


Thus, the equation of the sphere passing through O, 
A, B, and C is 


2 + у + 2 – ах –ђу – ст = 0 


But the radius of the sphere is given by г. 


So у= а + 52 + с? 
| 4 


> (а2 + D? + с?) = 477 40) 
Let (о, В, у) be the centroid of the AABC 


0+0 a 
h ~atUtTV_a 
Then a 3 3 


ӨЛЕ b c 
Similarly, В = = = y= = 
imilarly, В pals 
Putting the values of а, b and c in Eq. (1), we get 
A + В + y?) = 477 
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22. 


23; 


Hence, the locus of (о, В, 7) is 

902 + y? + 2 = 4p? 
Let the co-ordinates of A, B and C be (a, 0, 0), 
(0, b, 0) and (0, 0, c), respectively 
Hence, the equation of the plane is 

Nec үй er 

а b с 
Since the given plane passes through (f, 2, h), we 
get 

мин 6) 
The equation of the sphere passing through 0, А, В 
and C is 

Х фу: + 2 – ах –ђу – ст=0 
Гес (о, В, у) һе 15 сепше. 


b с 
Thus, а=, В-2у-< 
х 28-27-2 
-> а= 20, b = 238, с = 2y 
Putting the values of а, b and с in (i), we get 
UNE TE 
2a 2p 2у 
— f + 8 + Л = 
a B 7 
Hence, the locus of the centre (о, В, y) is 
f + 8 + [Д = 2 
ху 


Let О be the origin (0, 0, 0). Let the co-ordinates of 
the points А, В, С are (a, 0, 0), (0, Б, 0) апа (0, 0, с), 
respectively. Then the equation of the plane АВС is 
скы; oe 2 
Ао 2.4) 
Also, the equation of the sphere passing through 
O, A, B, and C is 
ту +z -ах-Ьу-ср=0 


But the radius of the sphere is given by г. 


So x а + 02 + с? 
| 4 


= (а2 + 02 + с?) = 4? (ii) 
Let (о, D, y) be the foot of the perpendicular from 
the origin O to the plane (1) 

Now, the equation of the line through O and the 
perpendicular to the plane (1) is 


S WP E r (say) 
Va ај.“ пе ~ 
Thus, the co-ordinates of any point on the line are 
rrr " 
(2 Р =] (Ш) 


If it is the foot of the perpendicular from О to the 
plane (i), its co-ordinates will satisfy the equation of 
the plane. 


24. 


25. 


lr іг lr 
Hence, au RE сс”! 
1 
> r= 
(«lei 
a È e 


r Па 


О = = 

[ds B 
а-ы с 

1/Ь 
me Beea 
2 p 2) 

1/с 
me d TRE = 
КАГАРЫ 


Now, C+ В + у 


= ай = В = су 
2 + В + у: ор + В? + ү? 
Thus, а = B y ‚р = В Y 
е В 
о + В? + у? 
апа Cl 
Y 
Putting the values of a, b and c in (ii), we get 
(o? + В? + Е + z + =) = 472 
а у 


Hence, the locus of the foot of the perpendicular 
(о, В, y) is 


ШАРДЫ сакен 47 
Ху uz 


Given plane is 


х У 
att 


Let O be the origin. 

Clearly, the plane intersects the axes at (а, 0, 0), 
(0, 5, 0) and (0, 0, c), respectively. 

Hence, the equation of the sphere passing through 
О, A, B and С is 


vty + 22 – ах –ђу – ст=о0 


2 
c 


The equation of any sphere through the given circle 
is x? + y? + 22 + 7у – 22 + 2 + А(2х + Зу + 47 – 8) 
-0 

> хх фу + 22 + 224 + (7 + ЗАју + (41 – 2)2 + 
(2– 8A) = 0 
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The centre of the sphere is 
| 1. 7 + 34 4À- 2) 
у Qe? 2 
If the given circle is a great circle of the sphere, so 
the centre of the sphere lies on the plane 


Thus, 262) + 3-7 ым) +4(1 – 24) = 8 
E —4À – 21 – 94 + 8 — 164 = 16 

=> – 291, = 29 

= А--і 


Hence, the equation of the sphere is 
№? у + 2 + 7у – 22+ 2 – 2х – 3y-424+8=0 
= х +у + 2 - 2х + 4у – 62 + 10 = 0 


lever (0) 


(Problems For JEE-Advanced) 


1. Given al + bm + cn = 0 
and fmn + gnl + Шт = 0 
Eliminating л, we get 


fm | а1 +" - gil al Fem ІН! 
- afm — Ыт? — ag? - Бат + chim = 0 
| 1 l 
> 48156 + (af + 98-61), + bf =0 
1 L 
Let its roots are — апа -- 
mı ту 
Мом, 
hob bf 
m, m, ag 
Lh тт, 
> ын 
bl mm nnm, 
=> = = 
bf ag ch 
bl, тт пуу 
> = = 


(Па) (8/0) (Иіс) 

(i) If the lines are perpendicular, so 
Ll, = mm, + nm = 0 
AE ЗГЕ! 


> ар сто 


(ii) If the lines are parallel, so 
hom n 
pcm m 
So, the roots of the Eq. (1) have equal roots, 
ie. D=0 


= (ај + bg —ch) = Aabfg 
= (af + bg – ch) = +2\af Nbg 


(af + bg+2\af bg) = ch 
(laf = Уба)“ = (Veh) 
(Vaf = Abg) = (ch) 
(Jaf + Бе + Nch) = 0 


which is the required condition. 
2. Let OA = a, ОВ = Б and OC = с 


у у] 


Now, ОР, СМ, АМ апа BL are four diagonals. 


Let @ be the angle between the diagonals OP and 
AM. 


The direction ratios of OP and AM are 
(а, b, c) and (-а, b, с) 
-аа-%-Б-с-с 


Thus, cos @ = 
Va? ++ ca? +b +e 


M Заг p ue 
чо) 
Similarly, we can find the angle between other pairs 


of diagonals and we have six such pairs out of these 
four digonals and all these angles are given by 


ta +b? + с^ 


cos = «mc ES MEE 
(d +b + с?) 
_1[а? + + с? 
> 0 = cos 72. ро 3 
а tb +c 


3. The equation of any plane passing through P, Q, R is 
y 


where = (a, 0, 0), О = (0, В, 0), А = (0, 0, 7 
which is aio ed (a, b, c) 
b 
Thus, eg coques] 
us а + р y^ 


The equation of any plane passing through Q (0, В, 0) 
and parallel to yz-plane is x = а 


The equation of any plane passing through К (0, 0, y) 
and parallel to zx-plane is у = В 


The Equation of any plane passing through P (œ, 0, 0) 
and parallel to xy-plane is z = В 


Hence, the locus of the point (о, В, y) is 


c 


SIE 
БЭК» 
N 
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4. Let the equation of the plane be 


Ж, Es | 

guter 2-4) 
It is given that, 

а Фр eC ak 2.64) 


Let P (œ, В, y) be the foot of the perpendicular drawn 
from the origin O to the plane (i). 

Now the equation of the line through (0, 0, 0) and 
the perpendicular to the plane (1) is 


Е 
la b c 

So, the co-ordinates of any point on the line are 
(2886) ай) 


It is the foot of the perpendicular from О to the plane 
(i), its co-ordinates will satisfy the equation of the 
plane. 


Hence, lr, БЕДЕ ел 
aa pp cc 
1 1 1 — 1 
> 565+ | = 
а р с 
1 
ý 
EN xe 
а-ы с 
Then from (iii) 
TIAE Иа 
WADE E 
а op e 
E E 1/Ь 
ат 
а-ы с 
1/с 
а = 
LEE CL аган 1 
2 y 2 
Now, 2+ № + ў 
L Me vel 
Е e È e 
1,1,1 
e P e 
= 1 = ад = ђу = су 
p. БЕ Г 
e P г 
асар + ЭР 
tive. pn эгшиг сн EY 
Ы В 
+В + у 
апа с= НЕ т 


Putting the values of а, b апа с in Eq. (ii), we get 


22:18 Хэр И ee 
(02 + В Pest 


Hence, the locus of Р(о, D, y) is 


. Clearly, the planes x = 0, у = 0 and z = 0 meet in 


(0, 0, 0) 

Hence, the incentre lies on the perpendicular from 
(0, 0, 0) to the plane x + y + 2 = a and divides it in 
the ratio 3 : 1, i.e. 3 from the vertex (0, 0, 0) and 1 
from the plane x + y + z = a. The equation of the 


perpendicular from (0, 0, 0) to the plane x + y + < 


EL d 59 Е 
= аі у= т = ү = Абау) 


Any point оп ће perpendicular is (A, A, A) 

If it lies on the plane x + y + z = a, so, à = Ê 

Thus, the perpendicular from (0, 0, 0) meets the plane 
aaa 

223) 

Also, the incentre divides the join of (0, 0, 0) апа 


(5 2 2] in the ratio 3:1. 
333 


Let (о, В, y) be its incentre. Then 


xty+z=ain(At+A+ 1), і.е. ( 


3-24 10 
Do c 
3-1 4 
Similarly, B = 7 = y 


Thus, the required incentre is (4 Ч 4) 


444 


. The equation of any line passing through (3, 5, 7) 


and parallel to the normal to the plane is 
x-3_y-5 z-7 
2 17 | 
апа the equation of any point оп the line (1) is 
М(23-43,1-5,4-47) 


which lies on the plane 2x + y + z = 16. 


(i) 


So, (2A + 3)+(A+5)+(A+7) = 16 
> 44, + 15 = 16 
5 2l 
4 
Thus м=[1+31+5,1+7) 
, 2 232 2 
шан 
2725292 


Let Q(a, b, с) is the image of P(3, 5, 7). 
Clearly, M is the mid-point of P and Q. 
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а+3_7Ь+5_11с+7_15 
2 272 2' 2 2 
> a=4,b=6,c=8 
Hence, the value of 
а“ +b + с + 18 
16 + 36 + 64 + 18 
= 134. 


Thus, 


. Given lines are 


х-2_У+1_{ х+1_У-3_&-1 
= = апа = = 
а Ь С ђ С а 


ab + bc + са 


2 


Therefore, cos 6 = 5 5 
аж +c 


(i) 


Since a, b and с are the roots of ж +02 — 4Х –— 4 = 
0, so 
atb+c=-l 
ab + bc + са = 4 
апа абс = 4 
Now, 
а + Ь? + с” 


= (a + b + cy – 2(ab + bc + ca) 


=1+8=9 
From Ед. (i), we get 
4 
0--- 
cos 9 
Hence, the acute angle between the lines is 
0- cos (3] 
9 


. Since the planes x = cy + bz, у = az + cx and 
z = bx + ay meet in a line, so 


1-с —b 
c—] a 
b a –1 


11 – d) + c(-c - ab) – b(ca + b) 20 
(1 – а?) + (c - арс) + Cabe - P) = 0 
1 – а“ -b – с“ – Зађс 20 


а? + 2 + с? + Забс = 1 


уу у} 


Let 1, т, п be the direction cosines of the line of 
intersection. Therefore, 
l-cm-—bn=0 
and cl-m+an=0 
1 т п 


Thus, = = 
bi ac tb beta 


Now, 

(ас + bY = ае? + D? + 2ab 
—ucpbul-a-umrxc 

22.20 

= (1-4) - c) 


=1-а 


10. 


Thus, 


(ас + b) = МА - à) – c) 
Similarly, (bc + а) = ү(1 — 52) (1 - c) 
n 


m 
Hence, 


VJ- 41-52 М1— 02 


Since the three given planes pass through the origin, 
so the line of intersection of the planes also pass 
through the origin. 


Thefore, the equation of the line is 


x y 2 


=> = = 
Wicca J-P іше 


. Given planes are 


x-y-z=2 2-4) 
апа x+2y+z=2 .. (li) 
The equation of any plane passing through the line 


of intersection of planes (i) and (ii) can be written 
as 


(x—-y-z-2) + Ax -2y *z-2) = 0 ...(iii) 
The direction of the cosines of the normal to the 
plane (iii) are 

1-4 23-1 3-1 
Vo — 42, +3 1632-43-63 \642 — 44+ 3 


The direction cosines of the normal to the plane (i) 
are 


E t 
BB УЗ 
Since the angle between the planes (i) and (ii) is 90°, 
so 
у 4-1 01-01 (0-1 
909) - 
cos (90°) >В »8 »8 
1 
where р=—— 
61? – 44 + 3 
> (1+2) – (228+ 1) –- (4-1) = 0 
m 
> A= 5 


Hence, the required equation of the plane is 
«-у-2-2 + аб 247-2 =0 


> 2(x-y-z-2) + 3(х + 2у *z-2) = 0 
> 5х + фу + 2 = 10 


Given plane is 
x 


2 : 
Жк = 1 (4) 


т 


А 
5 

Let P (m, n, p) be a point оп (1), so 
n - 
- =1 23 
b i) 


+Р 
а С 
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Le OP = m +n + р? 
The direction cosines of OP are 


m n Р 


т? + п? + р? т? + п? + р т? + п? + р? 
The equation of the plane through P and normal to 
OP is 


mx ny 


+ 
үт + п? + р? үт + па + р? 


2 
ЕЕ m+n + р? 
үт + п? + р? 
> mx + пу + pz=(m + п? + р?) 
2 2 2 
+n + 
Thus, да ы ыш 0, ој 
т 
2 2 2 
PL +п + 
ое 21 
п 
апа clog с 
СА М р 


Let the point О be (а, В, y) 


m+n + р? 


Thus, Ces es 28 В = m 
m? qa р? m 
and ан (Ш) 
р 
Now, 
1.1 1 (ти tp’) 


+—+— = 
o? В? y "E ТЕРЕ are py 
= 1 

(т? +п? + р?) 
(т? +n + p) 


From Eqs. (iii), m = a 


m (т? кт +p’) 
а” ад 


2 2 2 
+n + 
Similarly, 7 = сеш 


58 
р (т? +n + p) 
and 2 су 
Now (т? +n + p) M (т? +п? + р?) 


ад bB 


+= +—=1 


су а b 


ИР) т n P 
с 


5 1 1 1 = 1 
aa” БВ CY 2+2 + р? 
N Жн ЧОК 
о? 8° у? 


Hence, the required locus of О is 


ME REC а у 
ax" by CZ 2 2 2 


Integer Type Questions 


. Let 0 be angle between the lines. 


1 
ө = = 
cos 3 


> 0 = cos! 


s 


Hence, (а + 8) = 1+3 = 4 


. Four diagonals of a cube аге ОР, АМ, CL, BN 


^ 
C(0, 0, a) М(0, а, а) 


yXAla, 00) Ца, a 0) 

Direction cosines of OP are tid 

V3 ҮЗ УЗ 

wm : 1 1 1 
Direction cosines of AM are ---, —, — 
437 43:48 

| . 3 1-1 1 
Direction cosines of CL are —, —, --- 
V3 МЗ УЗ 
Direction cosines of BN are de udo d. 
43743748 


Let 1, т, п be the direction cosines of a line which 
is inclined at angles 0, В, 7, д. 


l+mt+n 
Thus, cosa = ---- 
Үз 
sitchen -l+m+n ікт-п 
Similarly, cos В = ‚ сову = 
з 48 
l-m+n 
and cos 6 = © ——=— 
КЕ 
Thus, соѕ20 + cos? + cos?y + соѕ25 


= + mtn + Cl +т у 


+ (1 + т + п)? + (-т+п)?] 


2 1140 + т? + nl 


wje 
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Thus, 

3(cos?a + cos? + cos?y + cos?ó) = 4 
. The image of Р(1, 6, 3) w.r.t. the line 
x у= І NA 


uv 
i у= з 8 Q0, 0,7) 


It is given that O(a, В, у = ОС, 0, 7) 

Thus, a+B+y=8 

. Clearly, За + 2р +с= 7 

Thus, the minimum value of (а? +b + с?) 15 
_|390+20+0-7{ 


V3? + 2? + 1? 


d _1 

l4 2 
> CET ETSER 
> 20-22 + ea 


Hence, the least value of (а? +b + с?) 15 7. 

. The equation of апу line passing through (1, 0, -3) 

-2_yt2_6-z 

2 3 6 

m ааа Сы E 

Any point on (1) can be considered as 
P(2A + 1, 3A, -34 - 62) 

which is also a point of the plane 
21-1-3143-461-9 

> 54-429 

> 1-1 

Thus, the point Р is (3, 3, -9). 

Hence, the required distance 


and parallel to = 


= (3 – 1 + (3 – 07: +9 + 3) 

= NA + 9 + 36 

= V49 

my 

. The equation of any plane containing the given line is 
(х+у + 25 – 3) + AQx + Зу + 4z- 4) = 0 

> (1+ 24)х + (1+ 34)у + (2 + 44): – (3 +44) = 0 


24) 
If the plane is parallel to z-axis, i.e б = 5 = i 


the normal to the plane (i) is perpendicular to 
z-axis 
(1 + A(O) + (1+ 34) (0) + 2 + 44) (1) = 0 


> A= -i (ii) 


From Eqs. (1) and (ii), we get 
(x+y 20-3) - Sx + 3y + dz - 4) = 0 
> у%2-0 КЕТ) 


Shortest Distance = Distance of any point on z-axis 


. Let the points be A, B, C and D. The number of 


planes which have three points on one side and the 
fourth point on the othe side is 4. 
The number of planes which have two points on each 


side of the plane is 3. Thus, the number of planes 
is 7. 


. Let the equation of the any plane be 


ах + by+cz+d=0 2-4) 
Since the plane (i) containing the lines, so 
2a+3b+4c=0 


and За + 4b + 4c = 0. 
m b 22-36 
15-16 12-10 8-9 


Therefore, 


U^ 262134 
е a b ce 
1 -2 1 
Also, a(x-1)* b(y-2)*c(z-3)20 
> (x-1)-2@-2)+(-3)=0 
=> x-2y+z=0 
Again distance between the plane is V6. 
а-0 
= дел ag 
V6 
=> ld! = 6. 


. We shall find the angle between the faces OAB and 


OAC. The angle between the faces OAB and OAC 
is the angle between the normal to the faces. The 
normal to the face OAB is a x b and the normal to 
face OAC is a x €. 


Ті. бийг ААА EP 
ка x DIG x 23 
å- È x (à x 2) 


{1-1-sin(60°)}? 
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_ 2-(0-2)4 -(4-Б5)2) Solving, we get 
7 3/4 4-1.и-замі-4 
-(а-ау(ь-2)-(а-Бу(а-0 Hence, the value of k is 4. 
3/4 13. Given planes are 
_ КГ. 1-с0$(60°)) - (1:1:cos (609)? х = су + bz 
E 3/4 у = сх + аг 
1_1 z = bx + ау 
220441 
- 34 ^3 = ME Oa 
-у%ас-0 
Hence, the value of (32050 + 2) = 1 + 2 = 3. а 
10. Clearly, 1+ £m +л PED Cee 
3, DN E Since these three planes pass through a line, so 
1 ]-c-b 
> l=m=n=+— с-1а(|-0 
Үз b a-i 
бы, possible direction cosines апа 4 lines are 5 Ia + cc — ab) — b(ca + b) = 0 
| - жер) _ ue A Е AL 
11. Since the lines * E = < ч =. d 4 Бодь pe pe 
1 1 -К > 1– а“ – Б – с“ – Зађс = 0 
Е -4 _ 2 2 2 a 
and a = < аге coplanar, so = сал ва ак 
> a+b? + с + гађс +2=1+2=3 
№ — Х| Уз - У! 2-12) 1 + х-4 у-2 z-k, : 
а, b, сі 14. Since the line рээ Ла lies in the plane 
a b, су 2х - Ду + 1 =7 
So, the point (4, 2, К) lies in the plane 
1-2 4-3 5-4 Thus, 2(4)-4(2)+=7 
=: 1 1 E29 > 8-8+k=7 
Л | = k=7 
-111 15. Given plane is 
> 11-4 =0 ax – Бу + сі = 0 -40) 
ied and the line is 
-1 0 0 x-a_YyY-2d 2-4 (ii) 
= 1 2 1-k/=0 а ps cue с 
kK2+k 1l+k Since the plane (1), contains the line (11), so, 
> -(20 +k *(k- 1)(k + 2)) = 0 a(a) – b(b) + c(c) = 0 
> {2 + 26+ 10+ 6-2} = 0 а(а) – b(2d) + c(c) = 0 
= К + 3k =0 > а + с = Б? 
> k = 0, -3 а? + с? = 2bd 
Hence, the value of (k + 5) is 5 or 2. Clearly, b = оба 
LE b 
- рет 3 2 2—22 
12. Let "= = = 
е | 7 7 А, а 
TT xcd apunto ee М Questions asked in Past IIT-JEE Examinations 
k 2 1 1. Since the line lies оп the plane, so, the point (4, 2, К) 
Thus, х%2%2,у-24%3,:-2-42 lies оп the plane. 
пад жазы sb Thus, 8-8+k=7 
=> k=7. 
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2. The equation of the plane passing through (2, 1, 0), 
and (4, 1, 1) is 


x-2y-1z 
3 -1 1|=0 
2 01 
> (х-2)(-1-0)-(-1(3-2)+5(0+2)=0 
> х+у- 22 = 3 


3. The equation of the line РО is 


е ee жа І дї = 6 
1 2 -2 
Any point оп the above line is 
Q(A + 2, А + 1, 6 – 24) 
The mid-point of РО is 
(4 1 


21252756 a) 


Since the mid-point of PQ lies on the plane, so, 


А, 


A Е 

LEE «эл -2(6-1)-3 
> 3A = 12 
> 1-4. 


Thus, the co-ordinates of О are (6, 5, —2). 
4. Since the given lines intersect, so they are coplanar. 


2k+1-1 
2 3 41-0 
1 2 1 
= 210 d алуа 4=3)20 
2 —10+2(К+1)-1=0 
-4 25-9 
9 
Бид 
= 2 


5. Let AA’ = a, AB=b, AD=d 
Volume of the parallelopiped Т, 


V=a-(b x с) 
Let AA” =r 


Let V,, the volume of the new box = r-(b x с) 
90 9 


It is gi that У, = У, = — V}. 
is given that V; = 247271072 
Thus, У, = (г — 0:9а): x с) 
> г lies оп a plane passing through 0-9а, 


and perpendicular to (b x c). 

6. We take A = A’ as the origin 
and B = B’ = any point other than A on the line 
intersection of л, and л. 
Now, consider C = С’ = any point niether on 
Лү NOL ЛУ. 
Thus, in this case, both the conditions of (a) and (b) 
are fullfilled. 


А(А?В(В? 
(0, 0, 0) 


Similarly if we take, 

A = non-origin point on L, 

В = non-origin point on the line of intersection of 7, 
and л, and С = non-origin point on Ly. 

If we take A = C", В = В’, C=A’, both the conditions 
of (a) and (b) are fulfilled. 


B(B’) (0, 0, 0) 


7. As the plane л parallel to b = (1, 0, -1) and е = 
(-1, 1, 0) normal to the plane is given by 


ijk 
10-1 
-11 1 


bxc -1-14К 


Тһе equation of the plane ABC is 
l-@-1+1-Q-1D+1-@-)D=0 


=> х+у+:2-3 = 0 
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> х+у+х=3 
Hed Е 

=> =+=+==1. 
ЭУ 03: 753 


This planes meets the axes in A (3, 0, 0), В(0, 3, 0), 
C(0, 0, 3). 
Thus, volume of the tetrahedron OABC 


= «ОА OB OC] 
= lai 3j 2k] 
6 J 


= 11) 


. The equation of the plane passing through the line 


of 

intersection 2x –у + 2 = 3, Зх фу + 2 = 5 

18 

(2х -у+-3)+4(3х+у+<- 5) = 0 (i) 
= (2 + 34)х + (4 – )у + (А + 1) = (54 + 3) = 0 
Also, it is given that, the distance from (2, 1, – 1) to 


.. 1 
the above plane is —. 
v6 


2(2 +34) +(4—-1)-(А+1)-(5А+3) 
№02 + 34? + (А — 172 + (A + 1 
-1 

V6 

| A-1 ER! 

41132 + 124 + 6| V6 

= 6(A-1) = 1142 + 1224 + 6 

= 542 + 244 = 0 


| 


24 
= А=0,-—. 
5 


Putting the values of Л = 0, -2 іп Eq. (i), we get 


the required equations of the planes are 
2x-y+z=3 
or 62x + 29у + 19z - 105 = 0 


10. 


11. 


Equation of any plane passing through A, B, C 


15 wy ted 


Thus, centroid = G(x, y, 2) 


me 2 £ 
3 3 3r 
Also, it is given that OM = 1 
ES 0+0+0-1 =] 
1 1 1 


=> pe eS = | 
ap e 
9 ду og 

> 44.49 
x y 2 


The equation of any plane passing through (1, —2, 1) is 
а(х –1)+ 2(у + 2) + с(2– 1)=0 ..0) 
The plane (i) is perpendicular to the planes 
2х -2y+z=Oandx-y+2z=4 


So, 2a-2b+c=0 
and а-ачш2с-0 
b с 
Th а - = 
Wes SEU ЕО 

=> abc 

-3 3 0 
= a. b c 

D -1 0 


Therefore, the equation of the plane is 
(x-1)-(+2)=0 


> х-у-3=0. 

Thus, the distance of л Кот the point (1, 2, 2) 
: 1-2-3 4 
ii 
Given kx(kxa)-0 

> (К.а)К - (К.Юа = 0 

> yk -а=0 

> yk – (ai + Bj + yk) = 0 
> -(ai + Bj) = 0 

= -(ai + Bj) =0-1+0-j 
> о-0,В-0 


Since the point (о, В, 7) lies on the plane 
х+у+ < = 2, s0 
а+ В+ у= 2 
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12. 


=> 0-0-1-2 
> y=2 


The equation of any line passing through (0, 1, 0) 
and perpendicular to x + 2y + 2z = 0 is 


qp eT ug 
15 Qe x 
А(0, 1, 0) 
O(0,0,0 М 
Clearly ОА = 1, 
2 2 
AM = ——£—— == 
М +4+4 3 
Thus, OM? = OA? - AP = 1-4 = 
> ом = >. 


. The equation of any plane passing through (1, 2, 3) is 


a(x – 1) + (у – 2) + c(z- 3) = 0 


which is perpendicular to x = 0 and y = 0 


So, a=0,b=0. 

Thus, the equation of the plane is 
c(z- 3) =0 

=> (-3)-0 


Thus, the required distance from (0, —1, 0) to the 
plane (z - 3) 2 0 is 


0-3 
<=) = 3. 
5 


. Leta, b, c be the direction ratios of the line of intersec- 


поп of Зх бу – 2z = 15 and 2x + у – 2z = 5. 


Then 3a- бр ее 0 
and 2a+b-2c=0 
b с 
Тһ сң 2 
"S 242 ар 
а b c 
Е: 147271353 


Clearly, the vector 141 + 2j + 15k is parrallel to the 
line of intersections of the plane. 

Now, we shall find the equation of the line put z = 0 
in the given planes. 


15. 


So 3x – бу = 15 and 2x + у = 5. 
On solving, we get 
х= 3 and y = -1 
Hence, the equation of the line is 
xe. у+ І _ < 
14 2 15 
The parametric equations of the line are 
х= 141+ 3, у = 2tr-1, z= 154. 


The given system of equations ax + by + cz = 0, 
bx + cy + az = 0, and cx + ay + bz = 0 can be written 
as 


= 1 (say) 


abc\|x 0 
рса||у| = (0 
сар \2 0 
АХ = О 
арс 
Now, Ш = |ђ са 
сар 


--(а + D + с? – Зађс) 
= -(а + ђ + с) (а2 +b + с – ађ – бс – са) 
(а) Теса +=" b + с= 0 
Then (a? + 2 + с“ – ab – bc – ca) = 0 
3 Fa- by + (a - bY + (a - by) = 0 
> (a-b)=0=(b-c)=(c-a) 
= a=b=c 


Thus, the three system of equations are identical 
planes. 


ie x+y+z=0. 
(b 


хи 


Suppose а + + с= 0 
and а2 + b? + с“ Ф ab + bc + са 


In this case, at least one of the following is 
true. 


а? = Бс, b = са, c = аЬ 
Consider b? ас 
We can write the first two equations are 
ах + by = (a + b)z 
and bx + cy = (b + c)z 
Eliminating y, we get 
(ac — b*)x = (ас – b*)z 
= х=: 
Putting this in the first two equations, we get 
ax+by+cx=0 


> by=-(at+c)x 
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16. 


by = bx 
> x=y 
Thus, x = у 2z 
(c) In this case IAI = 0. 


So, the system of equations provide us a trivial 


solution. 
Thus, x = 0 = у =z. 
Given 


(d) 


а +ђ + с=0, а +b + с = ab + bc + ca 


= a+b +c=0, 20а – b? + b – су] 
+ (с ај) = 0 


y |] 


Thus, the system of equations represent the 
whole three-dimensional space. 
Let |, m, n be the direction ratios of the line Ly. 


Then ікт-п-0 


апа 1|– Зт + Зп = 0 
1 т n 
Th = - 
ЕЕ ue M wey MERCI, 
E Pg. n 
0 1] 1 


Thus, the direction ratios of L, are (0, 1, 1) 
Similarly, the direction ratios of L, and Г. are (0, 1, 1) 
and (0, 1, 1), respectively. 
Therefore, the lines Lj, L) and Г. are parallel. 
So, Statement I is false. 
Putz = 0 in 

Pa: х+у-2= -1, Рз: х – Зу + 3z=2 


we get x= 41 = -3 
g И 4? y 4 
ы : 1 3 
Thus, any point on L, is c 01. 


So, the equation of the line L, is 


х + 1/4 y*34 z 
0 QR 
which is parallel to the plane P}. 


Since does not lie on P, , so no point 


1 3 
ЕЛ pd 


of L, lies on Р). 


Therefore, the three planes do not have а common 
point. 
Thus, the statement II is true. 


The unit vector perpendicular to both L, and L, 
uxv 
lu x vl 


i) 


(iii) 


18. 


ij k 
Now, иху=|] 1 2|-2-i- 7j + 5k 
123 
ens оху 1-7) + 5К 
| lu x vl 54300 


The shortest distance between Г. апа L, 


_ (ry ry) (U x v) 


(и ху) 
Неге, r, = -i- 2j – k 
and rı = 2i - 2j + 3k 
= r, – г, = 3i + 4k 
: –3 + 20 17 
Thus, Shortest distance — =, 
543 543 


The equation of any plane passing through (-1, -2, 
- is 


а(х + 1) + Б(у + 2) + с(2 + 1) = 0 40) 
which is perpendiculat to the lines 


x*l У%2 1-1 


Ги: = = 
цан Ї 2 
= +2 = 
ind њи 2 У _% 3 
1 2 3 
So, 3a+b+2c=0 
=> а + 2р + Зс = 0 
Therefore, 08 b ae 
3-4 2-9 6-1 
Š globo. с 
7785, 


Hence, the equation of the plane is 
(41)-7(у4-2)-5(-1)-0 

> x + Ty 55 + 10 = 0. 

Therefore, the required distance 


_ |1+7-5+10 | 13 
М + 49 + 25 | 543 
Let ће equation of the line passing through Р(2,-1,2) 


and makes equal angles with the co-ordinate axes 
is 


x2 pd. z-2 

pose 5 

43 43 43 

х-2 »*l z-2 
х ЕЕЕ ағы 


Any point оп the above line is 
Q(A+2,+A-1,A+4 2) 

Since the point Q lies on the plane, so 

> 204 4+2)+(A-1)+(A4+2)=9 
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20. 


> 4429-524 
— 1-1. 


Thus, the point О is (3, 0, 3). 
Therefore, the length of РО 


= 3—2)? (0 + 12+ (3-2)? 243 


. The cartesian form of the given line is 


wed OL me) 


-3 1| 5 
Let О =(1– 34, А – 1,54 + 2) 


The direction ratios of РО is (2 34, - A- 3, 5A 
-4) 
Since PQ is parallel to the given plane. 


So, (-2 – 3А) – 4(А – 3) +3(54 - 4) = 0. 


zd 
> 4-3 


Hence, the value of А is L 


Let plane 1: ax + by + cz = 0 contains the line 


x_2_Z 
234 
Thus, 2a+3b+4c=0 (0 


Let plane 2: a; x + Бу + c'z = 0 is perpendicular to 
the plane containing the lines 


х уу її andi 3 = 


3 4 2 4 2 3 


Thus, За + 4b’ + 2c’ = 0 
> 4d + 2b’ + 2c’ = 0 
, b’ с! 
H Ше ыы = 
ence umcd Bie 6-16 
"EN К че 
8 -1 -10 
Also, Plane 1 is perpendicular to Plane 2 
So, аза + bb cc =0 
=> да Б – 10с = 0 ...(ii) 
From Eqs. (1) and (ii), we get 
a Шин! БЭ 
-30 +4 32-20 -2-24 
E DE b e 
-26 52 -26 
- a 0b. e 
] -2 1 


Hence, the euation of the required plane is 


x-2y+z=0 


21. 


22. 


Given PQ=5 

25, | nA. 
vl+4+4+4 

= ЈЕ 
3 

= 2+ 5 = +15 

> о = -5 + 15 = 10, -15 


Since à is positive, so œ = 10. 
The equation of the line PQ is 


х-1 »*2 z-1 
али 


р(1,-2,1) 


Let Q=(A+1, 24-2, 1 - 24) 


Also, PQ=5 
> A+14+2(2A – 2) – 2(1- 24) = а = 10 
> 9Л = 10 + 5 
15 5 
> A= Se 
9 3 
; . [84 7 
Thus th t =, =, -> 
us the poini o is (5. 273 


Let the equation of the any plane be 
ах + by+cz+d=0 2-4) 
Since Eqs. (i) containing the lines, so 


га + ЗЬ + 4с = 0 


апа За + Ab + 5с = 0. 
a b с 

ТЕТ Ао а 8-9 
4 a b ce 

каны 
=> а b с 

1 -2 1 
Also, a(x — 1) + b(y- 2) + c(z - 3) = 0 
> (х-1)-2(-2)%(2-3)-0 
> x-2y+z=0 


Again distance between the plane is V6. 


а-0 
2:501-46 
© 


= (1 = 6. 


> 
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23. Let 


x-2_y-l z+1 


L: = = 
1 -2 1 
ГЭР: 

73 y*3 - 
and 15: =. = 

2 -1 1 
eae 

L, 


25-5 .40) 


intersects the lines L, and Г.. 

So, the shortest distances between Eq. (i) and L,, and 
Eq. (i) and L, are zero. 

For РО and Їл, 
ijk 
abc 
1-21 


= (Ь + 20)1 *(c-a)j- Qa + b)k 


Since РО is perpendicular to Г 

So, 2(b + 2c) + (с-а + Qa + b)= 0 
> a+3b+5c=2 

For PQ and L, 


ijk 
а b cl=(b+c)i-(a—-2c)j—(a+ 2b)k 
2-11 

Since PQ is perpendicular to L,, 

So, = + с) + 3(a - 20 - (а + 2b)k 

> За + Б – 5с = 0 441) 


Solving Eq. (i) and (ii), we get 
а EUN 226 
-15-5 15-5 1-9 


а b с 


EE u^ 
Hence, the required equation of the line be 
4223-2232 
Beg 2 
Thus the point of intersections P and Q are 
10 10 8 
ғ-ө.-50-(%-54) 


Therefore, а? = РО? = 6. 


197 
24. Сіуеп [a b c] |8 2 7| = [000] 
737 
> а + 8b + 7c = 0 
9a + 2р + Зс = 0 
апа а+р+с= 0 


Solving, we get 
b=6a,c=-Ta 

Since the point P lies on the plane, so 
га +ђ + с=1 

= 2a + ба – Та = 1 

=> a=1 

Thus, b = 6 and с = –7 

Now the value of 7a + b + c 
=7+6-7 
= 6. 


ГЭР) 


В 


25. 


The direction ratios of QR is (1, 4, 1). 


The co-rdinates of P = Б 1 B) 


2873 
The direction ratios of РТ is (2, 2, -1) 
The angle between OR and PT is 


2+8-1_ 9 _ 1 


cos 9 = = = 
942 42 


- 225 
4 


ЫНЫ 


3 

л\ PS 1 

EV ee ЫЗ Р ss 
cos 2 | 1 = Р5 > 2 

л Т5 1 

—| = — Т, = — 
в 2) 1 5 3 

Thus, PS = TS = = 


26. The equation of the required plane is 


Р: (x + 2у + 3z-2)+A@-yt+z-3)=0 
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27. 


28. 


= (1+ 4)х + (2 – Ау + (3 + Л) – (2 + 3A) = 0 


: ^ 
Its distance from (3, 1, —1) is =. 
V3 


3S0 aA po cac P030 
РЕ MU EET 


2 

Үз 
(232004 

322 + 42 + 14 3 


= 44+14=0 


7 
A=--. 

Е: 2 

Hence, the required equation of the plane is 
5 11 z 17 

=0 

а 

> —5х + Пу—2+ 17 = 0 

=> 5х -lly+z=17 

Since given lines are coplanar, so we get 
2» Kk: 2 
5 2 К|-0 
2.0 0 

> 2-4-0 

> К = +2 


The equation of the plane containing these two lines 
is 


x-1 У%1 z 
2 k 2| = 0 
5 2 k 


= (х-1)(2-4)-(у4-1)0К-10)-:04-50-0 
=> -(y + 0 (2 - 10) + (4-50-0 
= -(у- 1)(+4- 10) + (4 - +10) = 0 
Taking positive sign, we get 

(у+ 0) -2= 0 
-> y-z=-l 
Taking negative sign, we get 

-(y + 1)(-14) + 14: = 0 
=> (у+1)+2=0 
=> ytz=-l 
Any point P on the given line is 

(2A 2, – А – 1, 3А) 


The point P lies on the given plane for some A 


29. 


30. 


Thus, QA-2)*CA-0D-3A23 
> 44-6 
3 
1-2 
= 2 
: : 5 а 
ћ tP 1, –—=, =] 
So, the рот is | “772 


The foot of the perpendicular from the point (-2, – 1, 

0) on the plane is the point Q(0, 1, 2). 

15 
2.2 


Hence, the equation of the line is 


The direction ratio of РО = |1, 


| = (2, -7, 5) 


x_y-l z-2 


2 -7 5 
The common perpendicular is along 
ijk 
1 2 2| = 2i + 3j - 2k 
221 
Let М = (2A, – ЗА, 22) 
So 24-3 -3141 24-4 
у 1 2 2 
> 1-1 
Thus, М = (2, -3, 2) 
Let the required point be Р. 
Given, 
РМ -417 
=> (3+25—2) + (3 + 25 + 3? + (2+5-2) = 17 
= 95? + 285 + 20 = 0 
= (5 + 2) (95 + 10) = 0 
s = -2, 210 
an Р = C1 a 0) or La 5) 
| 2 77 9” 079 
Given lines are 
ge cce 
and = $ 


Since 1, and L, are coplanar, so 


5-а 0 0 


(5 – 0) (3 – 0) (2 0) – 2) = 0 
(a – 5) (02 – 50 + 4) = 0 

(a – 5) (0 – 1) (0 4) = 0 

а = 1, 4, 5. 


у уу 


6.68 
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31. Ans. (A) 


32. 


_ Yy _@+3 
2 1272771 


ж-4 УЗ z+3 
1 1 2 
ij k 
TPZ 
35-6 

= —16i + 48j + 32k 
> n-i-3j-2k 


Lj: 


Normal of plane P:n = 


The point of intersection of L, апа L, are 
2,4 + 1 = и + 4, –/ = и – 3 
1 = Зи - 2 
и=1 

Thus, the point of intersection is (5, —2, – 1). 


The equation of the plane passing through (5, —2, – 1) 
is 


а(х – 5) + Б(у + 2) *c(z*1)20 (i) 
Also, ax + by + cz = d is perpendicular with 
Pi: 7х + y + 2z = 3, Py: Зх + 5y – 6z = 4 


Thus, Та+ђ + 2с = 0 
апа За + 5b— бс = 0 
ђ с 

Theref го = 
а = 
ET a b 5 с 

-16 48 32 
Ес a Lb c£ 

а 2 


Now, from Eq. (i), we get 
(x -5)-30 + 2)-2(2+ 1) = 0. 
= x – Зу - 22 = 13 
Thus, а = 1, b =–3,с = –2, а = 13 
y 1-1 


10515 – en 0050) 
а Q(s, -s, -1,) 
РО = (1 + Ni+(A-Njt+A-Dk 
апа Д-г+А-г= 0, as PQ is Lt L 
=> 2A = 2r 
> ЛА =" 


РВ = (А – 5)і + (1 + 5)Ј + (А + Dk 
and À-s-A 
Since РО | PR, so 
(A-r(A-s-*(A-n(A*-s--(A—-D(A*-1) 20 


5=055=0 


33. 


34. 


35. 


> A-DA+D=0¢C1=7 

> A=-1,1 

For A = 1, the point P and Q are concides 
Hence, the value of А = - 1. 

Let the required plane be x + z+ Ду – 1 = 0 


Now, шел 
VA? + 2 
= (4, – 12 = 22 + 2 
> -2A+1=2 
2-4 
- A= 2 
Thus, Ру; 2х- у + 22-2 = 0 


Distance of Р; from (a, В, У) is 2. 


2a- В-2у-2 
а tend" 
> га – В+ 2у- 2 = +6 
-> За– В+ 2у+4=0апа2а– В+27–8=0 


Line L will be parallel to the line of intersection of 
P, and Р.. 

Let a, b and c be the direction ratios of line L. 
Thus, а + 26 -с=Оапа 2a—b+c=0 

=> а:5:с::1:—3,:—5 

The equation of the line L is 


5 х-0_у-0_-0 


1 -3 -5 
Again foot of the perpendicular from origin to plane 
pui cdd 
6 36 


The equation of the projection of line L on plane P, 
is 


х + + l 2 : 

1 -3 -5 
: 3.72 111 
Clearl s (0, | а y | 
early points 6 3 an 6736 


satisfy the line of projection, i.e. M. 
Points О, P, О, К, 5 are (0, 0, 0), (3, 0, 0), (3, 3, 0), 


(0, 3, 0), E 3, 0| respectively. 


1. 


The angle between ОО nad OS is cos”! 


The equation of the plane containing the points O, 
Q and S is 


x-y=0 
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The perpendicular distance from P(3, 0, 0) to the 
plane x — y = 0 is 


- 82-34 
V2 V2 


and the perpendicular distance from O (0, 0, 0) to the 


doce z. f5 
= = 15 A 
1 -1 2 2 


36. The mirrior image of (3, 1, 7) w.r.t. the plane 


line RS 


x —y + z= 3 is obtained by 

х-3_у-1_-7_-2(3-1+7-3) 
їз ah ган 3 

ie. Р-(-1,5,3) 


The equation of the plane passing through line and 
Р = (-1, 5, 3) is 


=> x-4y+7z=0 


